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Preface

Since it’s inception in 1967, the Advances in Quantum Chemistry series has
attempted to present various aspects of atomic, molecular, and solid state theory at
the cutting edge. The contributions have taken various forms, from longer review
articles to conference proceedings, and most of them have been well received. In this
issue, we continue in this trend, and address some of the fundamental issues in
density functional theory (DFT). DFT is extremely popular these days in its applied
form: It is almost impossible to read an experimental article where explanation of
the results does not involve a DFT calculation using one or another commercial
program and implementing one or another parameterized potential scheme.
However, the success of applied DFT seems to be that it works, rather than the
result of critical analysis of the fundamentals of the theory. However, the
community also needs to explore the limits of the theory itself, and it is with this that
the first four contributions in this issue concern themselves.

The question of the locality of density-functional potentials of Kohn-Sham type, a
central issue of the foundations of DFT, has been controversial for some time.
Robert Nesbet has argued in several articles in the literature, in opposition to most of
the DFT community, that the locality of DFT potentials has never been rigorously
proven and he claims by means of a counter example that a local potential cannot
exist for a system with more than two electrons. His conclusion is that a consistent
density functional theory does not exist and that the only rigorous way to proceed is
by constructing an orbital functional theory (OFT). This result has been challenged
in the scientific literature by several authors; criticisms that have been vigorously
refuted by Nesbet. In the present volume four chapters appear on the subject.

In the first chapter Nesbet summarizes his arguments against standard DFT and
presents his alternative orbital functional theory. In the second chapter, Robert van
Leeuwen presents an extensive review of DFT and confirms and substantiates the
generally accepted result that a large class of density functionals is in fact
differentiable with the derivative in the form of a local potential. The third chapter
by Ingvar Lindgren and Sten Salomonson applies a different technique of DFT to
demonstrate the existence of a local derivative of an even larger class of density
functionals. Lindgren and Salomonson also criticize Nesbet’s approach explicitly
and claim to have found the point where the arguments of Nesbet fail. In the final
DFT chapter, Roman Nalewjaski presents some connections between DFT and
information theory.

Xi



Xii PREFACE

In the present volume the controversial issues concerning the fundamentals of
DFT can be followed in great detail and the readers can judge for themselves. We
think it is an excellent and stimulating issue, as it explores the fundamentals of DFT.

In addition to the DFT chapters, there are two chapters by John and James Avery;
the first time a father and son team has published in Advances. In the first, a new and
more general type of symmetry-preserving pair creation operator is proposed and
extended to cases where orthonormality of orbitals of different configurations cannot
be assumed.

Together with Osvaldo Goscinski they examine in their second chapter whether it
is possible to generate natural orbitals for a system from an initial calculation using
generalized Sturmians.

Finally the contention “Was H, observed in solid H,? A Theoretical answer”
by H.U. Suter, B. Engels and S. Lunell, Adv. Quant. Chem. 40 is revisited by
T. Miyazaki.

We wish you a pleasant read.

Erkki Brindas and John R. Sabin
Editors
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1. INTRODUCTION

In Kohn—Sham (KS) density functional theory (DFT), the occupied orbital functions
of a model state are derived by minimizing the ground-state energy functionals of
Hohenberg and Kohn. It has been assumed for some time that effective potentials in
the orbital KS equations are always equivalent to local potential functions. When
tested by accurate model calculations, this locality assumption is found to fail
for more than two electrons. Here this failure is explored in detail. The sources of
the ‘locality hypothesis’ in current DFT thinking are examined, and it is shown how
the theory can be extended to an orbital functional theory (OFT) that removes the
inconsistencies and paradoxes.

This article is based on the First Annual John C. Slater Lectures, given by the
author at the University of Florida, Quantum Theory Project, on February 15, 16,
and 20, 2001.

2. THESIS: ARE DENSITY FUNCTIONAL DERIVATIVES REALLY
LOCAL FUNCTIONS?

2.1. Density functional derivatives in DFT

2.1.1. Notation and definitions

The N-electron Hamiltonian is H = T+ U + V, where T is kinetic energy, U, the
interelectronic Coulomb interaction, and V, the external potential term. A system of
N interacting electrons is modeled by a system of N noninteracting electrons moving
in a self-consistent mean field. This requires a postulated mapping rule ¥ — @ by
which any N-electron wave function ¥ determines a model or reference state @, a
Slater determinant with orthonormal occupied orbital functions ¢;(r),i = 1,...,N.
@ is determined only up to a unitary transformation of the occupied orbitals. All
quantities here are spin-indexed. Spin indices and summations are suppressed but
considered to be implicit in notation.

For simplicity, only nondegenerate nonrelativistic ground states will be
considered. The reference-state density function is p=Y;n;p; = >, n;p; d;,
where the occupation numbers 7; are one or zero and >, n; = N. Because p has
this orbital decomposition, any density functional F[p] is also an orbital functional
F[{¢;,n;}]. This implies a natural definition of an energy functional £ = Ey + E,
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such that E, = (PIH|®) and E, is an orbital functional that approximates the
correlation energy (H) — Ey. Eg =T+ U+ V is an explicit orbital functional.
Defining U = E}, + E,,

T= Zni(i|?|i); E, = % Zninj(lﬂmij)
i ij

Ey = —3 > mn(jluljiy; V=" n(iloli) (1)
ij i

where u=1/r;, and t= — %Vz. For most applications, the general nonlocal
external potential ¥ reduces to a local function v(r).

It is assumed that E. is so defined that the functional E is minimized for ground
states. Ground-state orbital functions and the density function are determined by
Euler—Lagrange equations expressed in terms of functional derivatives of E. For any
density or orbital functional, with fixed »n;, infinitesimal orbital variations determine
the functional variation

OF = Jd3rzni{a¢jap¢i+cc} )

where Dp is a linear operator that may reduce to a multiplicative local function
vp(r) in each particular case. The orbital functional derivative is 8F /n;8d; = Vpdb;.
If the density functional derivative 8F /8p of F[p] is a local function v(r), then

oF = jd%vF(r)sp(r) - jd% S B ve(r)d + ce) 3)

since 8p = > ;n;{8¢; ¢; + cc}. This definition corresponds to that of a Fréchet
functional derivative [1,2], the generalization in functional analysis of an analytic
total derivative. If this definition fails, an extended definition (3F /dp)¢; = Dr¢; is
consistent with the variation of the equivalent orbital functional. It will be shown
here that this extended definition corresponds to that of a Gateaux functional
derivative [1,2], the generalization in functional analysis of an analytic partial
derivative. Consistency is ensured by the chain rule

OF SOF

Yy = Pp; (€]

2.1.2. Outline of DFT for an N-electron system

Hohenberg and Kohn [3] proved for nondegenerate N-electron states that the
ground-state density function p(r) uniquely determines the external potential
function v(r) and all properties of the ground state. Kohn and Sham [4] showed that a
mapping ¥ — @ onto a model state could be defined by applying the Hohenberg—
Kohn theory to a noninteracting system. The Kohn—Sham construction (KSC)
minimizes the kinetic energy orbital functional T = Y; n,;(il?li) subject to p = py.
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This determines a model state @ for any N-electron ground state ¥ if the
construction can be carried out (noninteracting v-representability), and defines a
ground-state density functional T,[p]. It should be noted that the rule ¥ — @ is not
unique. T = Y ; n;(iltli) is a density functional for ground states for all such rules,
because the orbital functions ¢; are themselves determined by the density. A total
energy functional E = T + E;, + E,.[p] 4 V is defined by any postulated model of
the exchange-correlation energy.

In KS theory [4], the occupied orbital functions of the model state are determined
by the KS equations

{1+ (@) + v} = {& — v} &)
Defining F = E — V =T + E;, + E,, the expected orbital Euler—Lagrange (OEL)

equations are

o
—F¢i ={e; — v}, (6)

dp
if the required functional derivatives can be defined consistently. These two
equations are equivalent if functional derivatives exist such that
8T SE

$¢i = i¢;; 5p b = Ve (D) ; @)

These conditions could be consistent if a Fréchet functional derivative vg(r) =
dF /3p(r) exists for every well-defined density functional F[p]. The locality
hypothesis assumes this to be true. Various tests of this hypothesis are considered
here.

2.1.3. Hohenberg—Kohn theorems for orbital functionals

The Hohenberg—Kohn theorems make no assumptions about functional derivatives,
and in fact can be shown to be valid for ground states in any OFT [5]. This extension
of Hohenberg—Kohn theory is important in establishing necessary conditions for the
existence of Fréchet functional derivatives (the locality hypothesis). With fixed
occupation numbers n; = 1, i = N, an orbital functional is a functional of a model
state @. Consider a model system defined by the orbital functionals E,.[®P] and
F=T+E,+E,, such that min(F + V) = E[v] approximates an N-electron
ground state energy. Consider a specified density function p in the class of
functions pg. Then minimize the functional F[®] subject to pg = p, using the Levy
construction [6]. The density constraint can be enforced using a Lagrange-multiplier
field v(r). For any given v(r), a functional of p is defined by

Flpl = min {FI@) + [vp, — pd'c} =01 = [wpds ®)

A ground-state functional F,[p] is defined by F,[p] when v is chosen such
that p, = p. The minimizing model function @, determines p,. This determines v
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for any given p if the variational problem has a solution (v-representability).
E.[p] = F,[p] + fvpd3r defines an energy functional for arbitrary v. When
p=p,, EJlp,]=E[v], its minimum value. When p # p,, E [p] = F[D]+
fvpd3r for some @(—p)# P,. Hence E,[p] = E,[p,]. This establishes the
variational property of E,[p], verifying the Hohenberg—Kohn theorems.

2.2. Kinetic energy in Thomas—Fermi theory

For more than two electrons, it has been shown [7] that any local kinetic energy
‘potential’ is inconsistent with exact KS equations, which use the nonlocal operator
of Schrédinger: 7 = —1V2

2.2.1. Model: Atom with N noninteracting electrons

The argument can be specialized to an atom with N noninteracting electrons, with
the Hamiltonian H = 7+ V, whose mean value (®/H|®) in a single-determinant
reference state @ defines the orbital energy functional E =T + V = 3, n;(il7 + vli),
where v(r) = —Z/r. The OEL equations, just the Schrodinger equation for each
occupied orbital (i = N),

i = (€ —v(r)} 9)
are derived using the orbital functional derivatives
T n 1%
T =%h: — = , 10
g =¥ agr =V (10)

The hydrogenic orbital eigenfunctions, energy eigenvalues, and density function are
determined unambiguously.

Since Hohenberg—Kohn theorems can be proved for the ground state of any
orbital-functional model[5], the orbital functional T = Y ;n,(ilili) is a density
functional T[p] for such ground states. A Thomas—Fermi equation is determined if
8T, /dp is equivalent to a local potential function vy(r):

3T,
op

=vr(r) = p — v(r) Y

If 7 in the OEL equations could be replaced by a local function v;(r), as in the
Thomas—Fermi equation, the trace sum over occupied orbitals > ; n;(ilf — vpli)
would have to vanish. Otherwise the reference state @ would not be the ground
state of the noninteracting model, contrary to the Hohenberg—Kohn theorems. But if
this condition is satisfied, subtracting the two equations, after multiplying the
OEL equation by n;¢;, summing, and integrating and after multiplying the
Thomas—Fermi equation by p(r) and integrating, implies the sum rule

e~ = [ & S mdiG - vrs =0 (12
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or Y ;n;e; = Nu. Because €; = u for n; = 1, this sum rule fails unless all occupied
€; are equal. This would violate the exclusion principle in general for any compact
system with more than two electrons.

It can be concluded that the locality hypothesis fails for the functional derivative
of T,. Thus there is no exact Thomas—Fermi theory for N > 2. In contrast, as will be
shown below, use of the linear operator 7 in the KS equations is variationally correct.

2.3. Exchange energy in the Hartree—Fock model

If variational theory does not imply the existence of a local potential function
equivalent to the kinetic energy operator 7 in ground-state OEL equations, one must
also question the validity of the locality hypothesis for exchange and correlation.
This question can be examined for the exchange energy and exchange potential in
the unrestricted Hartree—Fock (UHF) model of closed-shell atoms, for which
Hohenberg—Kohn theorems can be proved [5,8]. Occupied orbitals, orbital energies,
and the ground-state density are known to high accuracy. Computed results for He,
Be, and Ne test several distinct necessary conditions for the locality hypothesis, that
the Fock exchange operator 9, can be replaced in the UHF equations by an exact
local exchange potential v, (r). These tests succeed for He, with only two electrons,
but fail in general for heavier atoms, and in particular for Be and Ne [9,10].
Requiring locality of the exchange potential imposes a true variational constraint for
more than two electrons.

2.3.1. Model: unrestricted Hartree—Fock

The model state @ is identical to the UHF ground state, for which Hohenberg—Kohn
theorems are valid. The energy mean value E = (PIH|®) = T + E, + E, + Vis an
orbital functional. The occupied orbitals ¢; satisfy the OEL (UHF) equations

SE-V)

Tned {7+ vi(r) + 05} b = {€; —v(0)} ¢, (13)

A

where D, is the Fock exchange operator. Suppose that E, has a local density
functional derivative v,(r). Then the KS equations would be

S(E - V)

¢ = {1+ () + ()} = {€; — v(0)} (14)
dp(r)

If the UHF and KS equations were equivalent, on multiplying by ¢; and summing,
they would imply v, (r)p(r) = >, n;d; (r)d, ¢;(r), which defines the local exchange
potential of Slater [11]. It is well known that the Slater potential gives relatively poor
results for atoms [10]. It is clearly not equivalent to the Fock exchange operator in
UHF equations for more than two electrons. It can be concluded that the locality
hypothesis fails for E, in the UHF model for typical atoms. The restriction to a local
exchange potential v,(r) in the KS equations is inconsistent with an exact theory.
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2.4. Exchange and correlation energy in linear-response theory

It has recently been shown [12] that time-dependent or linear-response theory based
on local exchange and correlation potentials is inconsistent in the pure exchange
limit with the time-dependent Hartree —Fock theory (TDHF) of Dirac [13] and with
the random-phase approximation (RPA) [14] including exchange. The DFT-based
exchange-response kernel [15] is inconsistent with the structure of the second-
quantized Hamiltonian.

2.4.1. Linear-response theory of excitation energies

In the linear-response limit of the time-dependent DFT [16], excitation frequencies
are determined by

M.
Z{%w—__ﬂﬁﬁ—}@“”=0 (15)

p ® = w, +in

where g denotes a virtual excitation i — a. This depends on the parameters w, =
€, — € and a, =n; —n, A second transition is indexed by q’:j—b. In the
exchange-only limit M,,/(w) = aqr(aj|u + f,lib). This can be compared with the
well-established RPA in the same limit [14] (p. 89), M,,/(») = a,(ajlu — uPlib),
using the exchange operator P(r,r’)d3(m,,m.). These equations agree if the
exchange response kernel f, = —u'P, is a linear operator. If expressed in the same
notation, the result of Dirac’s (1930) [13] derivation of the TDHF is the linear
operator in the RPA formula f;, + f, = u{l — P} = &. This is an exact result in the
exchange-only limit. It is a direct consequence of the structure of the second-
quantized electron Hamiltonian[12].

It can be shown that the response kernel is a functional second derivative.
Assuming that the functional first derivative 8E, /3p is a local function (the locality
hypothesis for v, ), Petersilka ef al. [15] have derived the approximate formula

1> med () ()

OEP, . /\ _ _
S = e oop(e)

(16)

This result cannot be reconciled with that of Dirac [13] and with the structure of the
second-quantized Hamiltonian [12,14]. The implication is that the locality
hypothesis fails for E, and probably for E., which can be incorporated in a forma-
1ly exact extension of Dirac’s derivation. [17] Thus restriction to local exchange and
correlation potentials is inconsistent with exact linear-response theory.

2.5. Counterarguments
The original formulation of DFT by Kohn and Sham appeared to imply that an

exact orbital theory could be expressed in terms of a local exchange-correlation
potential[4] (‘note added in proof’, p. A1138). This conclusion would follow
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from variational theory if E,.[p] always had a Fréchet functional derivative
Vye(r) = 8E,./dp(r). The problem is that the existence of such a local function has
not been proved in general, and is disproved in specific cases when tested. Any
counter example negates the general assertion that locality is a consequence of the
variational theory.

Alternatively, it might be that any well-defined density functional necessarily
has a Fréchet functional derivative, so that the locality property is inherent in
the definition vp(r) = 8F/8p [18,19] and can be assumed without detailed proof.
The mathematical object so defined must be proven to exist if this ‘definition’ is
to have any meaning. Counterexamples show that a ‘local functional derivative’
does not exist in cases for which it can be tested. Either the theory must be
abandoned or the definition must be generalized.

It has been asserted that a valid theory can be established by proving
‘noninteracting v-representability’, equivalent to showing that a local potential
function exists for which the KS equations have a solution that reproduces a
given p(r) [19] (p. 44). This would be true if the locality hypothesis were true,
otherwise not. Accurate calculations of the KSC establish noninteracting
v-representability [20], but do not reproduce the model ground state for more
than two electrons. These calculations show that minimizing T by itself, subject
to a density constraint, is not equivalent to minimizing E — V.

It might be argued that the error of constraint computed in accurate KSC
calculations can be defined out of existence by calling it a ‘correlation energy’ [20].
This amounts to adding an arbitrary number to the mean energy computed for the
UHF variational model, so as exactly to cancel out the residual error imposed by the
locality constraint. Such an adjustment of computed results amounts to adding an
arbitrary constant to the variational Hamiltonian, which cannot be justified. In
contrast, the optimized effective potential (OEP) method involves no such post hoc
adjustment, and very straightforwardly obtains the best possible local effective
potential for the same variational model. Accurate calculations show that the
differences between the KSC and OEP wave functions and energies are very small
compared with the difference of both of these methods from computationally exact
UHF results [10].

A deeper argument is that local density functional derivatives appear to be
implied by functional analysis [2,21,22]. The KS density function has an orbital
structure, p = > m;p; = > ; n;¢; ;. For a density functional Fj, strictly defined only
for normalized ground states, functional analysis implies the existence of functional
derivatives of the form &F/n;8p; = €; — v(r), where the constants €; are
undetermined. On extending the strict ground-state theory to an OFT in which
OEL equations can be derived, these constants are determined and are just the
eigenvalues of the one-electron effective Hamiltonian. Since they differ for each
different orbital energy level, the implied functional derivative depends on a
‘direction’ in the function-space of densities. Such a Gateaux derivative [1,2] is
equivalent in the DFT context to a linear operator that acts on orbital functions [23].
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This argument leads back to the OEL equations of OFT, which contain nonlocal
potentials in general.

2.6. Implications

The locality hypothesis is not a general consequence of functional analysis and
cannot be assumed without proof in any particular case. The many technical
arguments that appear to support this hypothesis in existing literature should be
reexamined. Secondary consequences of the locality hypothesis such as electronic
self-interaction and the lack of physical significance of one-electron energy
eigenvalues should be reconsidered. Computational methodology based on strictly
local potential functions must be reconsidered and extended to some degree of
nonlocality.

3. ANTITHESIS: ORBITAL FUNCTIONAL DERIVATIVES DEFINE
LINEAR OPERATORS

3.1. Functional derivatives in orbital functional theory

In practical applications of DFT, some postulated explicit functional E,.[p] is used
to derive KS equations, which are then solved to determine the density function p.
Since p is constructed from orbital densities, the assumed functional E,. is also an
orbital functional. This implied orbital functional coincides with the density
functional for ground states, but is in fact much more general. Given some formula
for E,., the N-electron energy is defined as a functional in the orbital Hilbert space,
not confined to ground states, and not restricted by normalization. Because this is
exactly the context of the standard variational derivations of Schrodinger’s equation
and of the Hartree—Fock equations, the OEL equations that make this energy
functional stationary can be derived by a straightforward analysis using orbital
functional derivatives. Since restriction to ground states of the more general OFT
produces the corresponding DFT, valid results of both theories must be compatible.
The implied relationship is used here to analyze the inconsistencies summarized in
the preceding Section.

3.1.1. Derivation of the orbital Euler—Lagrange equations

Given the N-electron Hamiltonian H = T+ U + V, and postulating some rule
V¥ — @ that determines a reference state, this defines an orbital functional
E=T+U+V+E, where T+ U+ V = (PIHID) is explicit, as defined
previously, and E, = E., — (PIHI®) is an orbital functional defined for a
particular approximate model. It is assumed that E is minimized in the ground state
of the model. V = Y, n;(il9li) if § is a general nonlocal external potential.
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The Schrodinger variational principle can be applied directly: for fixed
occupation numbers n;, E is required to be stationary subject to (ilj) = dj;.
To simplify the derivation, trial orbitals can be required to be orthogonal, but
diagonal Lagrange multipliers €; are used for the normalization constraint.
The variational condition is

[ OFE
6[E - Zni{(ﬂi) — 1}5,] = JdSrZi:ni(B(bi{W — €i¢1} + cc) =0 (17)
The required orbital functional derivatives are
3T ., U 3V SE
— Sy =y =V =
n; d¢; n; d¢; n; 9¢; n; d¢;

using it = v;,(r) + V,, where v, is the classical Coulomb potential, and ¥, is the Fock
exchange operator. Defining Go; = 3E /n;d¢;, the variational equation is

Ve (18)

[ @S nogiig- 1o+ =0 (19)

For unconstrained variations of (orthogonal) orbitals in the usual Hilbert space this
implies the OEL equations

{g— €} =0, i=1,..,N (20)
Equivalently, if F=E — V|,
OF e . .
* :{t+u+vc}¢i:{6i_v}¢iv lzla"'aN (21)
n; d¢;

For most applications, the external potential operator ¥ reduces to a local potential
v(r), and the Hohenberg—Kohn theory is valid for the ground state. The present
derivation follows exactly the logic of standard Hartree—Fock theory. It is not
restricted to ground states and remains valid for fractional occupation numbers.

3.2. The optimized effective potential

For any orbital-functional model, an optimal effective (local) potential (OEP) can be
constructed following a well-defined variational formalism [24,25]. If a Fréchet
derivative existed for the exchange-correlation energy E,. for ground states, it
would be obtained in an OEP calculation, while the minimum energy and
corresponding reference state would coincide with OFT results. Thus numerically
accurate OEP calculations test the locality hypothesis.

As in the Hartree—Fock theory, the OEL equations for a given orbital functional £
are equivalent to the conditions (alGli) = 0,i = N < a, assuming orthonormal
orbitals, where G is the effective Hamiltonian defined by orbital functional
derivatives. Equivalently, (8¢;/Gp)=0,i =N. If a local potential v, (r)
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was equivalent to ¥,. in the OEL equation, it would satisfy the condition
(B3¢ lvye — xclp) =0, i = N. The OEP method requires this condition to be
satisfied for all orbital variations generated by an external local potential,

8(r) = — jg,(r, (! ()Y 22)

where

(e, ) = (1 = n),(r)e, — €)' ¢i(r) (23)

is the Green’s function of the OEP orbital equation. This is derived by first-order
perturbation theory, subject to orthogonality of the set of occupied orbitals. Such
restricted variations imply the OEP variational condition, for arbitrary dv(r),

Znijd%cb?(r)av(r) D (1= n)d,(r)(e, =€) alvye = Dicl) =0 (24)

OEP imposes one variational constraint on OFT: (a) v, must be a local function.
Hence in general Eqgp = Eqpr. Because of the Green’s function weighting, OEP
does not imply (alvy, — P4li) =0, i = N < a, and the computed densities may
differ [26,27]. In the UHF model, accurate calculations find that Eqgp > Eypr
[27-29] for more than two electrons. Table 1 shows computed values of several
criteria that test the locality hypothesis by comparing the densities and wave
functions:

RS® = 3> ;> (1 = n)ilv, — d,la)e, — ) (alv, — dli) =0

1 3 3 -1
ZP = = | d’ry | d’r,dp(1 op(2) =0
2J 1J 20p(1)r 1, dp(2) 25)

R, = JrzApd3r =0

§= (‘I’OEP“I’UHF) =1

where 8p = pogp — punr [30]. Results of variational OEP calculations [27] are
shown, using v,(r) = vgjuer(r) + >, 7,(r)c,, in a basis of product functions . The
optimized local exchange potential does not reproduce the Hartree—Fock ground
state for more than two electrons. These results confirm the failure of the locality
hypothesis for v,.

Table 1. OEP criteria for locality of v, (Hartree units)

Atom RS SZp R, S

He 1.0-9 1.0-7 1.0-9 1.000000
Be 0.111-1 0.246-3 0.491-2 0.999987
Ne 0.193-1 0.115-3 —0.280to 2 0.999991

Signed integers indicate powers of 10.
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3.3. The Kohn-Sham construction

When E,.[p] is specified, the relevant ground-state density for Hohenberg—Kohn
theory is py, computed using the equivalent orbital functional E,. in the OEL
equations, (G — €;)¢ = 0. The local potential w(r) in the corresponding KS
equations is determined by the KSC by minimizing T for p = p,. Assuming the
locality hypothesis, that w — v is the Fréchet derivative of the model ground-state
functional F[p] — T,[p], this implies that w = v, +v,. +v is a sum of local
potentials. If ¥, in the OEL equations was equivalent to a local potential v,.(r), the
KS and OEL equations would produce the same model wave function.

As an application of the Hohenberg—Kohn theory to a noninteracting system, the
KSC can be carried out using the Levy construction [6] with a Lagrange-multiplier
field w(r) for the density constraint,

%Zmumw—wm—uqygh%mmmm—mmﬂ
= Jd3r2ni(8¢?{?+w— €} +cc)=0 (26)

This implies the KS equation {7 + w — €;} ¢, = 0 if the orbitals ¢; can vary freely in
the orbital Hilbert space. The Lagrange multiplier field w(r) is to be chosen so that
p(r) = py(r). If w(r) exists, p is said to be noninteracting v-representable.

The KSC imposes two variational constraints on OFT: (a) v, must be a local
function; and (b) p = py. These nested constraints imply Exsc = Egqpp = Egpr. [20]
In the UHF model, a particular case of OFT, for typical atoms [29,20,10], Exgc =
Eogp > Eyyr for more than two electrons, and the KSC local exchange potential
does not reproduce the Hartree—Fock ground state. These results confirm the failure
of the locality hypothesis for v,, and demonstrate that noninteracting v-represent-
ability does not imply locality.

3.4. Exact linear-response theory

The failure of the DFT linear-response theory to reduce to the exact formalism of
Dirac [13] in the exchange-only limit [12] is symptomatic of the inadequacy of the
locality hypothesis. It will be shown here that on dropping this hypothesis a linear-
response theory can be derived that is formally exact for both exchange and
correlation. As will be discussed in more detail in the following Section, an exact but
implicit orbital functional exists for the correlation energy E. [31]. This produces a
formally exact correlation term in the OEL equations, defined by the orbital
functional derivative

SE,
=V.¢; 27
ogr = e 27)
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The derivation by Dirac [13] of TDHF can be expressed in terms of orbital
functional derivatives [12]. This derivation can be extended directly to a formally
exact time-dependent orbital-functional theory (TDOFT). The Hartree—Fock
operator H is replaced by the OFT operator G = H + ¥, throughout Dirac’s
derivation. In the linear-response limit, this generalizes the RPA equations [14] to
include correlation response [17].

Dirac defines an idempotent density operator g, such that the kernel is
S ¢i(r)n; 7 (x'). The OEL equations are equivalent to

[G,p] =0 (28)
The corresponding time-dependent equations are
ih o) = 160, o) 29)
Dirac proved, for Hermitian G, that the time-dependent equation
iﬁ% ¢i(rt) = G(xt)d;(rt) (30)
implies that p(r) is idempotent. Hence p(f) corresponds to a normalized time-

dependent reference state. For 1 = 0, a weak perturbing potential Av(rt) induces a
screening potential such that

AG = Av + AG, (31)

The first-order perturbation equations are
ad
iﬁgﬁﬁ(t) = [6(0), Ap()] + [AG, p(0)] (32)

A1) = >, (1 — ny)d,ci () in this orbital representation. Hence the kernel of Aj(r)
is

Ap(r,r';1) = Z > (1 = n)lba(0)ci (O] (X)) + G0 (0 o X)) (33)

Using (plG(0)lj) = €,3,; and (jlp(0)lg) = n,3;,, in the basis of eigenfunctions of
g(0),

(Pl[G(0), Apllg) = (e, — €,)(plAplg);

o 34)
(PIIAG, p(0)]1lg) = (ny — n,)(pIAGlg)
The equation of motion implied for ¢{(¢) is
ihei (1) = (e, — €)ci(t) + (n; — n,)(alAGli) (35)

fori=N <a.



14 Robert K. Nesbet

3.4.1. Definition of the response kernel

If P, = dF/(n;3¢;), a response kernel f is defined by the second functional
derivative

X Y

Jr) = —— (36)

Then Adg;(¢) induces
A = ml(Adlfd) + hel =D n; > (1 = GBS @) + " OGN (37)
J J b

The response kernel for the Hartree and the exchange energy functionals is fh + fx =
(r = (1/rp)(1 — Py,), in agreement with Dirac [13] and with the second-quantized
Hamiltonian. The response kernel f; is a linear operator such that

3,
Variations of unoccupied orbitals 8¢, (N < a) in the functional E, are induced by

variations of occupied orbitals 8¢); (i = N) through unitarity. The combined total
response kernel is the linear operator

Joxe =FoHhoHfe =0+ (39)
The equations of motion for the coefficients ¢{(¢) (for indices i,j = N < a, b) are

ihef (i = (e, — €)c{ (1) + (n; — n )@ Av®l)) + DD {(ajlfinclib)c] (1)
j b

fodpy = (38)

+ (ablfic DO 1. (40)

If Av(re) = 2Aw(r)R(e ') for complex frequency w, and c(r) = X¢e '
+Yia*eia)*t’

(€0 = & = ROX{ + (1, = 1) > > [(@lfinc D)X}
j b

+ (@bl i)Y]1 = = (1 = ng)alAwli),
) (41)
(g = € = @)Y + (n; = 1) D D [(ijlficlab)X}
J b
+ (iblfinelaD Y1 = —(n; — n,)(ilAwla)

In the exchange-only limit, these are the TDHF or RPA equations ([14], p. 89).

3.4.2. Excitation energies and energy gaps

If there is no driving term Av(r?) in these TDOFT equations, discrete excitation
energies are determined by values of % for which the determinant of the residual
homogeneous equations vanishes. The simplest internally consistent approximation
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to an excitation energy is obtained by limiting the summation to the diagonal term
Jj,b =i, a. The second line vanishes because of antisymmetry, (il laa) = 0, and
the first line reduces to a single equation

(e, — € — ho — (ailfylai) }X¢ =0 (42)

Neglecting correlation response, this implies #w = €, — €; — (aililai), a well-
known formula for first-order hole—particle excitation energies [32,33].

The two-electron integral depends strongly on orbital localization. Separate
localization transformations of occupied and unoccupied orbitals should be carried
out to minimize the excitation energy. This provides a mechanism to reduce the
Hartree—Fock band gaps. The correlation response kernel has the physical effect of
screening the Hartree—Fock exchange terms, as is well known from many-body
theory. Such direct effects on energy gaps are evident from the OFT formalism.

3.5. Implications

DFT is the ground-state limit of a more general OFT. The OEL equations of OFT do
not necessarily contain local potential functions. Tests of locality fail for the
effective exchange potential in the UHF exchange-only model. Dirac’s derivation of
TDHF theory can readily be extended to a TDOFT that includes electronic
correlation. The exchange-only limit of this theory is consistent with TDHF and
with the RPA in many-body theory.

4. SYNTHESIS: ALL EXACT THEORIES ARE THE SAME

The preceding discussion has considered the ‘locality hypothesis’ in DFT: that
density functionals in this theory have Fréchet functional derivatives which take
the form of local potential functions 8F/8p(r) = vp(r). Counterexamples from
Thomas—Fermi theory (kinetic energy), from Hartree—Fock as a model
theory (exchange energy), and from linear-response theory (failure in the pure-
exchange limit) appear to contradict the implications of modern functional
analysis [2,21,22]. It will be shown here that this apparent inconsistency can be
resolved by extending the definition of such density functional derivatives to the
more general class of Gateaux derivatives [1,2,23], which are the generalizations
in functional analysis of analytic partial derivatives. This has the very important
implication that if DFT is strictly limited to normalized ground states it cannot
determine the variational equations required for specific applications. Following
well-established variational theory, as used for example by Schrodinger [34], it is
necessary to extend the definition of any density functional to include uncon-
strained densities in an infinitesimal neighborhood of each ground-state density in
the Banach space of densities. The OFT discussed above defines such an
extension for all practical applications of the theory. When this extended
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definition is used, ‘exact’ DFT and OFT become alternative statements of the
same theory. This underlying theory is itself simply a particular formal model of
the many-body theory of interacting electrons.

4.1. Implications of functional analysis

The mathematical issues relevant to the definition of density functional derivatives
can be considered in the simple model of noninteracting electrons. As in the KSC
[4], this singles out the kinetic energy. The N-electron Hamiltonian operator is
H =T+ V. Orbital functional derivatives determine the noninteracting OEL
equations

id; = {e; — v}y (43)

which just restate the orbital Schrédinger equation for a given external local
potential v(r). When restricted to ground states, the orbital functional T =E — V
becomes a density functional 7,[p]. The density functional derivative is defined such
that

STYZJdSr;ni{S(b?Z];(;’)i—i—CC} (44)

The symbol T, here refers to an extended definition, valid in any infinitesimal
function-neighborhood of a normalized ground state, such that

o7, = [ 1 3 nodiis, + o) = [ ¢ T ndd (e~ vidi+co) @9
In terms of partial densities (p = 3 n;p;),
o7, = [ 13 nile — v)opi) (46)

The eigenvalue terms drop out for variations constrained by normalization.
The implied functional derivative is 87 /n;8p; = €; — v(r). Since p = > n;p;,
this implies the elementary chain rule
BT, _ ap BT, _ 8T,

= = 47
n; dp; n;dp; dp dop @7

This is a Gdteaux derivative, whose value varies with ‘direction’ in the function
space [1,2]. An explicit orbital index is not needed if 87 /8p is considered to be the
linear operator 7{ — v = 7. This confirms the chain rule for functional derivatives

oT. oT N
—Sh = — =1%o 48
S 4= g =i @)
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4.1.1. Is there an exact Thomas—Fermi theory?

For fixed normalization the Lagrange multiplier terms in 87 vanish. If these cons-
tants are undetermined, it might appear that they could be replaced by a single global
constant . If so, this would result in the formula [22] 87 = | drip — v(r)}dp(r).
Then the density functional derivative would be a local function v7(r) such that
dT,/dp = vy(r) = p — v(r). This is the Thomas—Fermi equation, so that the
locality hypothesis for v, implies an exact Thomas—Fermi theory for noninteracting
electrons.

However, as shown above, comparison with the orbital Schrodinger equations
implies a sum rule ) ; n;e; = Nu. This sum rule requires all €; = u, in violation of
the exclusion principle for more than two electrons [7]. Thus it is incorrect to assume
that the undetermined constants in ground-state theory can be set to the same value
for different orbital energy levels. In contrast, Kohn and Sham [4] were correct in
substituting 7 for 87 /3p in the KS-equations. There is no equivalent exact Thomas—
Fermi theory.

4.1.2. Atoms with noninteracting electrons

For hydrogenic wave functions,
oT 2T Z o
== :Jd3r——p (49)
aZ z r oZ
If an exact local potential vy(r) did exist, it could be constructed by the sum rule
oA * zZ
vrOp(r) = > md Mid(0) = 3 mipi (Ne€idi(1) + — p(r) (50)

If vy(r) were a functional derivative, then

aT ap
Pr=-> —Jd»*rvT(r)ﬁ =0 (51)
Values computed for He, Be, and Ne, respectively, are Pr = 0.00000, 1.38904,
9.23714 (Hartree units). This confirms that a Fréchet derivative of the functional
T,[p] does not exist for more than two electrons.

4.1.3. Interacting electrons

For E=T+ U+ V + E_, define the orbital functional F = FE — V. The OEL
equations are

SOF R . .
— = =GV ={t+a+ i} = {e — VI (52)
n;d¢;
For ground states, F' reduces to a density functional F[p] if the external potential
is local. The symbol F here refers to a definition extended to infinitesimal function-
neighborhoods of normalized ground-state densities. The density functional
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derivative is defined by
« OF
SFS = JdSani{&z’)i gqsl +CC} (53)
For orbital variations about ground-state solutions of the OEL equations,
SF, = jd%zni(a@f{i + i+ D} 4 cc)
= [T nedite — o (54)

When ¥ is a local function this becomes 8F; = fd3r S ini{e; — v(r)}dp;(r). The
partial functional derivatives are local functions 8F;/n;8p; = €; — v(r), where the
Lagrange multipliers are determined by normalization. 8F/dp is a Gdteaux
derivative [1,2], equivalent [23] to the linear operator G — v.

The argument has come full circle, reproducing the chain rule

SF, SF

5p ‘f’i:m:{ﬁLﬁ‘Ff’c}(ﬁi (55)

There is no implication that the effective potentials are local functions.
4.2. Exact orbital functionals for exchange and correlation

By a suitable definition of correlation energy, the N-electron variational energy can
be expressed as a sum of the orbital functionals E=T+4+V + E, + E, + E, [5].
Given any rule ¥— @, define E, = E — E;, where E, = (DIHI®) is a sum of
explicit orbital functionals. E. can be expressed as a formally exact but implicit
functional of the occupied orbitals of @. [17] In practice, E, must be approximated.
However, any proposed formula for E,[p] or E_[p] defines an OFT in which the KS
functional F[p] is generalized to an orbital functional F that is equivalent for ground
states. The OEL equations that minimize the energy functional always take the form
dE/ndd; = Gp; = €;¢;, i = N. Spin indices and sums are implied here as in the
preceding sections.

4.2.1. Exact explicit orbital functionals

E, is a sum of explicit orbital functionals, T + V + E, + E,, with explicit orbital

functional derivatives. Defining 7 = — %VZ for kinetic energy,
n T A
T = nyilili); - =1 (56)

n; d¢;
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For a general nonlocal external potential,

1%
=N il OV e 7
V=Dl S = v (57)
Defining u = 1/ry,, for the Hartree energy,
1 .. .. 8Eh . .
Ey = 3 Y mmGiilulip; &= > niilulpe = vy (58)
ij %7
For the exchange energy,
| e OE, 4L .
E,=—3 Zninj(lﬂubl); S = — an(]\uh)qﬁj = D, (59)
ij el J

There is no self-interaction.

4.2.2. Correlation energy as an exact orbital functional

Using unsymmetric normalization, (®|¥) = (®ld) =1, (H — E)¥ =0 implies
E = (PIHIW) = (PIHID) + (PIHIQW) = Ey+ E., where Q=1— ®®' and
E.= (DPIHIQW). A formal simplification results from using the Brueckner
reference state @, defined by maximum projection onto a given N-electron state
¥ (subsequently renormalized as indicated above) [35—-37]. Because (3PIQ W) = 0
implies (®71QW) =0 for all particle—hole virtual excitations, i =N < q,
one-electron matrix elements are eliminated from matrix elements (®PIHIQW) in
the Brueckner—Brenig orbital basis [36]. The Brueckner condition (3®|¥) =0
implies that (3PIH|¥) = 0 for any energy eigenstate W, which must be compatible
with the OEL equations for occupied orbitals [37].
The correlation energy is given implicitly by

E, = —(PH[QH — E) — E. — in)Q] 'H|®) (60)

an exact ‘optical potential’ derived by partitioning [31]. The coefficients of
two-particle/two-hole virtual excitations @Z-b (i, =N <a,b)in Q¥ are

¢ = (ablelij) = (P’ 10¥) = —(P"I[QH — Ey — E. — in)Q] 'HIP) (61)
This defines an exact but implicit formula,

E. =Y nmn; > (1= n)(1 = ny)(PHID)cf’

i<j a<b
= mn; > (1= n)(1 — ny)jlalab)ablelij) (62)
i<j a<b

The orbital functional derivative 3E./(n;8¢}) = V. ¢; is derived taking variations of
unoccupied orbitals induced by unitarity into account. This gives an explicit formula
for any orbital-functional model of E,. (e.g. LDA [4] or Colle—Salvetti. [38]) In an
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iterative loop with specified (ablclij), the effective correlation ‘potential’ is a linear
operator ¥, whose kernel is

v, t) = 23 > (1= n)(1 — my)(jlalb) e, (r) b (x)(blel))
J b,c
=3 > m > (1= ny)(bIelj)di(r) i () jlalb). (63)
ok b

This operator is consistent with the leading terms in quasiparticle self-energies
implied by many-body perturbation theory (e.g. [14], p. 68). Because of the
antisymmetric form of all matrix elements, there is no self-interaction.

4.3. Quasiparticles and Landau theory

4.3.1. Nonintegral occupation numbers

If occupation numbers are treated as parametric variables, the OFT functional
E[{¢;;n;}] interpolates between the physical states with integral occupation
numbers. The OEL equations of the theory are well-defined for fractional
occupation numbers 0 = n; = 1. This purely mathematical interpolation procedure
was exploited by Slater and Wood [39] to provide a smooth connection between the
different physical states. Janak [40] used this concept of nonintegral occupation
numbers to prove that one-electron energies in DFT are parametric partial
derivatives €; = 0E/dn;. Janak’s theorem is proven below for a general OFT. The
key idea of Slater and Wood is that physical energy differences can be obtained
by integrating these partial derivatives as functions of fractional occupation
numbers. A similar idea was proposed by Landau [41,42] in the context of a free-
energy function of occupation numbers described by Fermi—Dirac statistics, with
orbital energies €; parametrized as functions of {#n;}.

4.3.2. Janak’s theorem

In OFT, E is a functional of @, expressed as integrals over the Dirac matrix
> ¢i(r)n;d; (x'). For n; # 0 this implies two chain rules:

OE OF

o7~ " S (64)
JE J Cre; OE

on, ) Y )

Hence if n; is allowed to vary,

o= 3 on | A'riGs + 3 [ ri54iG4, + co) (65)
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For variations of normalized solutions of OEL equations, [ ¢;G¢; =€, and
[ d¢iGe; = €; [ dd; ¢; = 0. This implies Janak’s theorem:

oE
dE = Z a—nidni = Z €;dn; (66)
The eigenvalues €; are Landau quasiparticle energies [37].

4.3.3. Landau quasiparticles

Landau [41-43] proposed that interacting electrons can be described as a collection
of Fermi—Dirac quasiparticles, ‘dressed’ electrons modified by a self-consistent
interaction. Landau postulates a variational energy function of occupation numbers,
whose partial derivatives €; = E/dn; define the quasiparticle energies for Fermi—
Dirac statistics. In Landau’s theory, interactions are represented by the parametrized
dependence of one-electron energies on occupation numbers. For example,
electronic self-interaction is characterized by d€;/9n;, which should vanish in an
exact theory. Since the quasiparticles are Fermions, entropy and free energy are
defined. When applied to an electron gas, this provides a conceptual basis for Fermi-
liquid theory. The parametrized electronic interactions can describe strongly
correlated systems, such as magnetic impurities in metals. Although the Landau
theory can be derived from many-body theory [43], it is not based on an effective
one-electron Hamiltonian and is not adapted to first-principles calculations.

This concept is essentially the same as that of modelling an interacting N-electron
system by a reference state constructed from one-electron orbital functions
determined by a self-consistent field. Janak’s theorem for a general OFT suggests
that Landau’s parametric quasiparticle energies can be identified with eigenvalues of
the OEL equations. The present extension of OFT to include formally exact
correlation energy may provide a formalism within which Landau theory can be
implemented as an ab initio computational method, even for strongly correlated
systems.

5. CONCLUSIONS

The principal conclusion of the present analysis is that an ‘exact’ DFT is not possible
if restricted to local potential functions. This excludes an exact Thomas—Fermi
theory for more than two electrons, but it is shown here that DFT in the local density
approximation (LDA) and the optimimized effective potential (OEP) model are
sound variational theories. An exact OFT exists, but must be implemented using
nonlocal potentials.

Computational methods based on multiple scattering theory (MST) are currently
formulated only for local potential functions [44]. New formalism may be necessary
in order to extend such methods to nonlocal potentials, but this appears to be
necessary if electronic self-interaction is to be eliminated systematically. A caveat is
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that nonlocal exchange by itself produces a well-known Fermi-surface anomaly in
metals, which must be cancelled by electronic correlation. The challenge to theory is
to devise a formalism that retains nonlocal exchange and correlation, but exactly
removes the singularity at the Fermi level [45].

The validity of Janak’s theorem in OFT opens up the prospect of incorporating
ab initio methods into Landau theory for applications to strongly correlated systems,
especially when combined with the procedure of integrating over fractional
occupation numbers to obtain physical energy differences.

Exact linear-response theory based on TDOFT is a potentially powerful
methodology for treating excitations and polarization response.

REFERENCES

[1] P. Blanchard and E. Bruning, Variational Methods in Mathematical Physics: A Unified Approach,
Springer, Berlin, 1992.
[2] H. Eschrig, The Fundamentals of Density Functional Theory, Teubner, Stuttgart, 1996.
[3] P. Hohenberg and W. Kohn, Phys. Rev., 1964, 136, B864.
[4] W. Kohn and L. J. Sham, Phys. Rev., 1965, 140, A1133.
[51 R. K. Nesbet, Int. J. Quantum Chem., 2000, 77, 521.
[6] M. Levy, Proc. Natl Acad. Sci., 1979, 76, 6062.
[7] R. K. Nesbet, Phys. Rev. A, 1998, 58, R12.
[8] P. W. Payne, J. Chem. Phys., 1979, 71, 490.
[9] R. K. Nesbet and R. Colle, J. Math. Chem., 2000, 26, 233.
[10] R. K. Nesbet and R. Colle, Phys. Rev. A, 2000, 61, 012503.
[11] J. C. Slater, Phys. Rev., 1951, 81, 385.
[12] R. K. Nesbet, Phys. Rev. A, 1999, 60, R3343.
[13] P. A. M. Dirac, Proc. Camb. Phil. Soc., 1930, 26, 376.
[14] D. J. Thouless, The Quantum Mechanics of Many-Body Systems, Academic Press, New York, 1961.
[15] M. Petersilka, U. J. Gossmann and E. K. U. Gross, Phys. Rev. Lett., 1996, 76, 1212.
[16] E. K. U. Gross, J. F. Dobson and M. Petersilka, in Density Functional Theory (ed. R. F. Nalewajski),
Topics in Current Chemistry, Springer, Berlin, 1996.
[17] R. K. Nesbet, Int. J. Quantum Chem., 2002, 86, 342.
[18] R. G. Parr and W. Yang, Density-Functional Theory of Atoms and Molecules, Oxford University
Press, New York, 1989.
[19] R. M. Dreizler and E. K. U. Gross, Density Functional Theory, Springer, Berlin, 1990.
[20] A. Gorling and M. Ernzerhof, Phys. Rev. A, 1995, 51, 4501.
[21] E. H. Lieb, Int. J. Quantum Chem., 1983, 24, 243.
[22] H. Englisch and R. Englisch, Phys. Stat. Sol. (b), 1984, 123, 711; 124, 373.
[23] R. K. Nesbet, Int. J. Quantum Chem., 2001, 81, 384.
[24] R. T. Sharp and G. K. Horton, Phys. Rev., 1953, 90, 317.
[25] J. D. Talman and W. F. Shadwick, Phys. Rev. A, 1976, 14, 36.
[26] S. B. Trickey, Phys. Rev. B, 1984, 30, 3523.
[27] R. Colle and R. K. Nesbet, J. Phys. B, 2001, 34, 2475.
[28] K. Aashamar, T. M. Luke and J. D. Talman, At. Data Nucl. Data Tables, 1978, 22, 443.
[29] E. Engel and S. H. Vosko, Phys. Rev. A, 1993, 47, 2800.
[30] Q. Zhao and R. G. Parr, J. Chem. Phys., 1993, 98, 543.
[31] R. K. Nesbet, Phys. Rev. A, 2000, 62, 040701(R).
[32] R. K. Nesbet, Proc. R. Soc. (London), 1955, A230, 312.
[33] X. Gonze and M. Scheffler, Phys. Rev. Lett., 1999, 82, 4416.



Local and Nonlocal Potential Functions in Density Functional Theory 23

[34] E. Schrodinger, Ann. der Physik, 1926, 81, 109.

[35] K. A. Brueckner and W. Wada, Phys. Rev., 1956, 103, 1008.

[36] W. Brenig, Nucl. Phys., 1957, 4, 363.

[37] R. K. Nesbet, Phys. Rev. B, 1986, 34, 1526.

[38] R. Colle and O. Salvetti, Theoret. Chim. Acta, 1975, 37, 329.

[39] J. C. Slater and J. H. Wood, Int. J. Quantum Chem., Suppl., 1971, 4, 3.

[40] J. F. Janak, Phys. Rev. B, 1978, 18, 7165.

[41] L. D. Landau, Zh. Eksp. Teor. Fiz., 1956, 30, 1058. [Sov. Phys. JETP, 1956, 3, 920].
[42] L. D. Landau, Zh. Eksp. Teor. Fiz., 1957, 32, 59. [Sov. Phys. JETP, 1957, 5, 101].
[43] P. Nozieres, Theory of Interacting Fermi Systems, Benjamin, New York, 1964.

[44] A. Gonis and W. H. Butler, Multiple Scattering in Solids, Springer, New York, 2000.
[45] G. Aissing and H. J. Monkhorst, Int. J. Quantum Chem., 1993, S27, 81.



Density Functional Approach to the Many-Body
Problem: Key Concepts and Exact Functionals

Robert van Leeuwen

Theoretical Chemistry, Materials Science Centre, Nijenborgh 4, 9747 AG, Rijksuniversiteit
Groningen, Groningen, The Netherlands

Abstract

We give an overview of the fundamental concepts of density functional theory. We give a
careful discussion of the several density functionals and their differentiability properties. We
show that for nondegenerate ground states we can calculate the necessary functional
derivatives by means of linear response theory, but that there are some differentiability
problems for degenerate ground states. These problems can be overcome by extending the
domains of the functionals. We further show that for every interacting v-representable density
we can find a noninteracting v-representable density arbitrarily close and show that this is
sufficient to set up a Kohn—Sham scheme. We finally describe two systematic approaches for
the construction of density functionals.
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1. INTRODUCTION

In this paper we give an overview of the foundations of density functional theory for
stationary systems. In the discussion we try to be as precise as possible, and we
therefore carefully discuss several exact density functionals and the domains of
densities on which they are defined. At the heart of almost any application of density
functional theory lies the Kohn—Sham equations. These equations describe a
noninteracting system that is required to produce the ground state density of an
interacting system. Therefore, any discussion of the validity of these equations has
to focus on how well we can approximate a density of an interacting system with that
of a noninteracting system. Closely related to this question is whether or not the
exact functionals that we defined have functional derivatives. This is because the
various potentials, such as the Kohn—Sham potential, in density functional theory
appear as functional derivatives of the energy with respect to the density. The
investigation of the existence of functional derivatives will form a central theme of
this review.

A large part of this work will follow the proofs of the fundamental papers by Lieb
[1] and Englisch and Englisch [2,3]. In this paper we try to make these two important
works more accessible by providing some background on the mathematics involved.
We further show, from a more physical viewpoint, how to calculate functional
derivatives by response theory and show that for nondegenerate ground states the
static density response function is invertible. We also show that for every interacting
v-representable density there is a noninteracting v-representable density arbitrarily
close to it and that this is sufficient to set up a Kohn—Sham scheme. We finally
discuss two systematic approaches for the construction of the exchange —correlation
functional and provide an outlook and conclusions.

2. DEFINITION OF THE PROBLEM

Density functional theory in its earliest formulation by Hohenberg, Kohn and Sham
[5,8] aims at a description of the description of ground state properties of many-
electron systems in terms of the electron density. One may wonder why this is
possible. Let us therefore investigate this point more closely. Consider a
Hamiltonian of a stationary many-body system

H=T+V+W 1)
where 7 is the kinetic energy of the electrons, V the external potential, and W the
two-particle interaction. We denote the Hamilton operator H, with a subindex v to

indicate that we will consider the Hamiltonian as a functional of the external
potential v. The constituent terms are explicitly given as:

T=>% -1V} 2)
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N
V="> vr) 3)
=1
R N
W=> w(r; — ) 4)
i>j

where w(lrl) = 1/Ir| will in our discussion always be the Coulomb potential. We are
interested in electronic systems, i.e., molecules and solids. For all these systems the
kinetic energy operator T and two- -particle interaction W are identical. They only
differ in the form of the external potential v(r) and the number of electrons N. The
properties of all these systems can therefore be regarded as a functional of the
external potential v. This is in particular the case for the ground state wavefunction
|'¥[v]) and the ground state energy E[v], which are of course related by the
Schrodinger equation

T+ V+ W) = Epllv) (5)

At first sight we have not gained much by this viewpoint, the problem looks as
difficult as before. However, the problem will have a different appearance once we
eliminate the potential in favor of the electron density. One may wonder what is so
particular about the relation between the density and the potential. Let us therefore
look specifically at the term that describes the external potential. It can be written as:

= Jd% w(r)A(r) (6)

where we defined the density operator by
N
A(r) =D 3(r —r;) (7
i=1
The expectation value of V is given by
(PIVIP) = Jd% n(r)v(r) (8)

where n(r) the electron density. The electron density is obtained from the many-
body wavefunction, which in our case will usually be the ground state wavefunction
of Hamiltonian H,, by

n(r) = (Ve H=~N > Jd3r2~--d3rN|EV(r1(rl,...,rN0'N)|2 )

In this expression o; is the spin variable for electron i. The physical interpretation of
the density is that n(r)AV is proportional to the probability of finding an electron in
an infinitesimal volume AV around r. Note that in the definition equation (9) we sum
over the spin coordinate o; so we do not distinguish between the probabilities of
finding up or down spin electrons at r. We see from equation (8) that the external
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potential v(r) and the electron density n(r) are conjugate variables. With this we
mean that they occur as a simple product in the contribution of the external potential
to the energy. It is exactly this property that allows us to prove the Hohenberg—Kohn
theorem, which establishes a 1-1-correspondence between the density and the
external potential. We can therefore go from a functional E[v] of the external
potential to a functional E[n] of the density. We can ask ourselves whether there is
any reason that E[n] would be easier to calculate than E[v]. A priori there is no
reason to expect this. However, we will see that the determination of E[n] is
equivalent to the solution of a set of one-particle equations, known as the Kohn—
Sham equations, with a potential v [n] that is also a functional of the density. By now
we know that we can find practical and useful approximations for this potential v [n]
and that the Kohn—Sham equations have been successfully applied to the calculation
of properties of many electronic systems. However, as in any physical theory, there
are a number of assumptions made in the transformation to the Kohn—Sham one-
particle equations. The aim of this paper is to discuss these assumptions and thereby
the validity of the Kohn—Sham equations.

3. CONDITIONS ON THE ELECTRON DENSITY AND THE EXTERNAL
POTENTIALS

We begin by giving a discussion of the properties of the two key objects in density
functional theory, the density n and the external potential v. The density has the
obvious properties

n(r) = 0, Jd3r n(r) =N (10

These properties follow directly from the definition of the density and the usual
normalization condition on the wavefunction. If we take into account that the
density is obtained as the density of a bound eigenstate of Hamiltonian (1) we can
derive further conditions. For this we put the physical constraint on the many-body
system that it has a finite expectation value of the kinetic energy, i.e.,

N
M=1Y 3 [dnednlVr <o (an

i=1 o0

At this point it is useful to introduce a new space of functions. We say that a function
fisin H L(R™ (R denotes the real numbers) if

1/2
lIFll = <Jd"r(|f(r)|2 + |Vf(r)\2) < o0 (12)

The space of functions H'(R") is called a Sobolev space. The supindex 1 refers
to the fact that the definition of the norm contains only first order derivatives.
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We therefore see that finiteness of the kinetic energy implies that ¥ is an element
of the function space H I(R3N). Differentiation of equation (9) and use of the
Cauchy—Schwarz inequality then leads to [1]

(Vin(r)))* = 4Nn(r,) > Jd3r2- &Py lV, PP (13)
and hence
% JdS r(V/n(r))* = T[W] < o (14)

We see that the finiteness of the kinetic energy puts a constraint on the density. From
equation (12) we see that \/n belongs to H '(R?). We also see that if we consider
systems with a finite kinetic energy, then we only need to consider the following set
of densities

S= {n|n(r) =>0,/n € Hl(R3),Jd3rn(r) = N} (15)

This set of densities has a property which will be of importance later, namely S is
convex. With this we mean that if n; and n, are elements of S, then also An; +
(1 — Mn, is an element of S where 0 = A = 1. This property is easily proven using
the Cauchy—Schwarz inequality. Now we will derive constraints on the allowed set
of external potentials. In order to do this we introduce some other function spaces.
We say that a given function f belongs to the space L” if

IFll, = (J d3rf(r)p)l/p< 0 (16)

Note that here we only consider functions on the usual three-dimensional coordinate
space R>. The letter L refers to Lebesque integration, a feature that assures that the
function spaces are complete (complete normed spaces are also called Banach
spaces). We will, however, not go into the detailed mathematics and refer the
interested reader to the literature [4]. We just note that for continuous functions the
integral is equivalent to the usual (Riemann) integral. Equation (16) defines a norm
on the space I” and we see from equation (10) that the density belongs to L'. From
the condition of finite kinetic energy and the use of a Sobolev inequality one can
show that [1]

J &Er‘ry=cC J & r(Vi/n(r))* < oo (17)

where C = 3(m/ 2)*3. In other words, the finiteness of the kinetic energy implies
that the density is also in the space L. Since we already know that n € L' we find
that the density is element of the intersection of both spaces, i.e., n € L'nir’.
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We also see from the inequality (17) that S is a subset of L! N L*. Let us now see
what this implies for the allowed set of external potentials when we require the
expectation value of the external potential to be finite, i.e., we require

Jd3r )| = lnvll; < oo (18)
If the potential is bounded, i.e., lv(r)l < M for some finite number M then
Jd% n(r)v(r)| = suplv(r)IN < oo (19)

The space of bounded functions is called L™ and has the norm
Iflle = suplf(r)! (20)

The supremum is defined to be the smallest number M such that |f(r)| = M almost
everywhere. The term ‘almost everywhere’ has a precise mathematical meaning for
which we refer to the literature [4]. We almost never use it in the remainder of this
paper. We therefore conclude that if v € L™ then the expectation value of the
external potential is finite. To show this we used that n € L'. But we also know that
n € L* and if we make use of the Holder inequality

IiFglly = IIfllligl, (21)
with 1/p + 1/q = 1 we obtain
vl < llnllslivls (22)

which is finite if v € L3/, Therefore the most general set of potentials for which the
expectation value (WIVIW) is finite, is the set
P41 =plhv=ut+wuecl’?weL”} (23)

i.e., the set of potentials that can be written as a sum of a function from 132 and a
function from L. This is also a normed function space with norm

Il = inf {lldly 1, + Il by = u + ) (24)

In the remainder of this paper we will always consider the densities to be in the space
L' N L? and the potentials in the space L*/%> + L. It is important to note that the
Coulomb potential is in the latter set since we can write

IO S ) N o(lrl — 1)

(25)

Irl Ir| Ir|
where 6 is the Heaviside function, 8(x) =0 if x = 0 and 6(x) =1 if x > 0. One
can readily check that the first and second terms on the right hand side are in
L¥? and L™, respectively. One can easily extend this result to a finite sum of
Coulomb potentials, and therefore every molecule can be described with the
potentials in the space L¥? 4+ L*. One may finally wonder what the condition of
finite Coulombic electron—electron repulsion, i.e., (WIWIW¥) < oo, would imply
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for the density. However, one can show that if the kinetic energy (WITIW¥) is
finite then also (WIWIW) is finite [1], so this does not yield any new constraints
on the density.

4. THE HOHENBERG-KOHN THEOREM

The basis of density functional theory is provided by the Hohenberg—Kohn theorem
[5]. We will provide a proof of this theorem for nondegenerate ground states. The
case of degenerate ground states will be discussed later. The Hohenberg—Kohn
theorem states that the density n(r) of a nondegenerate ground state uniquely
determines the external potential v(r) up to an arbitrary constant. This means that the
external potential is a well-defined functional v[n](r) of the density.

In the proof essential use is made of the fact that the density and the potential are
conjugate variables. For the same reason we can, for instance, prove that the two-
particle interaction is a unique functional of the diagonal two-particle density
matrix. The general mapping between N-particle density matrices and N-body
potentials is discussed by De Dominicis and Martin [6].

Let us consider the subset V C L% 4 L™ of potentials that yields a normalizable
nondegenerate ground state. The solution of the Schrodinger equation provides us
with a mapping from the external potential to the ground state wavefunction, v(r) —
|'P[v]). Since we assume that we are dealing with nondegenerate ground states
|'P[v]) is uniquely determined apart from a trivial phase factor. We have therefore
established a map C : V — &, where @ is the set of ground states.

We will first prove that the map C is invertible. Suppose that |¥;) and |¥,) €
H'(R*) correspond to external potentials v, and v, € L* + L>? where v, #
v, + C. We have to show that |¥,) # |W,). If we assume that |¥,) = |¥,) = | D)
then by subtraction of the Hamiltonian for |¥,) and |¥,) we find that

(V, — V)l = (E, — Ey)|P) (26)

If v; — v, is not constant in some region then ¥ must vanish in this region for the
above equation to be true. However, if v;,v, € L™ + L*/? then | %) cannot vanish on
an open set (a set with nonzero measure) by the unique continuation theorem [1]. So
we obtain a contradiction, and hence we must have made a wrong assumption.
Therefore, | ¥,) # |W,) and we obtain the result that different potentials (differing
more than a constant) give different wavefunctions. Consequently, we find that the
map C is invertible.

We now define the set A as the set of densities which come from a nondegenerate
ground state, where we only consider ground state densities from potentials in the set
L® 4 L2, The set A is obviously a subset of the previously defined set S. From a
given wavefunction in the set of ground states @ we can calculate the density
according to equation (9). This provides us with a second map D : ® — A from
ground state wavefunctions to ground state densities. Also this map is invertible.



32 Robert van Leeuwen

To show this we calculate

Ev] = (Y IT+ V) + WP, 1) < (WD IIT + V) + WP, D)

= (W 1T+ T+ WP + jnzmm(r) — (e dr

= E[n]+ an(r)(vl(r) — vy(r)) dr 27)
Likewise we find
E[v,] < E[v,] + Jnl(r)(vz(r) — vy(r)) dr (28)
Adding both inequalities then yields the new inequality
Jd3r(n2(l‘) = n(r)(va(r) — vi(r)) <0 (29)

If we assume that n; = n, then we obtain the contradiction 0 < 0 and we conclude
that different ground states must yield different densities. Therefore the map D
is also invertible. Consequently, the map DC : V — A is also invertible and the
density therefore uniquely determines the external potential. This proves the
Hohenberg—Kohn theorem.

Let us now pick an arbitrary density out of the set A of densities of nondegenerate
ground states. The Hohenberg—Kohn theorem then tells us that there is a unique
external potential v (to within a constant) and a unique ground state wavefunction
['¥[n]) (to within a phase factor) corresponding to this density. This also means that
the ground state expectation value of any observable, represented by an operator 0,
can be regarded as a density functional

Oln] = (¥[n]IO| ¥In]) (30)
In particular we can thus define the Hohenberg—Kohn functional Fyk on the set A as
Fux[n] = (V[n]IT + WI¥[n]) (31)

With this functional we can define the energy functional E, as
E, [n] = Jn(r)v(r) dr 4 Fyg[n] (32)

If ny is a ground state density corresponding to external potential vy and n an
arbitrary other ground state density then

Eyn) = [ n(eo(e)dr + Fialnd = (F1all T+ 9, + WI7)

= (PInglIT + Vo + WI¥Ingl) = E, [no] (33)
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Therefore
Elv] = hel,fa\ {J n(ryv(r) dr + FHK[n]} (34)

and we see that the ground state energy of a many-body system can be obtained by
minimization of a density functional. For application of this formula we have to
know Fyx on the set 4. In practice it is, of course, impossible to calculate Fyx
exactly on this set of densities. Instead one would prefer to make an explicit
approximation for Fyg as is usually done within the Kohn—Sham scheme. Before
we go into that let us first discuss some properties of Fyyk. The functional Fyy is a
convex functional, i.e., if ny,ny € A and if \yn; + Any € Awith 0 = A0, =1
and A; + A, =1 then

Fuk[Ang + Aanp] = A Fug(ng] + A Fug([n,] (35)

This is readily proven. Suppose that the ground state densities ny, 1y, Ajn; + Any €
A correspond to the external potentials v, v, and v. Then

Fuk[n] = (V01T + V + WI¥n]) — J d&*r n(r)v(r)

= AWl HIW[n]) + A W[n]l HI W[n]) — Jd3r n(r)v(r)
= MW 1T + WIWIn 1) + AP 1T + WIPIn, )
+ J(Alnl(r) + Ay ()v(r) d*r — Jd3r n(r)v(r)
= M Fuxlni] + A Fyklns] (36)
and we obtain the convexity of Fyk. Note, however, that the domain A of Fyy does
not need to be convex, i.e., if ny,n, € A then not necessarily A;n; + An, € A with
0=A;,A, =1 and A + A, = 1. We will come back to this point later when we

consider the differentiability of Fyg. Let us first collect our results in the form a
theorem.

Theorem 1 (Hohenberg—Kohn). The density n corresponding to a nondegenerate
ground state specifies the external potential v up to a constant and the ground state
wavefunction |W[n]) up to a phase factor. Moreover,

1. Any ground state expectation value corresponding to an observable O isa
functional of the density according to

Ol[n] = (¥[n]lO\W¥[n])
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2. The ground state energy of a system with a nondegenerate ground state and an
external potential v can be obtained from

Elv] = inf {J n(ryv(rydr + FHK[n]}
neA
where Fyx[n] = (¥[n]|T + WIW¥[n)).

3. Fyg is convex.

We finally discuss an interesting consequence of the Hohenberg—Kohn theorem.
Suppose that in equation (29) we take v, = v; + € dv where dv is not a constant. We
therefore obtain potential v, by a small perturbation from potential v;. By means of
perturbation theory we can then calculate the change in the density which gives

ny(r) = ny(r) + € dn(r) + O(e?) (37)

where 8n can be calculated from the static density response function y
dn(r) = Jd3r' x(r, ) dv(r) (38)

The properties and explicit form of y are described in more detail in a later section.
Therefore

(1, (r) = V() (ny(r) — ny(r)) = € dv(r) dn(r) + O(€) (39)

If we insert this expression in equation (29) and divide by €* > 0 then we obtain:
Jd% dv(r) dn(r) + O(e) < 0 (40)

Now taking the limit € — 0 and expressing o7 in terms of the response function we
obtain

JdSr a*r Sv(r)x(r, r') dv(r') < 0 (41)

This is true for an arbitrary nonconstant potential variation. We therefore see that the
eigenvalues of y, when we regard y as an integral operator, are negative. Moreover
we see that the only potential variation that yields a zero density variation is given by
dv = C where C is a constant. This implies that y is invertible. We will go more
closely into this matter in a later section where we will prove the same using the
explicit form of the density response function.

5. KOHN-SHAM THEORY BY LEGENDRE TRANSFORMS

The method described in this section goes back to the work of De Dominicis and
Martin [6]. This work discusses the relations between N-body potentials and
N-particle density matrices, of which the density—potential relation to be discussed
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here is a special case. The ground state energy E[v] and wavefunction |¥[v])
are considered to be functionals of the external potential through solving the
time-independent Schrédinger equation

T+ V+ WD) = EplI v (42)
where the two-particle interaction Wis kept fixed. From this equation we see that the

ground state energy as a functional of the external potential v can also be written as:

E[v] = (VIV1IA, | Pv]) (43)

Our goal is now to go from the potential as our basic variable, to a new variable,
which will be the electron density. The deeper reason that this is possible is that
the density and the potential are conjugate variables. With this we mean that the
contribution of the external potential to the total energy is simply an integral of the
potential times the density. We make use of this relation if we take the functional
derivative of the energy functional E[v] with respect to the potential v :

SE Y28 N4 3H,
s = (o 7Y+ (WAL )+ <qf| o |1p>
5
Sv(r)

= E[v] (VIP) + (Pla(r)| W) = (Plar)| W) = n(r) (44)
where we used the Schrodinger equation H,|W) = E[v]|¥) and the normalization
condition {(¥l¥) = 1. Note that the equation above is nothing but a functional
generalization of the well-known Hellmann—Feynman theorem [7]. Now we can go
to the density as our basic variable by defining a Legendre transform

Fln] = E[v] — Jd% n(rw(r) = (PIT + W) (45)

where v must now be regarded as a functional of n. The uniqueness of such a
mapping is guaranteed by the Hohenberg—Kohn theorem [5]. The set of densities for
which the functional F[n] is defined is the set of so-called v-representable densities.
These are ground state densities for a Hamiltonian with external potential v. The
question which constraints one has to put on a density to make sure that it is
v-representable is known as the v-representability problem. We postpone a
discussion of these matters to later sections. From 8E/8v = n it follows immediately
that:

oF
Sy = (46)

This is our first basic relation. In order to derive the Kohn—Sham equations we
define the following energy functional for a system of noninteracting particles with
external potential v, and with ground state wavefunction |®[v,]) :

E[v,] = (D, ]IT + V,|D[v,]) 47)
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with Legendre transform

F[n] = E[v,] — JdBV n(r)vy(r) = (P17 Pv,]) (48)
and derivatives
O, _ 49
v n(r) (49)
oF, _
n(r) vy(r) (50)

We see that F[n] in equation (48) is the kinetic energy of a noninteracting system
with potential v; and density n. For this reason the functional F is usually denoted
by T5. In the following we will adopt this notation. Finally we define the exchange—
correlation functional E, [n] by the equation

Flnl=T,n]+ Jd% & n@n@)w(lr — r'l) + E, [n] (51)

This equation assumes that the functionals F[n] and T,[n] are defined on the same
domain of densities. We thus assume that for a given ground state density of an
interacting system there is a noninteracting system with the same density. In other
words, we assume that the interacting density is noninteracting-v-representable.
If we differentiate equation (51) with respect to the density n we obtain

v(r) = v(r) + JdSrl n(r’)w(|r — r’|) + vy (1) (52)
where
OE,
vxc(r) = % (53)

defines the exchange—correlation potential. Now the state |®[v,]) is a ground state
for a system of noninteracting particles, and can therefore be written as an
antisymmetrized product of single-particle orbitals ¢;(r). If we now collect our
results we see that we have converted the ground state problem into the following set
of equations:

N
Ep =Y - % Jd% @ OV e(r) + Jd3r n(r)v(r)
i=1

+ % JdSr & nen@w(r — ¥'l) + E,.[n] (54)

(— %Vz v+ jd3r' n(@w(le — r'l) + vxc(r>)<p,~(r) — ap®) (55



Density Functional Approach to the Many-Body Problem 37

N
n(m) = leml’ (56)
i=1

The above equations constitute the ground state Kohn—Sham equations [8]. These
equations turn out to be of great practical use. If we can find a good approximation
for the exchange—correlation energy, we can calculate the exchange—correlation
potential v, and solve the orbital equations self-consistently. The density we find in
this way can then be used to calculate the ground state energy of the system.

The exchange—correlation functional is often split up into an exchange functional
E, and a correlation functional E, as:

Excn] = Ex[n] + E[n] (57)

in which the exchange and correlation functionals are defined by

E,[n] = (D,[n]lWID,[n]) — 1 Jd3r & ne)n@)wlr — vl (58)

E, [n] = (VnllA,|¥n]) — (D[n]lH,|D[n]) (59)

In this equation | @ [n]) is the Kohn—Sham wavefunction and | ¥[n]) the true ground
state wavefunction of the interacting system with density n. Since the Kohn—Sham
wavefunction is not a ground state wavefunction of the true system we see
immediately from the variational principle that E. < 0. We see also that the form of
the exchange functional in terms of the Kohn—Sham orbitals is identical to that of
the exchange energy within the well-known Hartree—Fock approximation.
However, since the Kohn—Sham and Hartree—Fock orbitals differ, the value of
E[n] is not equal to the Hartree—Fock exchange. We finally remark that splitting up
E.. into an exchange and a correlation part has several disadvantages. First of all,
this splitting has only meaning if the ground state of the true or Kohn—Sham system
is nondegenerate. We will later see that E, [n] is a well-defined functional even for
degenerate ground states, but that exchange and correlation separately are ill-defined
in that case. Secondly, there are many cases, notably molecular dissociation cases,
where the exchange-only theory is a bad starting point for the treatment of
correlation effects and for which it is much easier to find good approximations for
the combined exchange —correlation functional.

In this section we gave a derivation of the Kohn—Sham equations. However, in
this derivation we made a number of assumptions. At first, we assumed that for
every ground state density of an interacting system there is a noninteracting system,
which has the same density in its ground state. Secondly, we assumed that the
density functionals were differentiable. This assumes that the values of the
functionals change smoothly with changes in the density. In the following sections
we will investigate to which extent these assumptions are justified.
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6. DEFINITION OF THE FUNCTIONAL DERIVATIVE

Let us start by defining what we mean with a functional derivative. The derivative
we will talk about is what in the mathematical literature [9—14] is refered to as a
Gateaux derivative. Let G : B— R be a functional from a normed function space B
to the real numbers R. If for every 7 € B there exist a continuous linear functional
3G/df : B— R defined by:

3G GIf + €h] — GI[f]
o 1=l

then 8G/df is called the Gateaux derivative in f € B. If the limit exists but the
resulting functional of /4 is not linear or continuous then this limit is called a Gateaux
variation. Note that the definition of the Gateaux derivative is very similar to the
definition of the directional derivative in vector calculus where the linear functional
corresponds to the inner product of the gradient vector with the vector which
specifies the direction of the differentiation. Often the linear functional 8G/8f can
be written in the form:

(60)
€

8—? [h] = Jd% g(r)h(r) (61)
If this is the case we write
3G
gr)= 0 (62)

which we will call the functional derivative of G. Note further that although 8G/&f
specifies a linear functional when acting on /, the function g(r) depends, in general,
on f in a nonlinear way. We also see that the set of functional derivatives on a
function space B is equal to the set of continuous linear functionals on that space.
This set is called the dual space of B and denoted B*. For instance, the dual space of
B = L' N L? is known to be the space B* = L2 4 L™ From this we see that if the
derivative of a density functional defined on the set of densities L' N L* exists then
its derivative is in the set L3/ + L*.

Let us now mention a straightforward consequence of the definition of the Gateaux
derivative. Suppose that the functional G which we assume to be Gateaux
differentiable, has a minimum atf, i.e., G[f] = G[fy] forallf € B. Then the function

g(e) = Glfy + €h]l = Glfy] (63)

has a minimum in € = 0 and therefore the derivative of g(€) in € = 0 vanishes.
Thus,
dg . ge) —g0) _ dG
0=—=0)=lm—"—"—= — h 64
10 0 =lim &5 5 (LAl (64)
Therefore, a necessary condition for a differentiable functional for having a
minimum at f; is that its Gateaux derivative vanishes at f. We further prove one
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other fact that we will use later. If G is a convex functional, i.e.,

G[Mo + (I = Mfil = AG[fo] + (1 — MGIfi] (65)
for 0 = A = 1 then the function
gN) = Glfy + Afi — o)l (66)

is a continuous function on the interval [0,1]. To show this we will show that g(\) is
convex. Take A, A,, and € from the interval [0,1]. Then

gled; + (1 — e)Ay) = Gle(fo + A (fi — fo)) + (1 — e)(fo + A (fi — fo))l
=eg(M) + (1 = e)gAy) (67)

Therefore g(A) is a convex real function on the interval [0,1] and hence continuous.
The fact that convexity implies continuity is true for functions on the real axis, but
this does not extend to infinite-dimensional spaces. Let us finally make some
remarks on higher order derivatives. If g(e) = G[f, + eh] defines a n-fold
differentiable function of € then we define the nth Gateaux variation of G as:
"G d'g
o [A,....,h] = i

where 8"G/df" has now n arguments h. If this expression defines a multilinear
continuous functional then we call this the nth-order Gateaux derivative of G. For
more details on this point we refer to Ref. [9]. Again, if this expression can be
written in the form:

G,
of"

(0) (68)

e Jd%- ryg(ry- () () 69)

then we call
"G
Of (ry) 3 (x,)
the nth-order functional derivative of G. So far our discussion has been rather

abstract. Let us therefore apply the definition and calculate some functional
derivatives.

g(ry---r,) (70)

7. STATIC LINEAR RESPONSE OF THE SCHRODINGER EQUATION

We now consider the effect of small changes in the external field on the expectation
values of physical observables. This is exactly what is studied in most experimental
situations where one switches on and off an external field and studies how the system
reacts to this. We will here study a more specific case in which we look at static
changes in the external potential and their accompanying changes in the ground state
expectation values. By investigating this problem we will learn how to take
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functional derivatives and how the existence of these derivatives is related to the
existence of the linear response function.
Suppose that we have solved the following ground state problem:

where | %) is a nondegenerate ground state | ¥[v]) of Hamiltonian 4 with external
potential V. From the wavefunction we can then calculate the expectation value of
any operator O which is a well-defined functional of the external potential

O] = (Y101 ¥v]) (72)

Let us now calculate the functional derivative 80/dv at a given potential v.
According to our definition in the previous section we have to calculate the quantity
30 0 dv]—0
5[5 = lim v+ € ov] — ObV] (73)

v e

€

To evaluate this limit we have to calculate O[v 4 € dv] which we will do using static
perturbation theory. We therefore make a slight change

edV=c¢ Jd% A(r) dv(r) (74)

in the external potential of Hamiltonian A, i.e., we change the potential to V + € 3V.
The new ground state wavefunction which we will denote by | W(e)) satisfies

(H+ € 3V)|W(e)) = E(e)| W(e€)) (75)

We will solve this equation to first order in € with the condition | ¥(0)) = |¥,). We
note that the solution of equation (75) is not unique, because if | ¥(€)) is a solution
then also |®(€)) = ¢'%€ | ¥(€)) is a solution, where 6(e) is an arbitrary function of €.
If we choose 6(0) = 0 then |d(€)) also satisfies the condition |P(0)) = |¥,). The
arbitrariness of the phase factor obviously does not affect the value of any
expectation value, i.e.,

0(e) = (W(€)|01(€)) = (P(€)| Ol d(€)) (76)

which is a unique function of €. However, it affects the appearance of our first order
expansion, which for both functions looks like

|W(e)) = |W,) + €l P'(0)) + O(?) (77)
|d(e)) = |W) + e(l P/(0)) +10"(0)| ) + O(€?) (78)

where |%/(0)) and 6/(0) are the first order derivatives of |¥(€)) and 6(e) in € = 0.
We see that | W(€)) and | @(€)) differ in first order by the amount i€ §'(0)| W), i.e., by
an imaginary number times the unperturbed ground state. This is exactly the
freedom we will find in our expansion when we try to obtain the first order change in
the wavefunction.
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Let us expand the wavefunction and energy in equation (75) to first order in €.
We then obtain

(H — Ep)|P'(0)) = (E'(0) — 3V)| %) (79)

where E'(0) is the first order derivative of E(€) in € = 0. To solve this equation we
expand |'¥/(0)) in an orthonormal set of eigenstates of the unperturbed Hamiltonian
H as:

1v'(0)) = i il ¥) (80)
i=0

If the unperturbed Hamiltonian has a continuous spectrum then for the
corresponding energy eigenstates the summation in this equation has to be replaced
by integration. If we insert the expansion (80) into equation (79) for |¥/(0)) we find
the equation

> (E; — E)lW;) = (E'(0) — 51)1¥,) 81)
i=0
where the energies E; for i > 0 are the eigenenergies of the excited states of the

unperturbed Hamiltonian. If we multiply this equation from the left with (¥l we
obtain for the change in energy

E'(0) = (¥, 13VI¥,) = Jd% 1o(1) dv(r) (82)
where n is the density of the unperturbed system. We have therefore shown that
E Sv] —FE
E'(0) = lim v+ eovl = BV _ Jd3rno(r) du(r) (83)
€— €

As has been derived before we find 8E/3v(r) = ng(r). If we now multiply equation
(81) from the left with (¥, | for k > 0 we find

(P V)

>
E —E (for k > 0) (84)

Cr =
Note that these coefficients are well-defined because E; > E|, since we are dealing
with an isolated nondegenerate ground state. We therefore find for the first order
change in the wavefunction
LS A UL )
V(0)) = col Wy — Y A0 (85)
kZl E, — E
The coefficient ¢, remains undetermined by these equations. However, from the
requirement that the perturbed system remains normalized we find

APl
de

0= 0) = (V') W) + (W P'(0)) = c; + o (86)
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and hence ¢y, must be purely imaginary. This is exactly the kind of freedom in the
first order wavefunction that we noted before. However, as we have seen this is
related to choice of phase and does not affect the expectation values. We now want
to calculate the first order change in an arbitrary expectation value due to a change
€ dv of the external potential. This change is given by

0'(0) = lim Olv+edvl = Olvl _ (P'(0)|01W,) + (F,|01¥'(0)) (87)

e—0 €

where O/(0) is the derivative of O(e) in € =0 and where we assumed that the
operator O does not depend on V (as for instance the Hamiltonian does). From
equation (85) we obtain

0/(0) = (¢ + coX |01 W)

E, — Ey

k=1

From the normalization condition equation (86) we see that the first term on the right
hand side vanishes and we can rewrite the equation as:

P 8£ (5. 80
0'0) = = [ov] = Jd v V) (89)
where

SV(I') E EO

a
For a system with a nondegenerate ground state we therefore have obtained an
explicit expression for the functional derivative 80/8v of the expectation value
O[v], evaluated at potential v(r). We will use this formula later when we are
studying functional derivatives with respect to the density.

8. INVERTABILITY OF THE DENSITY RESPONSE FUNCTION

In the previous section we obtained an expression for the functional derivative of an
arbitrary expectation value. We now make a special choice for the operator O and
we choose O = A(r'). In that case we obtain from equation (90):

Sn(r (¥, |n(r’)|‘l’ W, a(r)| P, )
x',m) = = Z : Y

oD

where x(r',r) is the static density response function. From this expression we see
immediately that y is real and symmetric, i.e., x(r,r') = x(@’,r). The density
response function relates first order changes in the potential to first order changes in
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the density according to
dn(r) = Jd3r' X, 1) dv(r)) 92)

If we change the potential by a constant then the density does not change. We
therefore must have

J & x(r.r) = 0 93)

which can also be checked immediately from equation (91). Because of this property
we also see that the induced density dn(r) automatically integrates to zero. The
density response function has therefore indeed the physical properties that we
expect. On the basis of the Hohenberg—Kohn theorem we may further expect that
the only potential variation that yields a zero density variation is the constant
potential, i.e., if

0= Jd3r’ X, ) dv(r) (94)
then dv(r) = C. This readily proven from the properties of the response function.

Suppose equation (94) is true for some 3v(r’). Then we obtain by integration with
Sv(r) :

0= Jd3r & due)xr, ) vy = -2 (95)
k=1

where we defined a, by
a = Jd3r<1lfk|ﬁ(r)|y70) dv(r) (96)

Since E;, — E, > 0 equation (95) can only be true if a; = 0 for all k = 1. But this
implies that

0=> alvy=>» Jd3r\¥’k><¥’k|ﬁ(r)|q’0> dv(r)
k=1 k=1
- Jd% Su)(1 — [T} Wy A %)

- jd% SV A(T) — o) o) ©97)

where ny(r) = (W,la(r)|W,) is the ground state density. Thus, written in first
quantization this implies that

N
D Av(r)l W) =0 (98)
i=1
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where N is the number of electrons and Av the potential
1
Av(r) = dv(r) — 5 Jd% no(r) dv(r) (99)

Now equation (98) implies that Av(r) = 0 which together with equation (99) implies
that dv(r) = C. We have therefore shown that only constant potentials yield a zero-
density variation, and therefore the density response function is invertible up to a
constant. One should, however, be careful with what one means with the inverse
response function. The response function defines a mapping y : 8 — 8.4 from the
set of potential variations from a nondegenerate ground state, which we call 8) and
is a subset of L*/% + L™, to the set of first order densities variations, which we call
3.4, that are produced by it. We have just shown that the inverse y ! : 8.4 — 8V is
well-defined modulo a constant function. However, there are density variations that
can never be produced by a potential variation and which are therefore not in the set
d.A. An example of such a density variation is one which is identically zero on some
finite volume.

From our analysis we can further derive another property of the static response
function. Since x(r,r’) is a real Hermitian integral kernel it has an orthonormal set of
eigenfunctions which can be chosen to be real. Let f(r) be such an eigenfunction,
ie.,

| @ xee. = v (100)
Multiplication from the right with f(r) and subsequent integration yields
/\Jd3rf2(r) = Jd% & fr)xr, ¥ = -2 Z b =0 (101)
E, — E,
where
by = Jd3r(‘lfk|ﬁ(r)lllf0)f(r) (102)

We therefore find that A = 0. However, we already know that A = 0 is only possible
if f(r) is constant. We have therefore obtained the result that if a nonzero density
variation is proportional to the potential that generates it, i.e., dn = A dv, then the
constant of proportionality A is negative. This is exactly what one would expect on
the basis of physical considerations. In actual calculations one indeed finds that the
eigenvalues of y are negative. Moreover, it is found that there is a infinite number of
negative eigenvalues arbitrarily close to zero, which causes considerable numerical
difficulties when one tries to obtain the potential variation that is responsible for a
given density variation. We finally note the invertability proof for the static response
function can be extended to the time-dependent case. For a recent review we refer to
Ref. [15].
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9. FUNCTIONAL DERIVATIVES AND v-REPRESENTABILITY

We are now ready to tackle the question of how to calculate functional derivatives
with respect to the density. By the Hohenberg—Kohn theorem every density
associated with a nondegenerate ground state uniquely determines that ground state
and the external potential that produced it. Because the density n determines the
external potential v and vice versa we can parametrize the ground state either by the
density or the external potential. The same is, of course, true for the expectation value
of any operator O that we calculate from the ground state. We will therefore write

O[n] = (VIn]l0|¥In]) = (Y1101 ¥Iv]) = O[v] (103)

Since we know how to calculate the functional derivative with respect to v the
functional derivative with respect to n seems rather straightforward. By the chain rule
for differentiation we obtain

50 _Jd3, 50 sv(ﬂ)_Jd3, 50
onmy ) sy sy ) svr)

x ', (104)

where we used that the density response function has an inverse (modulo a constant).
However, great care must be taken when deriving this equation. One needs to consider
under which conditions the use of this chain rule is applicable. Let us therefore start
with the definition of the functional derivative and try to calculate
o0 . Olny+ € dn] — O[n
5, [Bn] = lim Lo 1~ Olno] (105)
n

e—0 €

where n is the density of a given nondegenerate ground state with external potential
vo- Now we run into the following problem. In order to make the value of O[ny + € X
dn] well defined we have to make sure that ny + € dn € A, i.e., we have to make sure
that this perturbed density belongs to a nondegenerate ground state. Whether or not
this is true obviously depends on the choice we make for dn. A natural choice would
be to take dn € 3.4, i.e., we take a dn from the set of first order density variations
produced by some potential variations 8v € 8). In this way we know that for every
such dn there is a potential v, 4 € dv that generates, to first order in €, the required
density. However, this still does not imply that ny + € 8n € A. This will only be so if
we can find an additional potential that would make the higher order terms in €
disappear and it is not clear how to prove the existence of such a potential.

Nevertheless, this idea is sufficient to make a useful statement about the
functional derivative. Let us therefore take some &n € 8.4. Then, by the
invertability of the density response function, there is a unique 8v modulo a
constant, such that

dn(r) = Jd3 ¥ xo(r, ) du(r) (106)

where ), is the static density response function belonging to the nondegenerate
ground state |W,) with density ny. Consider now the set of external potentials
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vy + € dv. For each € we can solve the Schrodinger equation and obtain a ground
state density n.(r), which for e small enough will correspond to a nondegenerate
ground state, i.e., n.(r) € A. By construction n, — ng will, to first order in €, be
equal to the chosen on we started with, i.e., n, can be written as:

ne(r) = ny(r) + € dn(r) + m(r) € A (107)
where the term m,(r) satisfies

lim 0 (108)

mg(r)
e—0 €

Since n, is the density of a nondegenerate ground state the expectation value O[n,]
is now well-defined and we can calculate

lim Ol[n.] — Olny] ~ lim Olvg + € 8v] — O[vy] _ J'd3r 50
e—0 € e—0 € Sv(r)

ov(r) (109)

We have therefore found a parametrized set of densities n, € A for which the limit
above is well-defined. Moreover, in this equation dv is uniquely defined by the
dn € 8.A we started with by 8v = x; '3n, so that we can write

lim O[ny + € dn + m.] — O[ny] _ Jd3r 50
on(r)

e—0 €

on(r) (110)

where the functional derivative 80/8n(r) is given (modulo a constant) by

T E, — Ey

30 3 [ (B0 WX W A W)
S Jd r(z +

c.c.)Xgl(r’,r) (111)

k=1

Note that this derivative is defined up to a constant, since dn(r) integrates to zero.
The functional derivative 80/8n[dn] in equation (110), regarded as a linear
functional acting on dn, is of course independent of this constant. We have therefore
a result that is in accordance with our naive expectation of equation (104). The
functional derivative in equation (111) is well defined in terms of the properties of
the unperturbed system and independent of the choice for &n, and therefore
independent of the parametrized path n, € A that we used to approach n.
Moreover, n, approaches the straight path ny + € dn arbitrarily closely for € — 0
and this is exactly the limit that we are interested in. We will therefore call the
80/dn of equation (111) the functional derivative of O[n]. Let us check that
equation (111) gives us back some known results. Let us take O =T+ W so that
O[n] = Fyx[n]. If we insert this operator in equation (111) we see that we have to
calculate

<1P0‘T+ W“I,k> = <lp0|f'\[0 - ‘70|1Ifk>
=E 8 — Jd% INGIC G (112)
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where Hy = T+ V, + W. If we insert this matrix element into equation (111) we
obtain:

OFykln] _

on) Jd3r’ & v xo” ¥ )xo (1) = —v(r) (113)

This is exactly the result that we derived earlier using Legendre transforms. We can,
of course, also do this derivation for a noninteracting system where W = 0 and
therefore O = T, in which case we obtain

3T,
on(r)

= —v,[ne)(r) (114)

where v [n] is the potential that in a noninteracting system generates density ng, i.e.,
the Kohn—Sham potential corresponding to density ny.

10. THE HOHENBERG-KOHN THEOREM FOR DEGENERATE
GROUND STATES

Until now we considered only nondegenerate ground states. These ground states
have the simplifying feature that they are determined uniquely (up to a phase factor)
by the external potential and therefore any expectation value calculated from the
ground state wavefunction is a well-defined functional of the external potential v.
However, degenerate ground states do occur (for instance, in open shell atoms) and
in that case the external potential does not generate a unique ground state but a
linearly independent set of g different ground states. The expectation value of any
operator (except the total energy) will then depend on which ground state out of the
ground state manifold we choose to compute the expectation value from. This is in
particular true for the density operator, and therefore different ground states |¥;) out
of the ground state multiplet will yield different densities »;. If we want to consider
degenerate ground states, then the density is no longer a unique functional of the
external potential. However, we will show that the inverse mapping n— v is well
defined, i.e., every ground state density determines uniquely the external potential
that generated it. We will first generalize this statement somewhat. Instead of pure-
state densities, which come from an eigenstate of the Hamiltonian H, we will
consider ensemble densities. To define this concept we first introduce for a g-fold
degenerate ground state {|W;), i = 1---q} the density matrix

q q
D=> N¥xw =1 0=x=1 (115)
i=1 i

where the ground state wavefunctions |¥;) are chosen to be orthonormal. We then
define the ground state expectation value of operator O as:

(0) = TrDO (116)
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where the trace operation for an arbitrary operator is defined as:

TrA = > (@Al D) (117)
i=1

where {|®,)} is an arbitrary complete set of states. The trace is independent of the
complete set that we choose, as follows simply by insertion of a different complete

set {|¥)} :

TrA = Z<¢|A|¢>_Z<<1>|A|w><qf|cb>

i=1 ij=1 (118)

= i (T DX DAY = impjwixhpj)

ij=1 j=1

If we choose the complete set to be the set of eigenstates of Hamiltonian A then we
find

o q
TrDO = > (WIDOIW,) = > A(F101¥)) (119)
i=1 i=1
This defines the expectation value of an observable O in an ensemble described by
density matrix D. For the particular case of the density operator we have

q q
n(r) = TrDA(r) = > MW@ ¥) = > Any(r) (120)
i=1 i=1

We will denote densities n(r) of this type, which are obtained from an orthonormal
set of ground states {|¥;), i = 1---¢q} corresponding to a potential v, as ensemble
v-representable densities, or for short E-V-densities. We further denote the set of all
E-V-densities generated by potentials in L4 L®as B A density will be called a
pure state v-representable density or for short PS-V-density if it can be written as
n(r) = (Wla(r)|¥), where |W) is a ground state. Obviously PS-V-densities are
special cases of E-V-densities and the set of PS-V-densities is therefore a subset of
the set of E-V-densities.

We are now ready to formulate the Hohenberg—Kohn theorem for degenerate
ground states: Every E-V-density determines the external potential that generated it
up to an arbltrary constant. Let us make this statement a bit more specific. Suppose
that D, and D, are density matrices belonging to ground state ensembles for
potentials v; and v,, respectively, with corresponding ensemble densities n; and n,.
If vi # v, + C with C a constant, then n; # n,. The proof is analogous to the proof
of the nondegenerate case.

Suppose v, generates the ground state multiplet A; = {I®;), i=1---¢,;} and v,
generates the ground state multiplet A, = {|¥;), i = 1---g,}. All the wavefunctions
within these multiplets may, without loss of generality, be chosen orthonormal.
Then none of the wavefunctions in the sets A; and A, are equal. This follows from
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the same argument as used in the proof of the Hohenberg—Kohn theorem for the
nondegenerate case. In particular, as the sets A; and A, are only defined to within a
unitary transformation no |'¥;) in A, is a linear combination of the |®;) in A;. This
then implies that two ground state ensemble density matrices constructed from the
ground states in A; and A, are different

q1 2
Dy =2 MEXD] # > wl W)X =D, (121)
i=1 i=1
where > A; = > u; = 1. This follows, for instance, by taking the inner product on
both sides with | %)) as the |¥}) are not linear combinations of the |®,). We have
thus established that the sets of ground state density matrices for the two different

potentials v; and v, are disjoint. We now have to prove that the density matrices in
these sets yield different densities. If H; = T+ V; + Wand H, = T+ V, + W then

TeD,H, > TrD,H, (122)

This follows directly from

M DL B > > AW W) = ZI AiE[vy] = E[v,]

1 i=1 i=1

R g1 q1 q
TI'D]H2 =

15

92
= ul W1, W) = TD,H, (123)

i=1

We can now show that D; and D, yield different densities. We proceed again by
reductio ad absurdum. We have

E[v,1 = TtD,H, = TtD,(H, + V, — V)
=TrD,H, + Jnl(r)(vl(r) — vy (r))dr
> TrD,H, + Jnl(r)(vl(r) — vy(r))dr
= E[v,] + Jnl(r)(vl(r) — vy(r))dr (124)
Likewise we have
Elva] > Elvi] + [ ma(6)020) — vi(e)ar (125)
which added to the last inequality leads to
Jd3r(n2(r) — n(0))(ny(r) — vi(r)) < 0 (126)

This leads again to the contradiction 0 < 0 if we assume that n; = n,. Therefore D,
and D, must give different densities, which proves the theorem.
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Within the set of ensemble ground state density matrices corresponding to the
same potential however, two different density matrices can yield the same density.
The simplest example is the hydrogen atom with the degenerate ground state
wavefunctions for an electron with spin up and spin down, i.e., ¥; = (1s)a and
Y, = (1s)B where o and B are the spin wavefunctions. Both wavefunctions
obviously have the same total density. Another example is provided by the the two
degenerate ground state wavefunctions (1s)*2p™ and (1s)*2p~ of the noninteracting
lithium atom, where 2p™ are p-orbitals with angular momentum quantum numbers
[ = *=1. Both wavefunctions lead to the same density

n(r) = 2l (OF + gy (1) = 2l (1) + - (1) (127)

We have therefore constructed two degenerate ground states with the same density.
As a consequence the ground state expectation value of a given operator may no
longer be considered as a functional of the density (take, for instance, the
expectation values of the spin and angular momentum in our examples). However, if
two different ground state density matrices have the same density then also the
energy Tr DH for those different density matrices is the same. For every E-V-density
n we can therefore unambiguously define the ensemble version of the Fyk functional
as [16]

Fenk[n] = TeD[n)(T + W) (128)

where D[n] is any of the ground state ensemble density matrices corresponding to 7.
We can now define an extension of the energy functional E, to the set of E-V-
densities

E,[n] = Jn(r)v(r) dr + Fppk[n] = TrD[n]H (129)
Similarly as for Fyx we easily can prove
Elv] = ;21; {J n(ryv(r) dr + FEHK[n]} (130)
The functional Fgyk is an extension of Fyg since

FEHK[”] = FHK[n] ifne A (131)

This follows directly from the fact that for a nondegenerate ground state |'W[n])
corresponding to n we have D[n] = |W[n])}¥[n]l, so

Fep[n] = TrD[n)(T + W) = (WInlIT + WI¥In]) = F[n]  (132)

We can furthermore prove that Fgygx is convex by the same proof as for Fyg.
Nothing is however known about the convexity of the set of E-V-densities B itself
which constitute the domain of Fgyk. Let us collect our results in the form of a
theorem.
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Theorem 2 (Hohenberg—Kohn). The E-V-density n specifies the external potential
up to a constant. Moreover,

1. The ground state energy of a system with external potential v can be obtained
from

E[v] = inf {J n(ryv(r) dr + FEHK[n]}

n€B

where Fgug[n] = TrD[n](T + W) and ﬁ[n] is a ground state density matrix with
TrD[n)A(r) = n(r).
2. Fgyk is convex.

As we will now demonstrate the subset of PS-V-densities of B is not
convex. More precisely, we will now show that there are E-V-densities which
are not PS-V-densities [1,17]. As any E-V-density is a convex combination
of PS-V-densities, this then demonstrates the nonconvexity of the set of
PS-V-densities.

Consider an atom with total angular momentum quantum number L > 0 which
has a 2L 4 1-degenerate ground state. The external potential v is the spherically
symmetric Coulomb potential of the atomic nucleus and the degeneracy is a result
of rotational invariance of the Hamiltonian of the system. The ground state
wavefunctions then transform among one another according to a 2L+
1-dimensional unitary representation of the rotation group. We assume that there
is no accidental degeneracy. If we denote the ground state wavefunctions by
{I1¥[n;]) = |¥;), i=1---2L + 1} and the corresponding electron densities by #;
then the following convex combination:

1 2L+1

n= i 133
i ZLH;nl (133)

is invariant under all rotations and therefore spherically symmetric. However, the
densities n; are not spherical. In fact, there is no linear combination of the ground
states | ¥;) that leads to a spherically symmetric density. As the n; is obtained from
W’j), which by a unitary transformation can be obtained from any other | ¥;), and the
external potential is invariant under rotations we find that

Jni(r)v(r) dr = Jnj(r)v(r) dr = J'ﬁ(r)v(r) dr (134)

forall0 =i, j = 2L + 1. Letus now suppose that 7 is a ground state density obtained
from a pure state wavefunction | ¥[#]). This wavefunction is not a linear combination
of the |'¥;) otherwise 7 would not be spherically symmetric. We then find
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Fencl] = (W11, WA]) - Jﬁ(r)v(r) dr

> 221 2L1+ -Vl — j ROV dr
wrt
= l:Z] mFEHK["i] (135)
This then gives
2w
Frngli] > 3. o1 1 Fenxlnil (136)

i=1

But we also know that Fgyy is convex on the set of E-V-densities. This leads to a
contradiction and hence we must conclude that 7z cannot be a pure state density of any
potential. The density 7 is, however, a convex combination of ground state densities
corresponding to the same external potential and therefore, by definition, an ensemble
v-representable density. We therefore have constructed an E-V-density, which is not
a PS-V-density. For an explicit numerical example of such a density we refer to the
work of Aryasetiawan and Stott [18].

11. LINEAR RESPONSE FOR DEGENERATE GROUND STATES
AND THE DIFFERENTIABILITY OF Fguk

In the previous sections we learned to take functional derivatives on the basis of
linear response theory. We concentrated on nondegenerate ground states for which
the response functions are well defined. We will now use response theory for
degenerate ground states to study the differentiability of the functional Fgyk.

It is clear that in the case of degeneracy the expectation value of all observables,
except the energy, depends on which particular ground state we choose to calculate
the expectation value from. This poses a clear difficulty for the definition of general
density functionals and their functional derivatives. One may, however, argue that if
a potential v, leads to a degenerate ground state then we can always find an
arbitrarily small perturbation of the potential € dv that lifts the degeneracy and
therefore the expectation value

Olvy + € 3v] = (W], + € 3]0 Vv, + € dv]) (137)

of an observable described by an operator O does exist for any € > 0, where
[Py, + € dv]) is the ground state wavefunction of the perturbed system. Therefore
also the limit

Olvy, dv] = ling) Ovy + € 3] (138)
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is defined, although it will in general depend on the potential variation dv. One can
therefore define the functional derivative as follows:
0] dv] — Olvy,d
O'[v] = lim 2ot € V1 = Olvo, O] (139)

—0 €

However, we will see that these derivatives depend in a nonlinear way on dv and are
therefore only defined as Gateaux variations rather than Gateaux derivatives. We
shall especially be interested in the case where O is the density operator. For the
energy the limit in equation (138) is independent of dv and we may wonder if a
Gateaux derivative still exists. Let us investigate this in more detail. Suppose we
have an Hamiltonian H, with external potential vy which has a g-fold degenerate
ground state. Let us now apply a perturbation € 8v which lifts the degeneracy. Then
there are g eigenstates {| W, (¢€)), k = 1---q} with energies E,(€) of the perturbed
Hamiltonian that are continuously connected to degenerate ground states | ¥,.(0)) of
the unperturbed Hamiltonian Hy, ie.,

lim 1¥y(e)) = [¥,(0)) (140)

with
Ex(0) = (W (0)H, | ¥,(0)) = E, (141)

Note that since the states | W, (¢€)) are orthonormal, also the limiting states | ¥,(0)) in
the degenerate ground state multiplet are orthonormal. Which particular ground
states of the ground state manifold are reached by the € — 0 limit depends obviously
on the form of the perturbation dv. In which way it depends on dv we will investigate
now. The ground state wavefunctions | W, (€)) satisfy the equation

2
(Hy+ €37+ %aﬁ)quk(e)) = Ey ()| W (e)) (142)

where, for the latter discussion, we also added a one-body potential 8/ which is of
second order in €. It turns out that this term influences the first order density
response. We note, like in the nondegenerate case, that if | W, (¢€)) is a solution to this
equation then also |@,(€)) = €% €W, (€)) is a solution, where 6,(€) is an arbitrary
function of €. This freedom will, as in the nondegenerate case, not affect any of the
expectation values. If we expand the Schrodinger equation (142) to first order in €
we obtain

(Hy — Ep)|W(0)) = (E{(0) — 3V)|¥(0)) (143)

where E/(0) and |'¥/(0)) are the first order derivatives of E.(€) and | ¥, (€)) with
respect to € in € = 0. In order to solve this equation for |¥/(0)) we expand this
quantity in the g e-connected ground states and all the other eigenstates of Hy, i.e.,

W) = cflw) (144)
i=1
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where |W;) = |¥,(0)) for i = 1---q and the states {|W¥;),i > ¢} are eigenstates of H,
with eigenenergies E; > E,. If we insert this expansion into the first order
Schrodinger equation (143) we obtain the equation

D ci(E; = E)IW) = (E{(0) = 3V)| W,(0)) (145)

i=1
If we multiply this equation from the left with <‘Ifj| where 1 = j = ¢ we obtain
0= Ek/(O)Sjk - <1Ifj(0)|8‘7| V. (0)) (146)

This is the equation that tells us exactly how dv picks out the ground states in the
degenerate multiplet. They are exactly the ones that diagonalize 8V within the
g-dimensional space of degenerate ground state functions. This equation also tells us
that

EL(0) = (P (0)I8V1%,(0)) = J d*r ny (r) Sv(r) (147)

If the perturbed state with the lowest energy has label £k = 1 then we see that the
functional derivative of the ground state energy is given as:

SE

% = ny(r) (148)

However, since n; implicitly depends on the perturbation 8v which picked out a
particular ground state, this is not a proper Gateaux derivative but only a Gateaux
variation. So even the energy functional has no functional derivative in the proper
sense. Let us investigate the consequences for different expectation values. We
therefore first have to determine the first order wavefunction. If we multiply
equation (145) from the right with (W;| where i > g we obtain the coefficient ¢ for
i > g and the following expression for |¥/(0)) :

i FAR AN AON

q
W)= cilw) - -
j— i 0

i=1 i=g+1

(149)

However, the coefficients ¢t for 1 =< i < g are not determined by equation (143). We
know from the orthonormality of the states | W, (e)) that

_ &wlwy)

0
de

(0) = (WO W0) +(FOIF(0) = ¢ +¢f  (150)
i.e., the coefficients cf‘ form an anti-Hermitian matrix. In particular, we find that the
coefficients cf are purely imaginary. The value of these diagonal elements is
undetermined by the Schrédinger equation as they are related to the arbitrary phase
6,(¢) which we can choose for each | ¥, (¢)). As in the nondegenerate case the value
of any expectation value does not depend on the coefficients ct. This leaves us with
the determination of the off-diagonal terms cf for i # k. These coefficients can be
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found by expanding equation (142) to second order in €. This yields
(Hy = Ep)1 %/ (0)) = 2(E{(0) = 8V)| % (0)) + (E{(0) = 3D)I ¥,(0)) (151

where |%/(0)) and EJ(0) are the second order derivatives of |¥,(¢€)) and E,(€) in
€ = 0. If we multiply this equation from the left with (¥;(0)| where 1 </ =< g and
use equations (146) and (149) we obtain

0 = 2(E{(0) = E/(0))c] + E{(0)8; — (¥,(0)I3U1¥,(0))
> (WO VIWX W13V, (0))

152
E—E (152)

+2

i=q+1

If we in this equation take k = [ we obtain an expression for the energy to second
order in € :

El(0)=2 J d*r &7 )y, (r, 1) Sv(r) + Jd% n(r) du(r)  (153)

where 7, is the density corresponding to |¥,(0)) and x; the following function:

o (P (0)la()| W, F;la() ¥, (0))
+c.c.

Xk(r7 rl) =
i=§+1 Ei — Eo

(154)

If, on the other hand, we take [ # k we obtain our desired equation for the
coefficients ¢ :

¢ _ 1 {(WO)BRTIV.0)

“ T2 TE©O - E0)
1 S (PO)BVIV X I8VIW,(0
+ : / Z < 1( ) l>< i k( )> (155)
E:0) — E/(0) 4, E; — E
We see that indeed c\* = —c| as expected. We have therefore completely

determined the first order change in the wavefunction. Let us see what this implies
for the observables. The first order change in the expectation value of an observable
O is given by

0'(0) = (¥,(0)|OI W (0)) + c.c. (156)

If we insert our expression for the first order change in the wavefunction we obtain

0 = Jd% L(r) dv(r) + % Jd% (1) du(r)

+ Jd% a*r &(r,r') dv(r) du(r) (157)
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where we defined the following functions:

o= (P (0) |01V X W, i) ¥, (0)) +ec.

(158)
i=gt1 E; — Eo
L (W0)01W)X W lar) w,(0))
= 159
77k(l‘) l:l(%ék) Ek,(o) _ Ell(()) ( )
q 0 2 A~ s
&)= Y (VOO W la(n) [P W) [ P,(0)) (160

p ek (Ei'(0) — E/(O)(E; — Ey)
If we choose O = A(r") then we obtain an expression for the first order change in the
density

Snk(r”) = Jd3r Xk(r", r) dv(r) + % Jd3r nk(r”, r) du(r)
+ Jd3r &A@ r, ) dv(r) dv(r) (161)

where the functions x;, 1, and &, are obtained by inserting 7(r") for O in equations
(158)—(160). If we denote the perturbed state with label k = 1 as the one with the
lowest energy then 8n; represents the change in ground state density. We see that
this density change does not depend linearly on the first order change &v in the
potential and even the second order change du of the potential contributes to its
value. Let us now take du = 0 and write

dn (') = Jd% X1 (@, 1) dv(r) + Jd3r A & r,r) dvr) dv)  (162)

We can ask ourselves the question whether a given first order variation 8n; uniquely
determines the first order density change dv. One can show from the Hohenberg—
Kohn theorem for degenerate states that this is indeed the case. If we in equation
(126) take v, = v| + € dv(r) where dv is not a constant function we obtain

€ J d*r 8n,(r) Sv(r) + O(e’) < 0 (163)
Dividing by € and taking the limit € — O then yields
Jd% dny(r) dv(r) < 0 (164)

We see that the first order density change dn; cannot be zero if dv is not a constant.
In contrast to the nondegenerate case equation (164) does not imply that the function
X1 is invertible, only the relation in equation (162) is invertible where the inverse
only exists on the set of v-representable density variations within the set .

Let us now see what the linear response theory can tell us about the
differentiability of Fgyx. We consider again a system with a degenerate ground
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state and external potential v. Let us take out of the set of ground state ensemble
densities for this system a particular density ny. We may then wonder whether the
following limit

OF EHK Fepklng + € dn] — Fepx[ng]

€

——[dn] = 1 (165)
exists. For this limit to be well-defined we have to make sure that n, + € dn € B and
we run into the same problem as for the nondegenerate case. However, in the
nondegenerate case we could solve this difficulty using response theory. We will do
the same for the degenerate case, but we will see that some difficulties remain.
Suppose we look at the perturbed system with potential vy + € dv in which the
degeneracy is lifted. For this system there is a well-defined ground state density
n. = n[vy + € dv]. From response theory we known that we can write n, as:

ne(r) = ny(r) + € dn(r) + me(r) (166)
where
n(r) = I%n[vo + € ov] (167)
0 = lim "< (168)
e—0 €

and where 87 is explicitly given in equation (162). Now by construction the density
n, is in B for all values of €. We can now consider the limit

0Fpuk . Fgpklny +€0n; +m.] — Feugln]
———[6n;] = lim
on e—0 €
_ liII(l) Fgnk[vo + € dv] — Feyx[vo, dv] (169)
€— €

where Fryk[vo,dv] is defined as in equatlon (138). The latter limit is readily
calculated by inserting T4+ W= HO V(, for the operator 0 in equations (158) and
(160). We obtain for the first order change of Fryyx

SFeuk = — Jd% & vy (" 1) dw(r)
- Jd% & Er vy, ) Su(r) dv(r)
- J d*r vo(r) dny(r) (170)

and we thus obtain

i Fppgln, + € dny +mc] — Fepgln]
el—>m0 € o

- J’dSr vo(r) dn (r)  (171)

We see that this limit is linear in 87, and that furthermore v is independent of &n;.
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Therefore, we can write for the functional derivative of Fgyg in n; :

OFgnK
on(r)

(ny) = —vy(r) (172)

up to an arbitrary constant. However, we see that this derivative only exists for
some special set of ground state densities corresponding to potential v,. The
derivative exists for those ground state densities that correspond to pure states
that can be obtained in the € — 0 limit for a perturbed system with potential
vo + € dv. It is not clear how to take the functional derivative at an arbitrary
ensemble density n, for potential v,. We saw that there exist E-V-densities that
are not PS-V-densities. If we consider an ensemble corresponding to such a
density and change the external potential to vy + € dv where &v lifts the
degeneracy then for € > 0 the ensemble will change into a pure state and the
density will change abruptly. We must therefore conclude that for general E-V-
densities the functional derivative of Fgyx does not exist. This poses not only a
theoretical problem but also a practical one. As we will discuss later, it is known
from numerical investigations that there are ground state densities of interacting
systems that are not pure state densities for a noninteracting system, and therefore
there is a clear need for establishing a Kohn—Sham scheme for arbitrary E-V-
densities. Fortunately, it turns out that one can define an extension of the
functional Fgpk to a larger domain of densities which can be shown to be
differentiable at the set of all E-V-densities. This functional is the Lieb functional
F and will be studied in the next section.

12. THE LEVY AND LIEB FUNCTIONALS Fyy[n] AND Fy[n]

The functionals Fyx and Fgyx have the unfortunate mathematical difficulty that
their domains of definition A and B, although they are well defined, are difficult to
characterize, i.e., it is difficult to know if a given density n belongs to A or B. It is
therefore desirable to extend the domains of definition of Fyg and Fgyy to an easily
characterizable (preferably convex) set of densities. This can be achieved using the
constrained search procedure introduced by Levy [19]. We define the Levy—Lieb
functional Fy; as:

Fi[n] = i%faplﬂ wiw) (173)

where the infimum is searched over all normalized antisymmetric N-particle
wavefunctions in H'(R*V) yielding density n. As shown earlier such a density is
always in the convex set S which is again a subspace of L' N L*>. One can
furthermore show, as has been done by Simon [1], that the infimum is always a
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minimum, i.e., there is always a minimizing wavefunction. As this is the first
important result that we obtain for F;; we put it in the form of a theorem.

Theorem 3. For any n € S there is a |Wn]) € H'(R*") such that

Fi[n) = (VInllT + WIP[n))

Let us discuss some properties of F;y . The functional Fy; is an extension of the
Hohenberg—Kohn functional Fy, which is defined on A, to the larger set S, i.e.,

This is readily derived. Suppose n is some ground state density corresponding to
some external potential v and ground state | ¥[n]) then

Jn(r)v(r) dr + Fyg[n] = (¥In)lHI¥In)) = inf (VAP

= Jn(r)v(r) dr + inf (PIT+ Ww) = Jn(r)v(r) dr + Fy [n] (175)
We define a corresponding energy functional
E,[n] = Jn(r)v(r) dr + Fyy [n] (176)

If ny is the ground state density for potential v with corresponding ground state
wavefunction Y[n,] then

E,[n) = l}gfﬂ(WII:IIII’) = (VinpllHWIngl) = E, [n] (177)

Minimizing E, over the set S therefore yields the ground state density n
corresponding to external potential v. The functional Fp; has however the
inconvenient property that it is not convex.

Theorem 4. The functional Fy;, is not convex.

To show this we take the example of a previous section where we presented a
density 7 which did not correspond to a ground state wavefunction. It was a convex
combination of 2L + 1 degenerate ground state densities n; with corresponding
ground states |¥[n,]) for an external potential v. Then we find

2L+1

Jﬁ(r)v(r) dr + Fyy [n] = mf (VHIWY) > —— ! Z (VIn,)|HIWIn;))

2L+1

= _— F, [nﬂ—i—Jﬁ(r)v(r) dr (178)
2L+1 ; e
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and we find
1 N
Fulil > 50— ;FLL[ni] (179)

which proves the nonconvexity of Fy; . This is somewhat unfortunate as convexity is
an important property which can be used to derive differentiability of functionals.
We will therefore now define a different but related convex functional with the same
domain S. This is the Lieb functional F}, defined as:

Fi[n] = inf TeD(T + W) (180)

D—n
where the infimum is searched over all N-particle density matrices

D=> N¥XY da=1 vy € H' (R) (181)
i=1 i=1

which yield the given density n(r) = TrDa(r) where {I¥.)} is an orthonormal set.
Also for this case one can prove the infimum to be a minimum, i.e., there is a
minimizing density matrix. We put the result again in the form of a theorem.

Theorem 5. For every n € S there is a density matrix D[n] such that

F;[n] = TrDnI(T + W)

For the proof of this theorem we again refer to Lieb [1]. The functional Fy is an
extension of Fgyk to the larger set S, i.e.,

Fi[n] = Fgukln] iftn€DB (182)
This follows directly from the fact that if n € B then there is a potential v which
generates a ground state ensemble density matrix D[n] which yields n. So

Jn(r)v(r) dr + Fgpgln] = Jn(r)v(r) dr 4+ TrD[n)(T + W) = TrD[n]H

= inf TrDH = | n(r)v(r) dr + Fy [n] (183)

D—n

We can again define energy functional
E,[n] = Jn(r)v(r) dr + Fp [n] (184)
which by a similar proof as for Fy; assumes its minimum at the ground state density

corresponding to potential v. We further have the following relations:

and

Fi[n]<Fy[n] fn€Bandn & A (186)
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The first relation follows from the fact that if the density n is a pure state v-
representable density then the minimizing density matrix for Fj is a pure state
density matrix. The second relation also easily follows. We take n to be an E-V-
density which is not a PS-V-density. There is a ground state ensemble density matrix
Din] for which we have

Jn(r)v(r) dr + Fi[n] = J'n(r)v(r) dr + TeD[n)(T 4+ W) = (WAl (187)

where |'¥;) is any of the ground states in the degenerate ground state multiplet. Any
wavefunction yielding density n cannot be a linear combination of these ground state
wavefunctions otherwise n would be pure state v-representable. Therefore its
expectation value with the Hamiltonian must be larger, i.e.,

(AP < },nf (PIAIP) = Jn(r)v(r) dr + Fy[n] (188)

which proves our statement.
We will now demonstrate another important property of Fy, which is its
convexity.

Theorem 6. The functional Fy is convex.

This is easily shown. If n = Ajn; + Any with Ay + A, =1 and 0 = A 0, =1
then we have

AlFL[nl] + /\zFL[nz] = )\1 Ainf Trﬁl(T‘i‘ W) + Az Ainf Trbz(’iw‘i‘ W)

D\—n, D,—n,

= inf  Tr(\ D, + LD)T+ W)

Dy,Dy—ny,ny

= inf TeD(T + W) = F_[n] (189)
D—n

We therefore now have established that F7 is a convex functional on a convex space.
This is important information which enables us to derive the Gateaux
differentiability of the functional Fy at the set B of ensemble v-representable
densities. We will discuss this feature of F} in the next section.

Having obtained some desirable convexity properties of F, we try to obtain some
analytic properties of this functional. An obvious question to ask is whether
this functional is continuous. To be more precise, suppose that a series of densities
n;, approaches a given density n in some sense, for instance lln — nll; — 0 and
ln — nilly — 0 for k— o0 in L' N L*. Does this imply that |Fy [n,] — Fy[n]l — 0?
It turns out that this question is not easily answered. However, one can prove a
weaker statement. Suppose n is an E-V-density corresponding to potential v of
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Hamiltonian H,. Then
Fy[n] + Jd3r n(r)v(r) = TrD[nlH, = TrD[n 1A,
= F[n] + J d&*r n (r)v(r) (190)
and therefore
Filn] = Foln] + J’d3VV(r)(nk(l‘) — n(r)) (191)
Further, since n;, — n in the norms on L' N L? for each € > 0 there is an integer M
such that lln —mll; = € and lln — ml; = € for k > M. Now we can split v €

L3+ 1° as v =u+w where u € L*/? and w € L® and we have

= llulls ol — mylly 4 wllgolln — (192)

U & rv(E)(n(r) — n(r)

So if ln — m]ll; = €/C and lln — ni]ll; = €/C, where C = llull; , + Iwlly, then
Fln] = FLlnl + € (193)

for k sufficiently large. We therefore see that if we take € — 0 from above then
Fy [n;] approaches Fy [n] from above and n, — n in the norms on L' N L3. This,
of course, does not imply that Fj [n] is continuous in n. For that we would have
to prove that |F_[n] — Fi[n;]l < € rather than F{[n] — F_[n;] < e. What we
have proven is a weaker form of continuity, known as semicontinuity. Because
the limit point is a lower bound, the functional with the property in equation
(193) is called lower semicontinuous. This can also be characterized differently.
If we define infF[n,,] by infFy [n,,] = inf{F_[n;]lk = m} then lower semiconti-
nuity implies

Fo[n] < lim infFy [n,,] (194)

Since we required that n is an E-V-density we have proven that Fj is lower
semicontinuous on the set of E-V-densities. It turns out that one can prove that
Fy is lower semicontinuous on all densities in S (see Theorem 4.4 of Lieb [1]).
However, the proof of this is not simple and we will therefore not try to
reproduce it here. Since the result is important we present it here in the form of a
theorem.

Theorem 7. Suppose n, and n € S and ny, — n for k — oo in the norms on L' N L.
Then

FL[l’l] = ]llm inf FL[nk]

In other words F; is lower semicontinuous on the set S.
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One can prove an even stronger theorem in which we only need weak
convergence of the series n;. We will, however, not need that property in the
remainder of this review. The notion of lower semicontinuity is an important
property for convex functionals which will allow us to make several other useful
statements about other properties of F;. One particular consequence of lower
semicontinuity that we will use, is that for a lower semicontinuous convex
functional G : B— R the following set of points

epi(G) = {(n,r) € BX RIG[n] = r} (195)

is closed and convex [11]. This set is called the epigraph of G and is simply the set of
points that lie above the graph of G. The closedness property means that if a series of
points (n, r) in the epigraph of G converges to a point (n, r) then this point also lies
in the epigraph. This also implies that the set of interior points of epi(G), i.e., the set
of points that lie strictly above G, is an open convex set (this means that for every
point in this set there is a neighborhood that contains it). We will need this property
in the next section.

13. DIFFERENTIABILITY OF Fy,

In this section we will prove that the Lieb functional is differentiable on the set of
E-V-densities and nowhere else. The functional derivative at a given E-V-density
is equal to —v where v is the external potential that generates the E-V-density at
which we take the derivative. To prove existence of the derivative we use the
geometric idea that if a derivative of a functional G[n] in a point n, exists, then there
is a unique tangent line that touches the graph of G in a point (ny, G[ng]). To discuss
this in more detail we have to define what we mean with a tangent. The discussion is
simplified by the fact that we are dealing with convex functionals. If G: B— R isa
differentiable and convex functional from a normed linear space B to the real
numbers then from the convexity property it follows that for ny,n; € B and 0 =
A =1 that

Glny + Ay — np)] — Glne]l = MGIn] — Glny)) (196)
From the fact that G is differentiable we then find

Glng + AMny — ng)l — Glngl _ 3G
A T on

Gln;] — Glno] = %in(l) [ny —nol  (197)
Therefore

oG
Gln;] = G[ng] + g[nl — nyl (198)

Now 3G /8n is a continuous linear functional which will be identified with a tangent.
This is the basis of the following definition. If for a convex functional G there is
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Fig. 1. The convex functional F has a unique tangent functional L in the point .

a continuous linear functional L : B— R such that
G[n;] = Glny]l + L[n; — ny] (199)

then L is called a subgradient or tangent functional in ny. The geometric idea behind
this definition is illustrated in Fig. 1.
For the Lieb functional F; we will now prove the following statement:

Theorem 8. The functional F; has a unique tangent functional for every E-V-density
and nowhere else. Moreover the tangent functional at an E-V-density n can be
identified with —v where v is the potential that generates this density.

In order to show this we first define the energy functional

E[v] = inf Tr DA, (200)
D

where the infimum is searched over all density matrices of the form given in
equation (181). This is an extension of the previously defined functional in equation
(130) to all potentials in L*? 4 L. One can further show that if an infimum exists
the minimizing density matrix satisfies the Schrodinger equation [1]. Let us first
suppose that n, is an E-V-density corresponding to potential v of Hamiltonian H, .
Then

Fy[ng) + Jd3r no(r)v(r) = TrD[nylH, = TrD[n)H,

= F,[n] + J &rn(r)v(r) (201)
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and therefore
Fi[n] = Fp[no] — Jd3r v(r)(n(r) — ny(r)) (202)
Therefore the functional L
Linl = — Jd3rv(r)n(r) (203)

defines a linear and continuous functional (continuity follows from equation (192))
and is therefore a tangent functional. Now we have to show its uniqueness. Suppose
L is a different tangent functional. Since F is defined on B = L' N L? the tangent
functional must represent an element in the dual space B* = L*/> + L and can be
written as:

L'n] = — J d&*rv)n(r) (204)

with 7 € L3/ 4+ L® and ¥ # v + C. Now since we assumed that L/ was also tangent
functional we have

Fylnl = Fylng] - Jd3rv<r>(n<r> — () (205)
and hence
Fy[n] + J &Era)vr) = Filngl + J ar ny(r)v(r) (206)

We take the infimum over all densities in S on the left hand side. Since we know that
there is ground state density matrix corresponding to n, we obtain from equation
(206):

E¥] = inf {F[n] + Jd3r n(r)i(r)} = TrD[nylH,; (207)

Now there are two cases, either the Hamiltonian with potential ¥ is able to support a
bound ground state or it is not. If it does support a ground state then

TrD[ny)H; > E[¥] (208)

since D[ny] is not a ground state density matrix for 7. Together with equation (207)
this immediately leads to the contradiction E[V] > E[¥]. If the Hamiltonian with
potential ¥ does not support a bound ground state then there is no normalized density
matrix for which the infimum of E[¥] as in equation (200) is attained. We then again
obtain equation (208) and the same contradiction E[?] > E[?]. We therefore
conclude that the E-V-density n( has a unique tangent functional equal to —v where
v is the potential that yields ground state density ng.

Let us now suppose that n is not an E-V-density. Let us further suppose that there
is a tangent functional at ny, i.e., that for some ¥ equation (205) and therefore also
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equation (206) are satisfied. The constrained search for Fj[ng] always has a
minimizing density matrix, which we call b[no]. With this density matrix then also
equation (207) is true. Since ny is not an E-V-density D[n] cannot be a ground state
density matrix for the Hamiltonian with potential ¥. With the same arguments as
before we find that equation (208) must be true which again leads to the
contradiction E[V] > E[¥]. Therefore there is no tangent functional at n if ng is not
an E-V-density. We have therefore proven our statement, there is a unique tangent
functional at every E-V-density and nowhere else.

As a next step we will show that this implies that the functional F; is Gateaux
differentiable at every E-V-density and nowhere else. For the application of the next
theorem it is desirable to extend the domain of F;_to all of L' N L. We follow Lieb
1 and define

inf TID(T+ W) ifn€S
Fy[n]={ P~ (209)
400 ifnel'NlPandne S

The reader may seem surprised with the appearance of 4o0 in this definition.
However, infinite values are well defined in the theory of convex functionals [11]
and they are usually introduced to deal in a simple way with domain questions. With
this definition the functional F}_ is a convex lower semicontinuous functional on the
whole space L' N L3. We are now ready to introduce the following key theorem
which we will use to prove differentiability of F at the set of E-V-densities:

Theorem 9. Suppose F : B— R is a lower semicontinous convex functional which
is finite at a convex subset V. C B of a normed linear space B. If F has a unique
continuous tangent functional L : B— R at ng € V then F is Gateaux differentiable
at ny and L = 8F /én.

The fact that uniqueness of a tangent functional implies differentiability is clear
from a geometric point of view. In Fig. 2 we display an example of a functional (in
this picture the functional is simply a function) which is not differentiable at .
Consequently, there is no unique tangent functional at that point. In the example
there are in fact infinitely many tangent functionals at n, of which there are two
drawn in the plot.

In the case of infinitely many dimensions one should, however, be careful in
drawing conclusions from simple plots and we have to resort to formal proofs. Since
the proof of the previous theorem is important for our discussion and not difficult to
follow, we will present it here. Since V is a convex set we have that if ny € V and
n; € V then ny + A(n; — ny) € V for 0 = A = 1 and since F is convex we obtain

Flny + Any — ng)l = Flnol + AMF[n,]1 — Flngl) (210)
Furthermore, since F has a unique continuous tangent functional at n, we have

F[ny + An; — ny)] = Fng] + AL[n; — ny] 211
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4

Fig. 2. The convex functional F has no unique tangent functional in the point ny. Both L; and
L, are tangent functionals.

Note that n; — ny need not be in V but is always in B since that is a linear space. If
we combine the two inequalities we find that

Flng + Any — ng)] — Flng] _ L
- =

Now since F is convex the function g(A) = F[ny + A(n; — ng)] — F[ny] is a convex
real function on the interval [0, 1] and hence continuous. Moreover, as the equation
above shows, the function g(A)/A has a finite upper and lower bound and therefore
the limit A — 0 of g(A)/A exists. We therefore find

Fln] — Flng] = [n; — nol (212)

Fln,] — Flngl = F'[ng,n;] = Lln; — ne] (213)
where

Flny + A(n; — ngy)] — Flne]
A

F'lng,m1 = lim (214)

It remains to show that F'[ng, n,] is continuous and linear and equal to L. Now F’ has
the property that for n, € V

Flng + Ae(ny — ny)] — Flng]
A (215)

F'lng, ng + €(ny — ng)] = }\in(l)
= €F'[ng, ;]
Therefore from equation (213) we find

Flny + €(n; — ny)l = Flngl + €F'[ng,n,] (216)



68 Robert van Leeuwen

This means that the straight line
L = {(ny + €(n; — ng), Flng] + €F'[ng,n1]) € BXRle € 0,11} (217)

lies below the graph of functional F. Now since F is convex and lower semi-
continuous the set of points above the graph of F (the interior points of epi(F))
form an open convex set which is nonempty since F is finite on V [11]. Now a
famous theorem of functional analysis, the Hahn—Banach theorem, tells us that if we
have an open convex set A (the interior of epi(F') in our case) and an affine subspace
L (which is the line £ in our case) that does not intersect A then there is a hyperplane
‘H that contains £ in which the hyperplane H has the form:

H={(n,r) € BXRIL'[n] + ar = B} (218)

where L' : B— R is a continuous linear functional and « and 8 are real numbers
(We can take o # 0 since F'[n, n;] is finite and we will have no vertical line £ or
vertical hyperplane H.) We will not prove the Hahn—Banach theorem as it is
geometrically intuitive and can be found in most textbooks on functional analysis
[20,21]. We will just use its consequences.

Now we know that our line £ is contained in 7. The coefficient 8 is then
determined by the fact that (n, F[ny]) € H and we find 8 = L'[ny] + aF[n,] and
therefore

H={(n,r) EBXRILn— nol + a(r — Flng]) = 0} (219)
Now from the fact that (ny + €(ny — ng), Flng] + €F'[ng,n;]) € H we find that
L'[ny — nyl + aF'[ng,n,1 =0 (220)

From equation (220) and (213) we then see immediately that —I'/« is a continuous
tangent functional at ny, which then must be equal to L since that was the only
continuous tangent functional at n,. Consequently,

F'lng,n;] = Lln; — no] (221)
and thus

SF . Flng+ A(ny — ng)] — Flnel
g[nl_no]:}\l_ff(l) 2 I/\ 2 d

= Lln; —no]  (222)

We therefore obtained what we wanted to prove, F' is Gateaux differentiable at
ny and 3F /dn = L. Now we can apply this theorem to the Lieb functional. If we
take F = F, B= L' N L’ V = S and use that F} has a unique tangent functional
L = —v at every E-V-density and nowhere else, we obtain:

Theorem 10. The functional F; is Gateaux differentiable for every E-V-density in
the set S and nowhere else. Moreover, the functional derivative at an E-V-density is
equal to —v where v is the potential that generates this density.
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This leaves us with the question which densities in set S actually are E-V-
densities. A useful result on this point is obtained in the next section.

14. ENSEMBLE v-REPRESENTABILITY

We have seen that the Lieb functional F7 is differentiable at the set of E-V-densities
in S and nowhere else. For this reason it is desirable to know a bit more about these
densities. The question therefore is: which densities are ensemble v-representable?
In this section we will prove a useful result which will enable us to put the Kohn—
Sham approach on a rigorous basis.

Theorem 11. The set of E-V-densities is dense in the set S with respect to the norm
on L' NL*.

This statement means the following. Suppose we take an arbitrary density 7, from
the set S, then for every € > 0 we can find an E-V-density n such that llny — #ll, < €
and llny — nl; < €. In other words, for every density in the set S there is an E-V-
density arbitrarily close to it. This can also be phrased differently. For every density
ng in the set S there is a series of E-V-densities n; such that

]}Ln; lng — nell, = 0 (223)
where the subindex for the norm takes the values p =1 and p = 3. In order to
establish this result we need to use a theorem due to Bishop and Phelps. For the
clarity of the discussion we split the theorem into two parts which both yield
interesting results for our functional Fy . The first part gives some insight in the set of
potentials ) that generate a bound ground state. From the relation

Elv] = 122 {FL [n] + Jd3 r n(r)v(r)} (224)
we obtain immediately that for any n € S and any v € L2 4L>
ﬂﬁnz—Jd%mmwm+Em (225)

Now the functional on the right hand side of the inequality sign is, for a given v, a
linear functional of n. The inequality sign tells us that this functional lies below the
graph of F [n]. A linear functional with this property is called F} -bounded. Let us
give a general definition of these linear functionals. Let F be a functional F : B— R
from a normed function space (a Banach space) B to the real numbers. Let B* be the
dual space of B, i.e., the set of continuous linear functionals on B. Then L € B* is
said to be F-bounded if there is a constant C such that for all n € B

Fln] = Ln] + C (226)
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/

Fig. 3. Both L, and L, are F-bounded by the convex functional F.

where the constant C may depend on L but not on n. We therefore see from equation
(225) thatevery v € L3/? 4 L* defines an F, -bounded functional where L is defined
as in equation (203). The geometric picture of an F-bounded functional is displayed
in Fig. 3.

Note that the tangent functionals of F; are special cases of Fj-bounded
functionals, they are the F; bounded functionals that also touch the graph of Fj .
Therefore the set of tangent functionals is a subset of the set of Fj-bounded
functionals. This can be illustrated with an example. Consider the function f(x) =
exp(x) on the real axis. This function is convex and all tangent functions are of the
form g,(x) = ax + B where a > 0 and B(a) = 1. The constant function g,(x) = 8
with 8 = 0 is an f~bounded function, but not a tangent. However, we can always find
a tangent with a slope arbitrary close to zero, i.e., arbitrary close to the slope of the
constant f~bounded function g,. The following theorem (due to Bishop and Phelps)
ensures that a similar situation occurs for the case of general Banach spaces:

Theorem 12 (Bishop—Phelps I). Let F : B— R be a lower semicontinuous convex
functional on a real Banach space B. The functional F can take the value +o0 but
not everywhere. Then the continuous tangent functionals to F are B*-norm dense in
the set of F-bounded functionals in B".

This means that if L, is some F-bounded functional then we can find a set of
tangent functionals L; such that

where the limit is taken in the norm on B*. We will not prove this theorem here. The
proof is clearly described with a geometric interpretation in Ref. [22]. Let us apply
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this theorem to our functional F; . We know that every tangent functional of F}, can
be identified with —v, where v is a potential that yields a bound ground state, i.e.,
v € V. Now we know that every element —v, for an arbitrary v, € L% + L™
corresponds to an Fj -bounded functional. Therefore for such a v, there is a series of
v € V such that

lim Iy = vll =0 (228)

where the norm is the L*/> + L®-norm described in equation (24). Therefore every
potential vy € L3? 4+ L™ can be approximated to arbitrary accuracy by a potential
that yields a bound ground state. This may seem counterintuitive at first sight as one
can imagine v to be a repulsive potential, until one realizes that one may put the
system in big box with a wall of finite height. This system will have a bound state if
the size of the box is chosen to be big enough. The particles will then spread out over
the box in order to minimize the repulsion between them. If we choose v, = vy + wy
where w, describes a series of boxes of increasing size but with decreasing height of
the potential wall then we see that we have created a series of potentials in V' that
approaches v, to an arbitrary accuracy. Let us now discuss the second part of the
Bishop—Phelps theorem.

Theorem 13 (Bishop—Phelps II). Let F : B— R be a lower semicontinuous convex
functional on a real Banach space B. The functional F can take the value +o0 but
not everywhere. Suppose ny € B with F[ny] < o and let Ly € B* be an F-bounded
functional. Then for every € = 0 there exists n, € B and a functional L, € B* such
that

1. IL, — Lyllg = e.
2. F[n] = Fln.] + L[n — n.] for all n.
3. €llng — nglly = Flngl — Lolngl — infuep{Fln] — Lolnl}.

For the details of the proof we again refer to Ref. [22]. The first two points of this
theorem are equivalent to the previous theorem. They say that any F-bounded
functional L, can be approximated to arbitrary accuracy by a tangent functional L..
The inequality in the third point of this theorem allows us to make statements about
distances between elements in B, which in our case will be densities. Note that the
right hand side of this inequality has the geometric meaning of being the difference
of the vertical distance of the functionals L, and F in n, and the shortest possible
distance between L, and F. Let us now apply this theorem to the functional Fj and
show that that every density in S is arbitrarily close to an E-V-density. We first need
some preliminaries. From equation (224) we see that we can write

Filnl= sup {E[v] - Jd% n(r)v(r)} (229)

vEL24L>
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If the supremum is attained for some v then n is an E-V-density. This follows

because then there is a density matrix Di[n] that yields density n (see Theorem 5)
such that

TrD[n)H, = Fy[n] + Jd3r n(r)v(r) = E[v] = inf TrDH, (230)
D

The density matrix D[n] must therefore be a ground state density matrix. If n
is not an E-V-density then the supremum is not attained for any v. In any
case, for every integer k and any density n, € S we can always find some v, such
that

El[v;] — Jd3r no(Mv(r) = sup {E[v] - JdSr no(r)v(r)} - %

VELY2 4L

= Fi[ng] — % (231)

where we note that the series v, does not converge to any v if n; is not an E-V-
density. Furthermore, for any n we have

Elv,] = 1gfg {FL [n] + Jd3r n(r)vk(r)} = FpL[n] + Jd3r n(r)v(r) (232)
which in combination with the previous inequality yields
1
Fyln] + Jd% n(r)v(r) = E[v,] = Fy[n] + Jd3r no(OW(r) =+ (233)

We are now ready to apply the Bishop—Phelps theorem to the Lieb functional F7j .
We take € = 1, ng € S and let —v;, correspond to the F-bounded functional L, of
the theorem. According to the theorem we can then find a tangent functional —wy
(the L, of the theorem) such that

”Vk - Wk” =1 (234)

in the norm on L*? + L*. From our previous investigations we know that the
tangent —wy, touches the graph of Fi in an E-V-density n,, i.e.,

Fin] = Fy[n] — Jd3r wi(r)(n(r) — n(r) (235)
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where wy, is the potential that generates density n,. The Bishop—Phelps theorem then
tells us that

Iy = moll, = Fylngl + Jd3r 1o(r)v(r)
(236)
— inf {FL[n] + Jd% n(r)vk(r)}

where the normindex has the values p = 1 and p = 3. Note that the infimum in this
equation can be taken over S rather than L' N L? since F; is defined to be 400
outside S. Then from equation (233) we see immediately that

1
inf {FL[n] + JdSr n(r)vk(r)} = Fy[ng] + Jd% 1o (X)vi(r) — T (237)

and therefore
I — noll, = % (238)

for p =1 and p = 3. Since this equation is true for any k we see that any density
ny € S can be approximated to any accuracy by the E-V-density 7, in the norms on
L' N L. This proves the theorem in the beginning of this section.

15. THE KOHN-SHAM APPROACH AND NONINTERACTING
v-REPRESENTABILITY

We have now come to the discussion of the central equations which form the basis of
almost any practical application of density functional theory: the Kohn—Sham
equations. Kohn and Sham [8] introduced an auxiliary noninteracting system of
particles with the property that it yields the same ground state density as the real
interacting system. In order to put the Kohn—Sham procedure on a rigorous basis we
introduce the functional

Toln] = inf TrDT (239)

D—n

We see that this is simply the Lieb functional with the two-particle interaction
omitted. All the properties of the functional Fj carry directly over to 77 . The reason
is that all these properties were derived on the basis of the variational principle in
which we only required that T+ Wisan operator that is bounded from below. This
is, however, still true if we omit the Coulomb repulsion W. We therefore conclude
that 77, is a convex lower semicontinuous functional which is differentiable for any
density n that is ensemble v-representable for the noninteracting system and
nowhere else. We refer to such densities as noninteracting E-V-densities and denote
the set of all noninteracting E-V-densities by B,. Let us collect all the results for 7},
in a single theorem:
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Theorem 14. T; is a convex lower semicontinuous functional with the following
properties:

1. For any n € S there is a minimizing density matrix D[n] with the property
T,[n] = TrD[nT.

2. Ty is Gdteaux differentiable at the set of noninteracting E-V-densities and
nowhere else.

3. The functional derivative at a noninteracting E-V-density n is given by:

oy,
on(r)

= —vnl(r)

where the potential v, generates the density n in a noninteracting system.

From the last point in this theorem we see that if we want to know if a given
density n from the set S can be obtained as an E-V-density of a noninteracting
system we may try to calculate the derivative of 71 for this density. If it exists then
the derivative yields the potential that we were looking for. Now Kohn and Sham [8]
assumed that for any density of an interacting system there is a noninteracting
system that has the same density as its ground state. We can now ask the question
whether the sets of interacting and noninteracting E-V-densities are equal. This is
currently not known. However, we can make a number of useful conclusions. First
of all, if we apply the Bishop—Phelps theorem to the functional 7; we obtain the
following result:

Theorem 15. The set of noninteracting E-V-densities is dense in the set S with
respect to the norm on L'nr.

This means that for any density n € S there is an noninteracting E-V-density
arbitrarily close. We can in particular choose n to be an interacting E-V-density,
iie, n € B and find a noninteracting E-V-density arbitrarily close. We also
know from the Bishop—Phelps theorem applied to Fj that the set of inter-
acting E-V-densities is dense in S and therefore for any n € S, in particular
n € By, we can find an interacting E-V-density arbitrarily close. We therefore
conclude:

Theorem 16. The set B, of noninteracting E-V-densities is dense in the set B of
interacting E-V-densities, and vice versa.

If we combine this result with previous theorems we obtain the following
important consequence for the Kohn—Sham scheme:

Theorem 17. Suppose n € B is an interacting E-V-density. Then for every € > 0
there is a noninteracting E-V-density n, € By such that
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1. lln — n5||p =eforp=1andp=3.
2. The density n, is a ground state ensemble density of a noninteracting system with

otential
P ST,

on(r)

(ne)

Vsﬁs(r) ==

i.e., we can always set up a Kohn—Sham scheme that produces a given interacting
E-V-density to arbitrary accuracy.

This theorem tells us that in practice we can always set up a Kohn—Sham scheme.
We also see that if we want to prove that the sets B and B, of interacting and
noninteracting E-V-densities are equal, then we have to show that the potentials v;
in this theorem approach some potential v, for € — 0 in some smooth way. This,
however, has not been proven until now. In numerical calculations (see the
discussion at the end of this section) one has indeed always succeeded in obtaining a
Kohn—Sham potential for given interacting E-V-densities obtained from accurate
configuration interaction (CI) calculations. In these calculations convergence to a
given Kohn—Sham potential is sometimes difficult to obtain, but seems to happen in
a rather smooth way. One might therefore expect that the sets of interacting and
noninteracting E-V-densities are in fact equal. In order to encourage further work in
this field we put it here as a conjecture.

Conjecture 1. The sets B and B, of interacting and noninteracting E-V-densities are
equal, i.e., B = B,.

Let us describe a couple of cases for which we know this conjecture to be true.
Consider a system of two particles. Let the interacting system have density n. Then
we can construct a noninteracting Kohn—Sham system with ground state
wavefunction

1
Yis(rioy,107) = 7 e(r)e(ry)(a(oy)B(or) — Bloa(ar))  (240)

where @ and B are the usual spin functions with «(1/2) = B(—1/2) =1 and
a(—1/2) = B(1/2) = 0. This wavefunction has a density n(r) = 2le(r)|* and the
Kohn-Sham orbital ¢ satisfies

(—1V? + v, [n](@)e(r) = €q(r) (241)

If we now choose ¢(r) = /¢(r)/2 then for an interacting E-V-density n the Kohn—
Sham Hamiltonian with potential

1 V?
vilml(r) = > Jf

has orbital ¢ as an eigenfunction. Because the density is positive the orbital
¢ = +/n/2 has no nodes and must be a ground state orbital. We therefore have

te (242)
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constructed a noninteracting system with ground state n, which is even a pure state
density.

Another case where the conjecture is true is for lattice systems. The lattice system
is obtained by discretizing the many-body Hamiltonian on a grid, i.e., we replace the
differential equation by a difference equation as one might do to solve the
Schrodinger equation numerically. Then any interacting E-V-density on the grid is
also a noninteracting E-V-density. This was proven by Chayes, Chayes, and Ruskai
[23]. This work may be used to prove the general conjecture above if one can prove
that the continuum limit can be taken in some smooth way.

Let us finally discuss the exchange—correlation functional which is the central
object in any application of density functional theory. We define the exchange—
correlation functional E,. by

n(r)n(r,)

+ Ex[n] (243)
‘I’l - r2|

1
Filnl = Tyl + 5 jd% &,

Since both T, and Fy are defined on the set S the exchange —correlation functional
E.. is also defined on that set. Since F} and T; are differentiable, respectively, on the
sets B and B, and nowhere else, the functional E,. is differentiable on B N B, and
nowhere else. The derivative of equation (243) on that set is given by

) SE
() = — & xe 244
) = v+ [ @ T (244)
If we define the exchange—correlation potential by
OF,,
= 245
Vye(T) S(r) (245)
then we see that the Kohn—Sham potential can be written as:
/
v, (r) = (r) + Id%/ | nr )/I + v (1) (246)
r—r

We see that on the set B N B, we have obtained the usual Kohn—Sham equations
[T+ V+ Vylnl + Vic[nll @) = Eol D) (247)

where i = 1---¢ runs over the ¢ degenerate ground states |®;) of the Kohn—Sham
system. The density must now be calculated from a ground state ensemble

q
ﬁs[n] = Z wil NP, (248)
i=1
of the Kohn—Sham system and is explicitly given as:

q
n(r) = TrD,[nla(r) = > u(P;lar) ;) (249)
i=1
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These equations can be written more explicitly in terms of Kohn—Sham orbitals
defined to be the eigenstates of the single particle equation

(— 1V +v,(0) (1) = €i(x) (250)
It is then easily seen that any Slater determinant
D) = lg; @) @51)

built out of Kohn—Sham orbitals is an eigenstate of the Kohn—Sham system with
eigenvalue E, = €; +---+€;,. However, not every eigenstate is necessarily a
Slater determinant. For instance, if two Slater determinants have the same energy
eigenvalue, then a linear combination of them also has the same eigenvalue. This
leads to a subtle point for Kohn—Sham theory of degenerate states. In equation (249)
we require that the density is representable by a ground state ensemble of a
noninteracting system. However, we did not require that it must be representable by
an ensemble of ground state Slater determinants. That one should be careful at this
point, has been shown by Englisch and Englisch [3] and Lieb [1]. They constructed
an explicit example of a pure state density of a noninteracting system that cannot be
obtained from a single Slater determinant. We will therefore in general have

q
D) => a;ID)) (252)
=1

where |Dj> is a Slater determinant. We further know that every |®;) must be a ground
state for potential v;. This means that all orbitals below the highest occupied level
must be occupied. If this were not the case then we could lower the energy by
transferring an electron from the highest level to a lower level which would lower
the energy and therefore |®;) would not be a ground state for potential v,. This also
means that if two determinants |D;) and |Dj) differ, then this difference must be due
to different orbitals in the highest level. Because both determinants are
eigenfunctions of the Kohn—Sham Hamiltonian it is easily seen that these different
orbitals must have the same Kohn—Sham eigenvalue. This eigenvalue is the Kohn—
Sham orbital energy of the highest occupied state which we will denote by w. From
these considerations we find that the density is of the general form

= lemP+ > Buade ) (253)

€<p €,=€=n

where By, is an Hermitian matrix with eigenvalues between 0 and 1. This means that
we can diagonalize this matrix with a unitary matrix U;. We then introduce new
orbitals for the highest occupied level:

Fi(r) = > U;gi(r) (254)
J

Since these orbitals are linear combinations of degenerate orbitals, they are again
eigenfunctions of the Kohn—Sham single-particle Hamiltonian for the highest
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occupied level. We can now write the density as:

nm) = lemP+ > nlamP (255)

€<pm €=M

with occupation numbers n;, between 0 and 1. We see that for the case of a
degenerate ground state we have to solve equation (250) together with equation
(255) in which the coefficients n;, must also be determined. When do we need
fractional occupation numbers in practice? In practice one sometimes finds that
when solving the Kohn—Sham equations with occupations equal to one that the
converged solution has a hole below the highest level. This happens, for instance, for
the iron atom within the local density approximation [24]. This is an indication that
the true Kohn—Sham density could be an E-V-density. In practice, the lowest energy
state is then obtained by a procedure called ‘evaporation of the hole’. In this method
one increases the occupation of the hole while decreasing the occupation of the
highest level until both levels are degenerate [24,25]. The matter has been
investigated in detail by Schipper et al. [26,27]. These authors calculated by CI-
methods accurate charge densities for a couple of molecules. Subsequently they
constructed the Kohn—Sham potentials that generate these densities. A particularly
interesting case is the C, molecule [26]. When one tries to construct a Kohn—Sham
potential that produces the ground state density of the C, molecule using occupation
numbers equal to one, i.e., for a pure state, one finds that the solution corresponds to
a state with a hole below the highest occupied level. This is then not a proper Kohn—
Sham state since it is not the state of lowest energy for the corresponding potential,
but an excited state. If one then tries to construct an ensemble solution by the
technique of ‘evaporation of the hole’, one does find a proper ground state ensemble
for the Kohn—Sham system. From this we can conclude that the ground state density
of the C, molecule is a noninteracting E-V-density but not a noninteracting PS-V-
density. This means that the extension of density functionals to E-V-densities is not
only of theoretical, but also practical interest. As an illustration we display in Fig. 4,
the exchange—correlation potentials of the C, molecule for four bonding distances.
The potentials are plotted along the C—C bond axis as functions of the distance z
from the bond midpoint. The corresponding bond distances R(C—C) are displayed in
the inset. The potentials vES ¢ correspond to the exchange—correlation potentials
of the improper Kohn—Sham solutions with a hole. The corresponding state is a pure
state consisting of a single Slater determinant. The potentials vE, are the Kohn—
Sham potentials corresponding to a ground state ensemble. Both vE>1°¢ and vE, give
an accurate representation of the true density of the molecule, although the accuracy
attained with vE; is a bit higher. The potential V£, has the features found in many
diatomic molecules, i.e., the usual well around the atom, the small intershell peaks
and a plateau around the bond midpoint. The potential vE5°! on the other hand, is
heavily distorted as compared to vE,. This may be explained by the fact that the
wavefunction of the C, molecule has a strong multideterminantial character. With
this we mean that the simple Hartree—Fock approximation has a relatively small
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Fig. 4. Exchange—correlation potentials producing the accurate interacting ground state
density of the C, molecule at various bonding distances. The potential vE, is the exchange—
correlation potential for a ground state ensemble. The potential V5! is an exchange—
correlation potential that reproduces the same density for a single Slater determinant with a

hole.

coefficient in the Cl-expansion of the wavefunction. The distortions in vESele

therefore appear to be a price we have to pay for producing the density of such a
strongly multideterminantial state with a single Slater determinant. The use of an
ensemble formulation of Kohn—Sham theory seems therefore especially relevant in
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cases of strong electron correlations. Other examples are provided by near-
degeneracy situations such as in avoided crossings [25] and the H, 4+ H, reaction
[27]. A recent discussion on Kohn—Sham theory for ensembles can be found in
Ref. [28] which also gives the beryllium series as an explicit example of systems
which are ensemble v-representable but not pure state v-representable.

16. THE GRADIENT EXPANSION

Until now we only considered the formal framework of density functional theory.
However, the theory would be of little use if we would not be able to construct good
approximate functionals for the exchange-correlation energy and exchange—
correlation functional. Historically the first approximation for the exchange-—
correlation functional to be used was the local density approximation. In this
approximation the exchange—correlation functional is taken to be

EPA) = der ) (256)

where €,.(n) is the exchange—correlation energy per volume unit for a
homogeneous electron gas with density n. We therefore treat the inhomogeneous
system locally as an electron gas. This simple and crude approximation turns out to
be surprisingly successful for realistic and very inhomogeneous systems although
one would expect that the LDA would only be accurate for systems with slowly
varying densities. The LDA therefore seems a suitable starting point for more
accurate approximations. In this section we will show that the LDA is in fact the first
term in a systematic expansion of the exchange—correlation functional in terms of
spatial derivatives with respect to the density. This expansion is commonly referred
to as the gradient expansion [5,29,30] and has the following form:

Eyln] = EPAn] + jcﬁr £1(n(D)(Vn(r))?
+ J &*r &) (Vn(r))* + - -- (257)

where the functions g;(n) are uniquely determined by the density response functions
(of arbitrary order) of the homogeneous electron gas. The gradient expansion
presents an, in principle, exact way to construct the exchange —correlation functional
for solids, provided the series converges. We will come back to the question of
convergence. To derive the gradient expansion we start out by expanding the exact
exchange—correlation energy functional around its homogeneous electron gas value
ng as follows:

=1
Exeln] = Exclnol + 3 — Jd“rki?(no;rl- -T,,) n(ry)- - dn(r,,)  (258)
m=1 .



Density Functional Approach to the Many-Body Problem 81
where d*"r = d*r,---d*r,, and n(r) = ny + dn(r). We further defined

8]11E
K&y 1,) = e (259)
0 dn(ry)- - -dn(t,,) buen,

The first term E,.[n,] in equation (258) is the exchange—correlation energy of a
homogeneous system with constant density n, and is therefore a function of n, rather
than a functional. We will therefore write this term as E,.(ny). This function is
by now well-known from extensive investigations of the homogeneous electron
gas [31]. Since the electron gas has translational, rotational, and inversion symmetry
the functions functions K" satisfy

KW (ng;xy--1,) = K& (ng; vy +a-- 1, + a) (260)
K& (ng )+ 1,) = K (ng; Rry - - -Rr,,) (261)
KW (ng;xy--x,) = K& (ng; =1+ — 1) (262)

where a is an arbitrary translation vector and where R is an arbitrary rotation matrix.
Furthermore, the function K,((’c") has full permutational symmetry, i.e.,

Ki'c”)(no; rp-r,) = K,((T)(no; Tpeiy Tpgm) (263)
for an arbitrary permutation P of the indices 1---m. If we choose a= —r; in
equation (260) we see that

K)((t:n)(n(); ry-- 'rm) = K)(c’cn)(HO; 07 r, —Ir;---r, — rl)
= L"(ng; vy — 11, — 1Y) (264)

where the latter equation defines the function L™ as a function of m — 1 variables.
Let us give some specific examples. The function K{) is given by

Y
on(ry)

K@ (ng; 1)) = = vye(19) (265)

n=ny

and we see that this function is simply the exchange—correlation potential of the
electron gas which, due to translational invariance, does not depend on r;. Since
dn(r) integrates to zero the term with K" in the expansion equation (258) does not
contribute to E, [n]. The first nontrivial term is therefore

3E,.

_ 9% | @ —
SnGe) on(ey) | L e mr) o (266)

n=n,

2
Kfcc)(”o; r,r) =

which leads to an expansion of the form:

1
Exeln] = Exe(ng) + jd% d’ry L2 (g5 vy = 1) Bn(ry) dn(ry) + -+ (267)
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The function L® (often denoted by K,. in the literature) has been the subject of
many investigations [32,33]. Let us now go back to the more general case. If we
introduce the Fourier transform of a function f as follows:

Ay = Jd”’rf(r] e T (268)

then

K2 (nos a1+ q) = @M 8(q) + - + @)L (o3 q--+q,)  (269)

The expansion for E,. then becomes
Epeln] = Eyeny) + Z j G K01+, 07(a1)- D) (270

where d*"q = d3¢, - - -d*g,,. This can also be written in terms of the functions L™ as
follows:

— & 1 d3q2 d3q (m)
Exc[n] - Exc(nO) + ,MZ::I % J (277)3 Tt (277)3 (nO’ q2 qm)
Xd(—qy — -+ — q,)d7(qy) - - -d(q,,) (271)

The gradient expansion is then obtained by expanding L™ in powers of q; around
q; = 0 and subsequently transforming back to real space. If we do this our final
expansion will then still depend on our reference density n, which is undesirable for
application of the functional to general systems. However, we will show that we can
get rid of this dependence on nj by doing infinite resummations. The key formula
that will enable us to do these resummations is the following first order change of
K

By n) = [ K gy on) @72)
If we take dn(r) = dny to be a constant change we obtain

J K(m)
ang

(Mgi Ty 1) = jd% KD (g5, 1y - 1) 273)

Note that by taking dn(r) = &n, we violate the condition that dn(r) integrates to
zero. Nevertheless equation (273) can alternatively be derived directly from the
properties of the response functions [30] and is related to a generalized form of the
well-known compressibility sumrule of the electron gas. An important special case
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is obtained for m = 1:

v oK
—= = 2 (ng) = JdB"z K)((%)(Vlo; r;,r) = Jd3r2 L(z)(no; r, —ry)
a}’lo ano

— Z(Z)(q =0) 274)

We see that the q = 0 value of L® can be directly calculated from the knowledge of
Vie(ng). For m = 2 relation (273) directly implies the following relation between
L™ and LD

aL™ m
¢ -H)(nO; L Y PP ¢ R qm) (275)

3 (no; Q2 +q,,)) =L
ny

The importance of this formula will become clear if we work out, as an explicit
example, the lowest order in the gradient expansion. From the symmetry properties of
K™ one finds that its Fourier transform has the following expansion in powers of q; :

Koy qp---q,) = Qm*3(q; + -+ q,) X (K" + K" P (q) - q,)

+ KPS @) ) (276)

in which the K" are coefficients and P\ are symmetric polynomials. This is a direct
consequence of the permutational symmetry of K. The first polynomial P(l'") (taking

into account the d-function) has the explicit form
PU(Qr - q) = + -+ g, (277)

and is invariant under permutation of the indices, i.e., it transforms according to a one-
dimensional representation of the permutation group. More details on the group
theoretical treatment of these response functions can be found in the work of
Svendsen and von Barth [34]. From the properties of K" we find that for m = 2 the
function L™ has the following expansion:

L™ (o3 @y - ) = LY (ng) + L (np)p™ (@ @) + -+ (278)

where the polynomial p™ is given by

p(m)(qZ' : 'qm) = (_(h e qm)2 + q% + o+ qgn
=23 q+2 > qq (279)
i=2 i>j=2

It is easily seen that this polynomial has the property

P = = @) = P (@) (280)
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If we use this property together with equation (278) and equation (275) we obtain for
the coefficients in the expansion of L™ the following equations:

(m)
LY

m+1
i Ly () (281)
L™
L =L D(ny) (282)
6n0
where m = 2. Together with
7(2) ach azExc
L7(q=0)= (ng) = ——=-(np) (283)
any ang

where €,.(ny) is the exchange energy per volume unit of the electron gas, this yields

m amﬁxc
LY (ng) = (1) (284)
ny
m—2L(2)
LI (ng) = ———1—(no) (285)
ang

It is these two equations that will allow us to eliminate the dependence on ng in
the lowest order gradient expansion. If we insert the explicit form of L™ of
equation (278) into equation (271) and Fourier transform back to real space we obtain

> 1
Bl = Eng)+ 3. - L") | &'rone)”
m=1 :
+> %L(Im)(no)m(m - 1)Jd3r(V8n(r)2(8n(r))m_2 +--- (286)
m=2 """

Since Vén(r) = Vn(r) this can be rewritten with help of equations (284) and (285) as:

= 1 amexc(nO)J 3 m
E =E — L PBr3
we[nl = Ex.(np) +mZ:l P r(3n(r))
o | Ly S )
D R =
= m=2) ang

&Er(Vam)*Gnr)™ 2 +-.-  (287)

We see that the first two terms simply give the expansion of the LDA functional
around the constant density ny, i.e.,

EXPAp) = Jcﬁr exe(o + Bn(r)) (288)
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whereas the third term involves an expansion of the coefficient L(lz)(no + 8n(r))
around ny. We obtain

E.[nl = EXMNn] + Jd% L (n())(Vn(r))* + - - (289)

and we see that we succeeded in eliminating the dependence on n in the gradient
expansion. Moreover we see that the local density approximation naturally appears as
the first term in the gradient expansion. Furthermore we find that the coefficient g;(n)
in our first equation (257) is completely determined by the q-expansion of the
function L@ (ny; q) to order ¢*. We also see that the replacement n, — n(r) requires a
resummation over response functions of arbitrary order. The dependence on ny can
also be removed to higher order in powers of q. For an explicit example up to order q*
we refer again to Svendsen and von Barth [34].

Let us now address the question of convergence of the gradient expansion. This
question has been investigated for the gradient expansion of the exchange-energy
functional for which a comparison with exact exchange energies is possible. For this
case the analytic form of L®(ny; q) is known from the impressive work of Engel and
Vosko [35,36] and some higher order gradient coefficients have been determined by
Svendsen, Springer, and von Barth [34,37]. One finds [37] that the gradient
expansion performs very well for metallic systems, but that the quality deteriorates
as soon as the system acquires an energy gap. This may not be so surprising if one
realizes that the appearance of a gap drastically changes the low q-behavior of the
response functions K" which determine the gradient coefficients [38]. This means
that the standard gradient expansion cannot deal with insulators or finite systems
(which may be modelled as insulators by repeating them periodically with a large
lattice constant). Further progress along the lines of the gradient expansion may be
obtained by study of the so-called gapped electron gas [39]. Currently the most
fruitful approach to the construction of simple and accurate functionals is the so-
called Generalized Gradient Approximation (GGA) [40,41]. In this approach one
specifies a form of the pair-correlation function of the many-electron system and
determines the parameters in this function by sumrules and information from the
straightforward gradient expansion. These functionals have led to large improve-
ments in molecular binding energies as compared to the local density approximation
[42]. However, since the approach is not systematic it is difficult to improve the
quality of the current GGA functionals.

17. THE OPTIMIZED POTENTIAL METHOD AND THE ¢?-EXPANSION

In this section we will describe a second systematic method to construct density
functionals, namely perturbation theory starting from the Kohn—Sham Hamiltonian
[43.,44]. The method is based on traditional perturbation theory and is comparable in
computational cost. For this reason the method is less suited to the calculation of
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properties of large systems. However, the method has the theoretical advantage that
it can be used as a benchmark to test the quality of different approximate density
functionals. We consider the Hamiltonian

Ho=H +ell —H)=H,+eW - V) (290)
where
. i é
W= (291)
i>j |r,- - r]|
. N
Vie = D va(r)) + ve(r) (292)
i=1
where ¢? is the square of the electronic charge and vy is the usual Hartree potential
/
V() = & Jd%’ n(r ), (293)
Ir—rl

and v,. the exchange—correlation potential. The perturbation term is simply the
difference between the true and the Kohn—Sham Hamiltonian and we are interested
in the case € = 1 although this makes expansion in powers of € rather doubtful. We
will come back to the point of convergence later. We can now do standard
perturbation theory and obtain the ground state energy

E(e)=E,+ eEV + ?E® + ... (294)

where Ej is ground state energy of the auxiliary Kohn—Sham system, i.e., simply a
sum over orbital energies and the terms E®” is the energy to order i in powers of .
The first two terms are explicitly given by [43,44]

ED =(®|W -V |, (295)
> |<(I)V|W_ VHXC|¢v,i>|2

E® = 2
; E, — Es,i (296)

where E; and @;; are the excited state energies and wavefunctions of the Kohn—
Sham system. We now note that the energies E are implicit functionals of the
density through their dependence on the Kohn—Sham potential, orbitals, and
energies, i.e.,

EPn] = EV[{gin]}, {€ln]}, veelnl] (297)

This follows directly from the Hohenberg—Kohn theorem applied to a noninteract-
ing system. The density n uniquely determines the Kohn—Sham potential v, (up to a
constant) and therefore the also the orbitals (up to a phase factor) and eigenvalues
(up to constant). The arbitrariness with respect to a constant shift and with respect to
the phase factor cancels out in the energy expression and therefore the ith-order
energy becomes a pure density functional. We therefore have the following series of
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implications:
n(r) = vy(0) = { @ (1), €} — EV (298)

Note that the perturbation theory that we constructed is not yet in a form that we can
use in practical calculations. This is because the perturbing Hamiltonian contains the
exchange—correlation potential which is unknown from the start and has to be
determined self-consistently from the perturbation series. However, the equations
can be simplified if we expand the energies and potentials in powers of the
interaction strength ¢* and take € = 1. This leads to the following set of equations
[44]:

2
HMZRMH4ﬁ%mmﬂyF%J@Hﬁ”“M“ ZZTW (299)

\@m_wm+Zme (300)
i=1
N0 BEQC)

xe(r) = S(r) (301)

The ¢® and ¢* terms in the expansion of the exchange—correlation energy have the
explicit form

/
CEVIn] = (@, W) - & jd* arp M) (302)
and
00 T 7 — 2((D) 2
AEO Z KD W — Vy — V1D, ) (303)

Es - Es,i

The term of order ¢? can be written explicitly in terms of the Kohn—Sham orbitals as
follows:

Ef(lc)[n] — Jd3 &3 ) @@ (0@ () (1) (304)
kl 1

Ir— vl

We see that this expression has exactly the same form as the usual expression of the
exchange energy within the Hartree—Fock approximation. The difference, however,
is that the orbitals in this expression are Kohn—Sham orbitals which, in contrast to
the Hartree—Fock orbitals, are eigenfunctions of a single-particle Hamiltonian with
a local potential. The numerical value of E{)[n] and the Hartree—Fock exchange
will therefore in general differ from each other. However, because of the similarity
to the Hartree—Fock definition of exchange we will define the exchange functional
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within density functional theory to be E,[n] = E\{[n]. Corresponding to the

exchange-functional there is a local exchange potential defined as:

3E, _ BEY _
Sn) ~ aa() — e ® (305)

vi(r) =

We see from equation (303) that we need to know this potential in order to calculate
the e* contribution to the exchange—correlation energy. This is a general feature of
the present perturbation theory. In order to calculate EY) we need to calculate v{.
first. Let us therefore start by calculating v,. For this we have to calculate the first
order change 3E, in the exchange functional due to a change dr in the density. Since
densities and potential are in 1—1-correspondence this task amounts to calculating
the change in E, due to a change &v, in the Kohn—Sham potential. This is readily
done by perturbation theory. The change d¢; and d€; of the orbitals and orbital
energies of the Kohn—Sham system due to a small change dv, in the potential is
given by solution of the equation

(=5 V2 v,(0) — €)3(r) = (Beg — dr (1) gulr) (306)
This gives
o€ = Jd3r @) @i (r) Bv,(r) (307)
beur) =~ [ & Gy () v, @) (308)
/ @(r) ¢ (r')
Gr,t) =Y (309)
=k €17 €k
From these equations we obtain the following functional derivatives
86-k o
S AOAm (310)
3, (r)
sy~ e (311)
The density change 8n is given by
N .
) = 3 ¢i0) doutn) +ee. = [y on) GBI

k=1

where we defined the static density response function y, of the Kohn—Sham system
by

on(r)

N
)~ 2 AHOOE ) +ce. (313)

k=1

X(r,r) =
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We can now readily derive the following integral equation for v,:

SE, J iy OB Sn(r')

A0 =5 o on(r’) Bv,(x)

J & x, @, V() (314

where the inhomogeneity A, is given by

J 3.7 SEX /
A(r) = — k; Jd‘r Ser) G (¥, 1) (r) + c.c. (315)

Since both A, and y; are given as explicit functionals of the Kohn—Sham orbitals
and orbital energies, the exchange potential can be found from simultaneous
solution of the equations

€ (1) = (= T V2 +0(1) + vy (1) + v, (1) @y (1) (316)
A(r) = Jd3r’ T wE) 317)

Once we have solved these equations and determined v, we can go on and calculate
EQ? from equation (303). To calculate the ¢® contribution to the exchange—
correlation energy we first have to evaluate v2). This potential is the solution of the
integral equation

SED
dvy(r)

Since E is an explicit functional of the orbitals, orbital energies and v, the
inhomogeneity A can be calculated from

SEXC SQDk(I’/) 8Exc 8Ek
@) 3 / 3 /
A (r) = [Z J " S o(r) Sv‘v(r) ]+ > J e duy(r)

(2) /
+ J’d3rl 8Exc BVX(I')
dv,(r') Bv(r)

A (r) = - JdBr/ X2 ) 318)

(319)

All terms in this equation are explicitly known, except for the term dv,/dv,.
However, for this term we can find an integral equation by differentiation of
equation (317) with respect to v,:

SAx(rl) . 3 SXY(I'I,I':;) 3 SVX(I'3)
- jd eI (e + J &m0

Since both A, and y, are explicitly known in terms of orbitals and orbital
energies their derivatives with respect to v, are also explicitly known in terms
of these quantities (see Ref. [44] for more details) and therefore equation (320)
determines dv,/dv, uniquely. So we see that in order to determine v2 we
have to solve two integral equations. For realistic systems these equations have
only be solved approximately (for an explicit solution of equation (320) see

(320)
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Ref. [34]). From v{2) one could go on along the same lines to determine EY)
and subsequently v{). The determination of these higher order energies and
potentials becomes more involved. Nevertheless, the perturbation series
represents an explicit construction procedure for the exact exchange—correlation
energy and potential, provided that the series converges. Before we go on to
discuss the convergence properties of this series, let us briefly review the first
order equations from a different viewpoint. It is readily seen that one can write
the total energy to order ¢*, which we denote by E,[n], as:

r d3r/ n(r)n(rl)

Ir—r'l
= (DHID,) (321)

2
Ey[n] = T,[n] + Jd3r n(r)v(r) + % Jd3 + &E,[n]

This is just the expectation value of the true Hamiltonian H of the system with
the Kohn—Sham wavefunction |®,). Because of the 1—1-correspondence
between the density n and the potential v, we can also regard E, as a
functional of the potential v, i.e.,

E[v,] = (D,[v,IHID[v,]) (322)

We may now try to find an approximation to the true total energy of the system
by choosing a local potential v, that minimizes the energy expression E;[v].
This means that we have to solve the variational equation

0— OF :i J &y OE v
k=1

= ) Seur) orym) O (523)

If one works out this expression one obtains equations that are identical to
equations (316) and (317). These equations were first derived by Talman and
Shadwick [45]. Since in our procedure we optimized the energy of a Slater
determinant wavefunction under the constraint that the orbitals in the Slater
determinant come from a local potential, the method is also known as the
optimized potential method (OPM). We have therefore obtained the result that
the OPM and the expansion to order ¢*> are equivalent procedures. The OPM
has many similarities to the Hartree—Fock approach. Within the Hartree—Fock
approximation one minimizes the energy of a Slater determinant wavefunction
under the constraint that the orbitals are orthonormal. One then obtains one-
particle equations for the orbitals that contain a nonlocal potential. Within the
OPM, on the other hand, one adds the additional requirement that the orbitals
must satisfy single-particle equations with a local potential. Due to this
constraint the OPM total energy E; will in general be higher than the Hartree—
Fock energy Eyp, i.e., E; = Exqp. We refer to Refs. [46,47] for an application of
the OPM method for molecules.

We finally make some comments on the calculation of functional derivatives in
this section. We stress this point since careless use of the chain rule for
differentiation has led to wrong results in the literature [48]. As an example we
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consider the exchange functional E,. When we regard this functional as an explicit
functional of the orbitals then the functional derivative with respect to ¢, is given by

( SEX ) — st quz (r)(pt(r) k( ) (324)
8()Dk(r) e

where we used the subindex e to indicate that we regard the functional as an explicit
orbital functional. This functional derivative represents the change in E, due to a
change d¢; in orbital ¢, while keeping all other orbitals fixed. Moreover, we regard
¢ and ¢; as independent variables. If we regard E, as a density functional we must
require that all orbitals are eigenfunctions of a noninteracting Hamiltonian with a
local potential v,. It is clear that we can we can never find a change dv, in a local
potential that induces a change in only one orbital, while keeping the other orbitals
fixed. If a potential changes one orbital ¢; to ¢, + d¢; then all other orbitals will
change too. The change in E, regarded as a functional of v, is then given by the
functional derivative

/ 8Ex 8()Dk(rl)
-2 J (3<Pk(r’) )e v (r)

k=1
s BE. '\ d¢i(r)
" Z .[d (8¢Z(r’) )e dvy(r) (325)

We see that in this case the explicit orbital derivatives only occur in the sum in
which all the orbital changes must be taken into account. We may also introduce an
implicit derivative (3E, /d¢y);, which can be given the meaning of giving the change
in E, if we know that there is a potential change &v, that changes ¢, to ¢, + d¢y.
This implicit orbital derivative, which we denote by subindex i is expressed in terms
of the explicit orbital derivatives as follows:

8Ex u 3.7 BEX 8()Di(rl)
= d
( Ser(r) )i ; J ' ( Sei(r) ) Beu(r)

N SE Sl (r)
+3 | a2 : 326
2 J ' ( 3¢} (x') ) 5, (r) (320)

8Vs(l‘)

The derivatives 8¢;/d¢; appear now to take into account that, if orbital ¢, changes
to ¢ + 8¢, by some potential change dv, then the other orbitals ¢; change to
¢; + d¢;. By using the implicit orbital derivative we regard E, as a functional of the
potential, or equivalently of the density, and we can therefore use the chain rule

BE, \ [ ., OF (8n(r’)>_ J o (8n<r’>)
=|d =1|d 327
(Bcpk(r))i J T \sem ) 1 N S ), G
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In this equation (3n/8¢;); is also an implicit derivative given by:
Sna“)) S J 3 { s dei(r) , 3 ()
=3 [@r|ew 2 e | )
( dep(r) /i ; B¢y (r) 3y (r)

which should be compared to the explicit derivative

( dn(r")
By (r)

for k = 1,...,N. We stress that equation (327) is only true when using the implicit
derivatives. If in equation (327) we replace the implicit derivatives by the explicit
ones of equation (324) and equation (329) we obtain a result that is wrong. As
pointed out this is due to the fact that a change in just one orbital cannot be induced
by a change in a local potential which in density functional theory is in 1-1-
correspondence with the density. Most of the confusion can be avoided by regarding
all functionals as functionals of the potential v, and by calculating the change in the
functionals by means of perturbation theory. In this way one can avoid use of the
implicit orbital derivatives as in equation (326).

Let us finally come back to the question of convergence of the perturbation series.
The perturbation series presented in this section is very similar to Mgller—Plesset
perturbation theory starting from the Hartree—Fock approximation. For the Mgller—
Plesset perturbation theory it is known that it is in general divergent [49-51].
However, it is well known that when carried out to low orders this perturbation
theory gives reasonable answers. The Mgller—Plesset perturbation series has
therefore all the features of an asymptotic series [52]. Since the perturbation series in
this section is very similar to the Mgller—Plesset series it will in general also
diverge. This has indeed been found in a perturbation theory on the basis of some
approximate Kohn—Sham Hamiltonians [53]. Nevertheless, it has been found for the
method presented in this section that low orders in perturbation theory give good
results [54] and we conclude that our series give at least an asymptotic expansion for
the exchange—correlation energy and potential.

) — ) (329)

18. OUTLOOK AND CONCLUSIONS

In this work we have given on overview of the mathematical foundations of
stationary density functional theory. We discussed in great detail the question of
differentiability of the functionals and showed that the Kohn—Sham theory can be
put on a solid basis for all practical purposes, since the set of noninteracting E-V-
densities is dense in the set of interacting E-V-densities. The question whether these
two sets are in fact identical is still an open question. We further discussed two
systematic approaches for the construction of the exchange—correlation functional
and potential. What can we say about future developments within density functional
theory? There have been many extensions of density functional theory involving
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spins, relativistic effects, temperature, superconductivity, and time-dependent
phenomena. The last few years we have, for instance, seen many applications of
response properties, rather than ground state properties, using time-dependent
density functional theory. For these extended density functional theories it is, of
course, more difficult to provide a rigorous theoretical basis. This is, however, not
particular to density functional theory, but applies to any method that deals with
many-body systems, especially if one is interested in phenomena like supercon-
ductivity or interactions with laser fields. Nevertheless, also for these complicated
cases simple density functionals have provided encouraging results although there is
still a clear need for more accurate density functionals. In view of the success of
density functional theory for ground state calculations it seems worthwhile to
explore these new areas.
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Abstract

The differentiability of different functionals used in density-functional theory (DFT) is
investigated, and it is shown that the so-called Levy-Lieb functional Fij[p] and the
Lieb functional Fi [p] are Gateaux differentiable at pure-state v-representable and ensemble
v-representable densities, respectively. The conditions for the Fréchet differentiability of these
functionals are also discussed. The Gateaux differentiability of the Lieb functional has been
demonstrated by Englisch and Englisch (Phys. Stat. Solidi 123, 711 and 124, 373 (1984)), but
the differentiability of the Levy—Lieb functional has not been shown before.
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1. INTRODUCTION

The differentiability of density functionals is of fundamental importance in density-
functional theory (DFT) and forms the basis for models of Kohn—Sham type [1,2].
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In standard DFT an energy functional, E[p], is minimized under the constraint that
the density p(r) is normalized to the number of electrons, which requires that the
functional is differentiable with respect to the density at the minimum. In the Kohn—
Sham model, an interacting system is simulated by a system of noninteracting
electrons moving in a local potential, which requires that the derivative of the
functionals involved can be represented by a local function.

The locality of density-functional derivatives has been a controversial issue for
some time. It was demonstrated almost 20 years ago by Englisch and Englisch [3,4],
based upon works of Lieb [5], that a very large class of functionals is (Gateaux)
differentiable with the derivative in the form of a local function. This result has been
challenged by Nesbet [6—9], who in a series of papers claims that the energy-
functional derivative cannot be represented by a local potential even for a
noninteracting system with more than two electrons. In a recent Comment to the
Physical Review [10] we claim that the results of Nesbet are incorrect. There we have
demonstrated in a simple way that such a derivative does exist for noninteracting
systems in general—in accordance with the more general results of Englisch and
Englisch—and, in addition, pointed out where we believe the mistake of Nesbet has
been made. In the present work, we shall extend our treatment in the Comment to
systems of interacting electrons and with a ground state that can also be degenerate.

Englisch and Englisch [3,4] have demonstrated the Gateaux differentiability of
the so-called Lieb functional, F| [p], utilizing the convexity of the functional. The
question of the differentiability of the so-called Levy—Lieb functional, Fj;[p],
which is not necessarily convex, is left open in their work. The general situation
concerning the differentiability of density functionals has been reviewed by van
Leeuwen in this volume [11], confirming the results of Englisch and Englisch. In the
present work we shall show that Fy [p] and Fyj[p] functionals are both Gateaux
differentiable at pure-state-v-(PS-v) and ensemble-v-(E-v) representable densities,
respectively. We shall also discuss the conditions for the Fréchet differentiability of
these functionals and show that the possible difference between the Gateaux and
Fréchet differentiability is quite subtle.

2. GENERAL CONCEPTS
2.1. The space of wavefunctions and densities

We consider a system of N interacting electrons with the Hamiltonian (in Hartree
atomic units, i.e., m=e=h =4mweg = 1)

N N
o= Ty W V= ly2 i A
H=T+W+ V—Z Ly +KJZ:1 . +;v(r,) (1
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Here, T=3,; — 1V represents the kinetic energy, W= D.i<j 1/r; the interaction
between the electrons and V= > v(r;) the external (usually nuclear) field. The
wavefunctions are assumed to be normalizable (but not necessarily normahzed)

J’dr] J’drz“'Jdl‘N'q}(r],rz"'rN)'z < 00 (2)
The electron density is defined as the diagonal of the first-order density matrix,
p(r)::pvJ"drzjadr3--~J~drN|q«r,r2~-rN)F 3)

and we shall use this definition also for wavefunctions that are not normalized.
Integration of the density then leads to

J'dr p(r) = N(VIVP) 4)

which shows that normalizing the density to N, automatically implies that the
wavefunction is normalized to unity. Regardless of the normalization, we have the
relation

<MM@=memﬂ) (5)

We shall also restrict the space of wavefunctions to those with finite kinetic
energy, which implies that

Z Jdrl Jdrz- ~-JdrN|Vi1[’(r1,r2~ )t < 0 (6)

The wavefunctions then belong to the Sobolev space H'(R*M)?. The densities
corresponding to these wavefunctions form the space

S={plp=0. pEH®R) (7

which is a subset of the intersection of the L' and L3 spaces, S C X = L'NL[5,11].
All densities in S can be generated by at least one function in H'(R*"). The S space
has the property of being convex, which implies that if p;, p, € S, then also Ap; +
(1= A)p, € Swith A € [0, 1].

For future reference we shall define the concept of pure-state v-representable
(PS-v-representable) densities, being the densities corresponding to a single ground-
state wavefunction of a Hamiltonian (1) with the potential v, which is in the dual

! The integrals are generally assumed to be of Lebesgue type and normally include a sum over spin
coordinates.

2 Some of the topological concepts used here are defined in the Appendix. See also the review article by
van Leeuwen in this volume [11], where some of these concepts are further discussed.
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space of X, i.e.,vE X" =L* + L3/? [5,12,11]. The ground state can be degenerate
or nondegenerate.

2.2. The Hohenberg—Kohn theorems

According to the Hohenberg—Kohn (HK) theorems [1], the ground-state energy (E,)
of an electronic system (1) is a functional of the ground-state density (py),

Ey = Eyk[po] (3)
and the ground-state energy is obtained by minimizing the energy functional
Ey = min Eyk[p] C))

over the set of v-representable normalized densities.
The energy functional can in the HK model be expressed

Euclpol = Fuxlpo] + Jdr po(TV(r) (10)

where
Fuxlpol = (VT + Wlw) (11)

is the universal HK functional, which is independent of the external potential v(r).

Originally, the HK theorem was derived only for nondegenerate ground states,
and the densities were restricted to v-representable densities of such states. Later it
has been shown that the theorems hold also if the ground-state is degenerate. p, can
then be any of the ground-state densities and ¥, any ground-state wavefunction
yielding this density [12].

2.3. The minimization process

Often the variation of a functional F[p] at a density p, due to a small density change
Op can be expressed in the form

8F(po, 8p) = Flpy + 6p] — Flpo]

dp(r)

Then we refer to (8F[p]/p(r)),—,, as the functional derivative at the density py.
There are different definitions of this concept, as we shall discuss in the next section.
If the functional has an extremum (maximum or minimum) at the density p,, then the
functional derivative will vanish in that point.

In order to be able to perform the minimization, using standard variational
principles, it is necessary that we can make arbitrarily small variations of the density.

oF
= Jdr( Lol ) op(r) + higher order terms. (12)
P=Po
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With the densities restricted by the v-representability condition, this is not necessarily
the case, and standard procedures cannot be generally applied. Therefore, in order to
find workable forms of the theory, the definition of the functionals has to be
generalized to a larger group of densities. This will be discussed in Section 4.

We have assumed here that the variations are performed within the domain of
normalized densities. Alternatively, the minimization can be performed using the
Euler—Lagrange procedure. Then the densities are allowed to vary also outside the
normalization domain. This we shall do by relaxing the normalization constraint
of the wavefunctions and by using the definition (3) of the density also in the
extended domain. The normalization constraint is enforced by means of a Lagrange
multiplier (u),

o(Flpol — u [ ar p0)) = 0 (13)
which leads to the Euler equation
oF[pl )
—u=0 14
( () )y - (1

The extension of the functionals into the domain of unnormalized densities can be
made in different ways, and the value of the Lagrange multiplier will depend on the
way this is done. The process is not trivial, however, as we shall demonstrate below.
Certain rules have to be followed in making such an extension (c.f., for instance,
analytical continuation in function analysis). The expression must above all fulfill
the conditions for a functional in the extended region, which, among other things,
implies that it has to be uniquely defined—a certain density must always lead to a
unique value of the functional.

2.4. Comments on the treatment of Nesbet

At this point we want to make a brief comment upon the approach of Nesbet,
reviewed in another article of this volume [9]. Nesbet’s main conclusion is that one
of the main fundaments of DFT, the so-called locality hypothesis—the assumption
that the derivative of the density functionals can be expressed in the form of
multiplicative local function—is not generally valid. As we have pointed out in a
separate Comment to the Physical Review [10], we believe that the arguments of
Nesbet are incorrect and that the mistake is connected to the above-mentioned
question of extending the functionals into the domain of unnormalized densities.
We summarize our main arguments here and refer to our Comment for further
details.

Nesbet considers a system of N noninteracting electrons with a nondegenerate
ground state and with the wavefunctions in the form of Slater determinants
d=1/ JVN!Det{,, d,,...}. Restricting ourselves here to a two-electron system,



100 Ingvar Lindgren and Sten Salomonson

the kinetic energy is then given by the orbital functional

Tyl ¢l = (PITID) = (¢, [111) + (¢, [1lr) (15)
with = — %Vz and the density by
pr) = 1y () + 1hy () (16)
Differentiating the expression (15), yields the orbital derivative
% = iy() = (&; — V) (T) (7)

using the orbital equation
( +v(0)$i(r) = &;i(r)
Considering the kinetic energy (15) also as a density functional,

Tl 1, $o] = T [pl 1, br] (18)

Nesbet applies the chain rule and obtains

8T [pli, $o1] _ ST[pl Sp(r) _ ST.[p]

— = : 19
s opm) s | o (19

Identification then leads to an orbital-dependent derivative
Z;([rp)] $i(r) = (i — (1)) i(r) (20)

which Nesbet interprets so that the locality hypothesis is not valid if the system
contains different orbital energy eigenvalues.

As we have pointed out in our Comment [10], the expression (15) is in
combination with the density expression (16) not a density functional outside the
normalization domain. Therefore, the identity (18) is not generally valid and the
chain rule cannot be used in the way Nesbet does. If the variations are restricted to
the normalization domain, then the constant term (orbital eigenvalue) disappears,
and the locality hypothesis is restored.

Another approach is to modify the kinetic-energy expression so that it will be a
density functional also in the unnormalized domain. This we have performed in our
Comment by defining the density according to equation (3)

pr) = 1y (1) + 1)1 1) 21)
and the kinetic energy similarly by

Tl 1, ol = (DIT|B) = (1 [111) (bol o) + (ol o) (i ldby)  (22)

(Here we relaxed the normalization constraint of the orbitals but maintained the
orthogonality constraint.) Then we have shown that the kinetic energy is in fact a
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density as well as an orbital functional in the close neighborhood of the ground-state
density, and hence the relation (18) is valid in that neighborhood. Direct derivation
now yields the orbital derivative

o7, n A
PRI ) + (18110
1
= [(e1 = v Bahr) + (drley — vl [n 1) (23)
and application of the chain rule

ST [pld1. &21] _ [ av 20 3p(r)
54}(r) 5p(r') 563 (r)

[ 8T [p]
op(r)

(baldho) + (¢>2

¢2>]¢1 (r) (24)

Identification then yields
oTilp] & +e&

dp(ry 2

—v(r) (25)

which is orbital independent and in the form of a multiplicative local potential, and
again the locality hypothesis is restored.

This demonstrates the importance of extending the functionals into the domain
of unnormalized densities in a proper way in applying the Euler—Lagrange
procedure.

3. FUNCTIONAL DERIVATIVES

The functional derivative is a particular important concept in DFT, and we shall here
investigate that in some detail. Two forms of functional derivatives are here of
interest, the Gdteaux derivative and the Fréchet derivative.

3.1. Gateaux derivative

We consider a functional f : M — R, which is a mapping of a normed space (M) on
the space of real numbers (R). If at some point x, € M there exists a mapping
df (xg,-) : M — R such that

Wtz =ty T+ N0 =5

A

then df (xy, k) is the Gateaux differential at the point x, in the direction 4 ([13], p. 46),
([14], p. 448). An equivalent definition is

J(xo 4 h) = f(xo) + df (xo, h) + w(x, h) 27)

(26)
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where
_ w(xg, AD)
lim ——— =

A—0 A

The Gateaux differential is also termed the weak differential ([15], p. 293).
In principle, this mapping need neither be linear nor continuous, but we shall follow
the convention ([11], equation 60) that

a functional is Gateaux differentiable at a point x if and only if the mapping in

equation (26) is linear and continuous in h for all h at this point.

In applying the formalism to DFT, we express the variation of a density functional
F[p] at a density p, due to a density change 6p in the form (12)

OF (py, 0p) = Flpy + 8pl — Flpl = Jdr v([pol; 1)8p(r) + w(py, 8p) (29)

and the differential (26) then becomes

0 (28)

1
0f (p,. 5p) = Jdrv([Po]§ D) + lim < (py, A3p) (30)

This mapping is linear and continuous if (1) v([py]; r) is a single-valued bounded
function of r that may depend on the density p, but is independent of &p, and (2)

1 -
lim — (po, 48p) = 0 31)

[Note that a linear operator is continuous if and only if it is bounded ([16], p. 197,
213), ([14], p. 22).] We shall refer to the function above as the Gateaux derivative at
the density py ([11], Eq. 61)

oF[pl _ )
(5o ). =vtmEe (32)

A necessary condition for the Gateaux differentiability is also that the functional is
defined for py + Adp—for all A € [0, 1]—if it is defined for py and py + 8p. This is
the case if the functional is defined on a space that is convex, as the S space (7).
The form (30) represents a differential that is linear and continuous if the
conditions specified are fulfilled. A question relevant for the discussion of the
differentiability in Section 4, is if the differential of a differentiable functional
always can be written in this form. We believe that this can be answered positively.®

3 In order to show that this is at least plausible, we consider a discrete coordinate space,r =r;,i = 1--n
and 8p; = 8p(r;). A functional /[5p] then becomes a function of n variables, I[6p] — I(8py, ...6p,). If the
functional is linear, then

n
I3p1,...8p,) = 1(8p1.0,..) + 10, 8p2,0,..) - = > f;dp;
i=1
with /(0, ...0, 8p;, 0, ...) = f;0p;. In the limit, this approaches an integral,
1851 = (Bpy....50) = 3" fidp, — [ drf®)3p(r
i=1

If the functional is continuous, then all f; must be finite and the function f(r) bounded.
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3.2. Fréchet derivative

Another form of functional differential is the Fréchet differential, also termed the
strong differential, which can be defined as follows ([13], p. 37), ([14], p. 451). With
M being a subset of a Banach space E with the norm |-, the function f : M — R is
Freéchet differentiable at a point x, € M, if there exists a continuous and linear
operator, L(-) : E— R, such that (1)

Sxo +h) — fxo) = L) + w(xg, h) (33)
forall h € E and xy +h € M and (2) w(xy,0) = 0 and
Q)(XO, h)
=0 34
o Tl (34)

The function L(h) is the Fréchet differential at the point x in the direction %, and the
operator L(-) is sometimes termed the Fréchet derivative at x,. Here, however, we
shall reserve the term Fréchet derivative to a function equivalent to the Géateaux
derivative (32). Fréchet differentiability is a stronger requirement than that of
Gateaux differentiability, but—with the interpretations we make—the difference is
quite subtle.

3.3. Comparison between Fréchet and Gateaux differentiabilities

It can be shown that if a Gateaux derivative exists in a neighborhood of the point
Xg, i.e., at all points Ilx — xoll < 8, and is (uniformly) continuous in x in this
neighborhood, then the functional is Fréchet differentiable at the point x, ([13],
p. 47), ([15], p. 295). [For a linear mapping the concepts of ‘continuity’ and
‘uniform continuity’ are equivalent ([14], p. 23).] In this case there exists a & for
each ¢ so that the difference between the Gateaux derivatives at the points x, and x
is less than & for all x with Ilx — x,ll < 8. Therefore, a functional that is Gateaux but
not Fréchet differentiable at a point x, must have some kind of discontinuity at this
point.

In order to demonstrate the difference further, we shall assume that the functional
is Gateaux differentiable and then find out what the additional requirement is to
make it Fréchet differentiable. If we make the replacement 7 — Ak and set llAll = 1,
the expression (34) becomes

(,U()C(), /\h)
m— =

A—0 A 0 (35)

or formally identical to the corresponding condition (28) in the Gateaux case.
The difference is that in the Gateaux case it is sufficient that this relation is satisfied
for each individual value of & separately, while in the Fréchet case the relation must



104 Ingvar Lindgren and Sten Salomonson

be fulfilled for the entire neighborhood. In other words, the limit must in the Fréchet
case be uniform, implying that for each value of 6 > 0 there exists a A > 0, so that

|(,U(.X(), )\h)l

y <& forallh (36)

If we assume that w(xy, Ah) = C (h))\z7 where C(h) is a number that depends on /4, then
the condition for Gateaux differentiability is that C(h) is finite, while for Fréchet
differentiability it is has to be bounded, implying that there exists a number D < oo,
such that C(h) < D for all . This implies that also w(x,, &) must be bounded within
the neighborhood lIhll < e. Thus, if the functional is not Fréchet differentiable, this
term is unbounded in any neighborhood of x;, which indicates some kind of
singularity.

Fréchet differentiability is obviously a stronger condition than Giteaux
differentiability. Therefore, if a functional is Fréchet differentiable, it is also
Gateaux differentiable, and the Fréchet and the Gateaux derivatives are identical.

4. APPLICATION TO DENSITY FUNCTIONALS

As mentioned, in order to be able to apply the variational principle in DFT, it is
necessary to extend the definition of the functionals beyond the domain of
v-representable densities, and the standard procedure is here to apply the Levy
constrained-search procedure [17]. This has led to the functionals known as the
Levy-Lieb (F [p]) and Lieb (Fy [p]) functionals, respectively, and we shall now
investigate the differentiability of these functionals. This will represent the main part
of our paper.

4.1. The Levy-Lieb functional

We consider a general electronic system with the Hamiltonian (1)
H=T4+W+V (37)

with a ground-state energy E, that can be degenerate. By applying the constrained-
search procedure to the HK functional (11), Levy [17] and Lieb [5] have defined the
functional

Fiilpl = inf (WIT 4+ W) (38)
—p
referred to as the Levy—Lieb functional. Here, ¥ is any normalized wavefunction

in the Sobolev space H'(R*M) [equation (6)] that generates the density p(r).
This extends the definition of the HK functional to all densities of the space S.
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The energy functional (10) is generalized accordingly,
Eylpl = Frolpl + Jdr p(r) v(r) (39)

Here, we shall extend these definitions further by relaxing the normalization
restriction of the wavefunctions and densities by using the definition of the density
(3) also outside the normalization domain.

Within the normalization domain the energy functional (39) has its minimum
equal to the exact ground-state energy E, of the system, when the density is equal to
any of the exact ground-state densities p,,

E, = min Eyy [p] = EpL[p,] (40)
pES

We shall now investigate the differentiability of the Levy—Lieb functional (38), and
in doing so we shall largely follow the arguments of our recent Comment to the work
of Nesbet [10], extended to the more general situation.

With the normalization constraint, any ground-state wavefunction V¥, of I:IV
minimizes { WIH,| W) according to the variational principle of quantum mechanics.
Hence, any ground-state wavefunction, corresponding to a particular ground-state
density p,, also minimizes this quantity when the variation is restricted to that
density. In such a restricted variation the potential contribution (5) is constant, and it
then follows that also (WI7 + WI¥) is minimized, or

Fiilp,) = (WIT+ Wlw,) (41)

We then have, using equations (4) and (5),
Fulpd = (BIE, - Ve = (o —vo)om @

In order to find the differential of the functional (38) at a ground-state density, p,, we
make a small change in the density around that density, p = p, + 6p, and investigate
the corresponding change of the functional

oF 1 (py, 8p) = Frilp, + 8p]l — FioLlp)]

= inf (VIT+ WI¥) — Jdr(% - v(r))pv(r) (43)

Y—p,+0p

We write the minimizing wavefunction as V= ¥, + 6% with ¥, being a
normalized ground-state wave function, corresponding to the density p,. We do not
assume that §¥ has to be ‘small’, and we also leave the question of normalization of
W open.
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Generally, we have

(WIT+ WIW) =(WIA, — VW) = (VAP — Jdr v(r) p(r) (44)
and

(VIH| W) = E{WIW) + (¥, + 6WIH, — E,|¥, + 6¥)
= EWIW) + (6WIH, — E,15W) (45)

This yields

(WIT+ WIW) = (WA, — VIP)

= Jdr(% - v(r))p(r) +(8WIH, — E,|16W) (46)

and with the definition (38)

E,
Fualp,+ o1 = [ ar( = () (o) + 3piw)

+ W_{g&ép(ﬁ‘l’l% — EI|8W) 47

The variation (43) now becomes, using equation (42),

E
SF 11 (py 89) = Fiulpy + 801 — Fulpy] = Jdr(ﬁv - v<r>)8p<r>

inf VIH — E|s¥
oyt |, OVIH, — E[5%) (48)

This is of the form (29), with the potential v(r) € L* + L3/ being finite. Therefore,
the functional is Gateaux differentiable, if the last term

w(p,,0p) = inf (8VIH, — E,|18W) (49)

' +6W—p,+8p

vanishes faster than dp or

im — inf (8WIH, — E,I6¥)=0 (50)
A=0 A W, 4-8W—p,+A8p
for all p.

We know that the kinetic energy is finite with the wavefunctions of the space we
consider [equation (6)], and since the electrostatic energy is finite and the potential
energy can be expected to be finite, it follows that the matrix element in equation
(50) is finite. Then we can show the differentiability by scaling.

We consider one specific wavefunction ¥, + 8V, that yields a particular density
p, + 6p. We know that all densities in the S space (7) can be generated by at least
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one wavefunction in our space. We then scale the wavefunction increment by
A€ [0,1],ie., ¥, — ¥, + A6V}, which generates the density change

Adp; + A28py = A8p (51)
With the scaled wavefunction we have
o1 o
}Ll_lll(l) X<A81P§p|Hv - EV‘A81P3P> =0
which means that

lim — inf (6WIH, — E |18W) =0 (52)
A0 A W, 4-6W—p,+A80

The infimum in equation (52) is searched over the density p, + Adp/, which is not
identical to the density p, + Adp of equation (50). For that reason we consider
instead of equation (48) the variation

SFLL(pv, )\SPI) = FLL[pv + )\SP/] - FLL[pv]

E
- Jdr(ﬁv = v(r))mp’<r> +alp, A8 (53)
where
L, A8p) = inf SWIH, — E,|6W
w(p,, Adp') o™ s d< )

vanishes faster than A in view of equation (52). The expression (53) can be rewritten
as

SFLL(py, A8p) E, / w(py; A8p)
S = Jdr(W v(r))5p () + = (54)

where the last term goes to zero as A — 0. This leads to

S5FL 1 (p,, A&/ E,
lim # - Jdr(W - v(r))ap](r) (55)

The r.h.s of equation (55) is continuous with respect to changes in 8p/, which we can
show by replacing 8/ in equation (54) by 8p' + 8’/ and let 6°p/ — 0. Then the
corresponding change of the r.h.s. vanishes in the limit A — 0. Furthermore, the
various ‘paths’ 8p’ cover all possible densities, so that we can make infinitesimal
changes. By setting 6°p' = —A8p,, we then obtain

. 8FLL(pV7 /\Sp/) T 5FLL(pw /\5[)1)
lim ————= =1lim ——————

A—0 A A—0 A (56)
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and

SFy L (py, A E,
lim M - Jdr(ﬁ - v(r)) 8y (1) (57)

This is exactly the definition of the Gateaux differential (26) in the direction 8p,, and
hence we have

E
dF 1 (py Spy) = Jdr(ﬁ” - v(r>)8p1<r> (58)

This relation holds for any direction, which implies that the functional Fyp is
Gateaux differentiable with the Gdteaux derivative

oF LL[P] ) E,
Pl - v _ 59
( o) W(r) (59)

N
which is equivalent to a local multiplicative function.

Since E, is the ground-state energy, it follows that the expression (50) is
nonnegative. This implies that the functional is locally convex in the neighborhood
of the density p,. In the standard method for proving the differentiability the
convexity of the functional is used [5,4,11]. Since the Levy—Lieb functional is not
necessarily convex, this procedure does not work. The reason that in spite of this fact
it has been possible to demonstrate the differentiability here could be connected to
the fact that the functional is locally convex in the neighborhood of the points of
interest.

We have here made no assumption about the normalization of the wavefunction
or density. If the density is normalized, the integral over 6p vanishes,

J drép(r) = 0

and the derivative will be undetermined up to a constant. The constant in equation
(59) depends on the particular way the functional is extended into the unnormalized
domain and has no physical significance. This constant corresponds to the Lagrange
multiplier in the Euler equation (14), when the Euler—Lagrange procedure is used.

In the treatment here we have assumed that W, is a ground-state wavefunction of a
Hamiltonian HV corresponding to the ground-state density p,, but no further
assumption has been made. The results hold for nondegenerate as well as degenerate
ground states.

We can then conclude that the Levy—Lieb functional Fyy is Gateaux differentiable
at any PS-v-representable density and that the derivative can be represented by a
multiplicative local function.

If the density is not that of an eigenstate of a Hamiltonian #,—ground or excited
state—then the differential cannot be of the form (58), which we conclude will
exclude differentiability. On the other hand, we cannot from our analysis exclude the
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possibility that the functional is differentiable at a density due to an excited state of
some H,. This question, though, requires further study.

Having considered the Gateaux differentiability of Fy [p] at PS-v-representable
densities, we may now turn to the question of possible Fréchet differentiability at
these densities. The condition (34) is then

w(p,,8p)

lim =0 (60)

sp—0  lI8pll
with w(p,, 6p) given by equation (49). As discussed above, this requires that the
expression (49) is bounded in the neighborhood lI5pll < & as & — 0. The norm could
here be lI8pll; or I8pll; of the spaces L' and L, respectively.

Since the electrostatic energy is bounded and we can assume that the external
potential is such that the potential energy is bounded, it follows that the residual term
is bounded, if the kinetic energy is bounded. We have assumed that the kinetic
energy is finite [equation (6)], but this does not necessarily mean that it is bounded.
Generally, we cannot exclude the possibility that the kinetic energy is unbounded,
but it should be observed that it is the infimum that appears in the expression (49).
Therefore, a sufficient condition for the Fréchet differentiability is that for each
density in any neighborhood of the ground-state density p, there exists one
wavefunction that generates bounded kinetic energy. It seems clear that all densities
in the neighborhood of p, can be generated by functions close to the ground-state
function ¥,, generating the density p,.* On the other hand, it is possible to construct
a function, generating a density arbitrary close to p, with arbitrarily high kinetic
energy by adding a small rapidly oscillating component to the wavefunction. In such
a case the functional would not be Fréchet differentiable. From a DFT standpoint,
though, it seems that the possible difference between Gateaux and Fréchet
differentiability is of no practical importance.

4.2. The Lieb functional

In the degenerate case we can have a situation, where a linear combination of
ground-state densities is not necessarily itself a ground-state density. This has the
consequence that the HK [equation (11)] and the Levy-Lieb [equation (38)]
functionals are not necessarily convex, which for many applications is a
disadvantage. A convex functional can be constructed by considering ensemble-v-
representable (E-v-representable) densities [3,12,11]

P =D Mpu® X =0 >N =1 (61)
k k

4 This problem is closely related to the ‘Question 2°, raised by Lieb ([5], p. 247), which Lieb believes has
an affirmative answer, although a rigorous proof has not been found.
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which is a linear combination of ground-state densities p,; of the Hamiltonian H,
[equation (1)]. It can be shown that the HK theorems are essentially valid also for
such densities. The corresponding extended Hohenberg—Kohn functional (EHK) is
defined

Feuxlpe ) = E, — Jdrv(r)pEv(r) (62)

The ground-state energy then becomes ([11], Theorem 2)
£, = int {Fuclol + [ anwpm)] (©3)
pEB

where B is the space of all E-v-representable densities.
Using the constrained-search procedure, Lieb [5] has in analogy with the
Levy—Lieb functional (38) extended the EHK functional (10) to
Filpl= inf > MWWIT+ WY, 64
Lpl= it % (Wi i) (64)
where { V¥, } is any set of orthonormal eigenfunctions of some H, (not necessarily
degenerate) and A, has the same restrictions as in equation (61). This is usually
referred to as the Lieb functional. Both the functionals Fgyk and F| in equations (62)
and (64) are convex.
The energy functional corresponding to the functional F7 is

Ei[p] = EL[p] + Jdrv(r)p(r) = inf Y MWIT+ W+ Vv
T

which has its minimum, equal to the ground-state energy, when all ¥, are ground-
state eigenfunctions of H,. Therefore,

E, = minE, [p] = Ey [pg,] (65)
pES

where pg, (r) is according to equation (61) composed of any combination of ground-
state wavefunctions of the Hamiltonian H,.

We can now demonstrate the Gateaux differentiability of the Lieb functional (64)
for all E-v densities using the same procedure as in the previous section. We know
that the energy functional (65) has its lowest value when all functions belong to the
ground state. It then follows that the Lieb functional for an E-v density becomes

FL[pEv] = Z Ak<1pvk|f+ W' lI/vk> Akv 1ka — PEv (66)
k
which can be expressed

N N E
Fulps) = S0, — W0 = [ar( T v (@)
k
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In exactly the same way as in the previous case, it can then be shown that the
differential becomes

dFy(ppy: 8p) = D> M(BW, T+ W) + c.c.
k

= Z )\k<8q/vk|f1v - ‘A/‘ va> +c.c.
k
=E 8V, | W) +c.c. — Jdrv(r)ﬁp(r)
= Jdr(% - v(r)) op(T) (68)

This shows that the functional Fj [p] is Gateaux differentiable at any density gen-
erated by an ensemble of ground-state wave functions, i.e., at any E-v-representable
density,

OF[pl _E
( 5p(r) ),,_,,Ef Ny v 69

Using the same arguments as in the previous case, it seems that functionals of
physical interest are also Fréchet differentiable at the E-v-representable densities.

If the density in equation (64) is not E-v representable, i.e., cannot be expressed
as a linear combination of degenerate ground-state densities of any Hamiltonian,
H,, then the minimum cannot be represented by ground-state wavefunctions
only—at least one must belong to an excited state. If not all wavefunctions belong
to the same energy eigenvalue, then the differential cannot be written in the form
(68). Using the same arguments as in the previous case, this means that the
functional is not differentiable. If, on the other hand, all wavefunctions belong to
the same excited energy eigenvalue, our analysis does not at present exclude
differentiability. As in the previous case, however, this question requires further
study.

5. THE KOHN-SHAM MODEL

We shall now show how the formalism examined above can be used to derive the
standard Kohn—Sham scheme. We start by considering the Levy—Lieb energy
functional (39), which is minimized under the normalization constraint

E,=min Ey[p] = EyLlp,] (70)
pES

by varying the density in the space S [equation (7)].
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The minimization of Ej; [p], using equation (39), leads to
5Eulp]225{Fhlp]+x[dUXﬂV0?}=:0

and staying within the normalization domain to

OF; 1 [p] _ oF 1 [p]
op op

+ v(r) + constant = 0 (71)

The constant is here undetermined, due to the normalization constraint, j drp(r) = 0.
If the functional E; ; [p] is Gateaux (Fréchet) differentiable, then its Gateaux (Fréchet)
derivative will vanish at the minimum ([14], p. 460).

In the Kohn—Sham model [2] we consider a system of noninteracting electrons,
moving in a local potential vig(r),

N N
Hys =T+ Vs =D — IVi4+ D vgs(r) (72)
i=1 i=1
and the basic idea of the model is to determine the potential vgg(r) so that the
ground-state density of the noninteracting system becomes the same as that of the
interacting system we are considering. This requires that the density is
noninteracting v-representable, i.e., can be reproduced by the ground-state density
of a noninteracting system with a local potential. van Leeuwen has shown that this is
always possible with arbitrary accuracy [11].
Using the constrained search, the correspondence of the Levy—Lieb functional
(38) is for the noninteracting system the minimum of the kinetic energy,

Txs[pl = min(WITIW) (73)
Y—p

and the corresponding energy functional becomes
Exslp] = Tislpl + [ drp(oyis(@) (74)

The ground-state energy of the noninteracting system is obtained by minimizing this
energy functional under the normalization constraint,

E, = min Egs[p] (75)
pES

where the search is over the same set of densities as in the interacting case. This leads
to the equation

0Exslp] _ 8Tkslpl
op op

+ vks(r) + constant = 0 (76)
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The derivative exists here for densities that are PS-v representable for a non-
interacting system.

We now require that the solution of equation (76) should lead to the same ground-
state density as equation (71), which yields the condition for the potential vig,

OEy 1 [p] 8Txslpl

vgs(r) = s  op
SF, oT;
_ wlpl  8Tkslpl + w(r) + constant (77)
op op

If this potential is inserted in equation (76), we see that equation (71) is
automatically satisfied.
We can express Fip as

Fi1lp] = Txslpl + Ecoulp] + Exc[p] (78)

where the second term on the r.h.s. represents the Coulomb (Hartree) interaction
energy and the last term the exchange-correlation energy, including also the
(hopefully small) difference between the Tg and the kinetic-energy part of the Fj
functional. This leads to the Kohn—Sham potential

8EC0ul [P] 6Exc [P]
+
op op

Vis (1) = v(r) +

(79)

leaving out the undetermined constant term.

With the potential (79) the Kohn—Sham model (72) yields the same ground-state
density as the original problem, and inserting this density into the HK functional
(10) leads, in principle, to the ground-state energy. This is the basic Kohn—Sham
procedure.

Above we have assumed that the minimization is carried out within the domain of
normalized of densities. Alternatively, we can perform the minimization, using the
Euler—Lagrange procedure. Then we use the extension of the functionals valid also
outside the normalization domain and enforce the normalization constraint by a
Lagrange multiplier.” For the Levy—Lieb energy functional (70) this leads to

ofEuslpl — u [ ar pin)} =0 (80)
and to the Euler equation
OF
Plel ey = (81)
dp

5 As demonstrated in Section 2, the extension of the functionals into the unnormalized domain is
nontrivial.
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and, similarly, minimization of the KS energy functional to

oTkslpl
op

+ vgs(r) = u/ (82)

This yields

OFiLlpl  oTkslpl
op op

which is identical to the equation (77).

Instead of basing the treatment on the Levy—Lieb functional (38), the corres-
ponding result can be obtained by using the Lieb functional (64).

vks(r) = + v(r) + constant (83)

6. CONCLUSIONS

We have shown that the Lieb functional (69) is Gateaux differentiable at all
E-v-representable densities, which is consistent with the result of Englisch and
Englisch [3,4], who demonstrated the differentiability by using the convexity of the
functional. The same procedure is used by van Leeuwen [11]. This procedure cannot
be used for the Levy—Lieb functional, Fi; [p], which is not manifestly convex.
According to Englisch and Englisch, the differentiability of this functional is an
open question.

The procedure we have applied does not depend on the (global) convexity of the
functional, and we have been able to demonstrate the Gateaux differentiability of the
Levy-Lieb functional at all PS-v-representable densities, where this functional is
locally convex. It seems plausible that both these functionals are also Fréchet
differentiable at the same densities, although we have not been able to find a rigorous
proof.
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APPENDIX A
A. BASIC TOPOLOGICAL CONCEPTS

In this Appendix we shall define some notations and basic topological concepts,
which are needed in treating density functionals in a formal way. (We also refer to
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the article by van Leeuwen in this volume [11], where some of these concepts are
discussed in more detail.)

A.1. Notations

X,Y,... are sets with elements x,y, ...

x € X means that x is an element in the set X.

N is the set of nonnegative integers. R is the set of real numbers. C is the set of
complex numbers.

R" is the set of real n-dimensional vectors.

C" is the set of complex n-dimensional vectors.

A C X means that A is a subset of X.

A U B is the union of A and B. A N B is the intersection of A and B.

A= {x € X : P} means that A is the set of all elements x in X that satisfy the
condition P.

f : X — Y represents a function or operator, which means that f maps uniquely the
elements of X onto elements of Y.

A functional is a unique mapping f : X — R(C) of a function space on the space of
real (complex) numbers.

The set of arguments x € A for which the function f : A— B is defined is the
domain, and the set of results y € B which can be produced is the range.

(a,b) is the open interval {x € R :a < x < b}. [a, D] is the closed interval {x €
R:a=x=b}.

sup represents the supremum, the least upper bound of a set

inf represents the infimum, the largest lower bound of a set.

A.2. Vector spaces

A real (complex) vector space or function space X is an infinite set of elements, x,
referred to as points or vectors, which is closed under addition, x +y = z € X, and
under multiplication by a real (complex) number ¢, cx =y € X. The continuous
functions f(x) on the interval x € [a,b] form a vector space, also with some
boundary conditions, like f(a) = f(b) = 0.

A subset of X is a subspace of X if it fulfills the criteria for a vector space.

A norm of a vector space X is a function p : X — [0, co] with the properties (1)
p(Ax) = lAlp(x), (2) p(x +y) = p(x) + p(y) for all real A(A € R) and all x,y € X,
and (3) that p(x) = 0 always implies x = 0. The norm is written p(x) = llxll. We then
have llAxll = Al and x4+ yll < Ikl +llyll and lIxll =0 = x=0. If the last
condition is not fulfilled, it is a seminorm.

A vector space with a norm for all its elements is a normed space, denoted
(X, ). The continuous functions, f(x), on the interval [a,b] form a normed
space by defining a norm, for instance, llfll = [ [ dzlf(1)]*]'/2. By means of the
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Cauchy—Schwartz inequality, it can be shown that this satisfies the criteria for
a norm ([16], p. 93).

If f is a function f : A— Y and A C X, then f is defined in the neighborhood of
Xo € X, if there is an € > 0 such that the entire sphere {x € X : Ik — x(ll < €
belongs to A ([16], p. 309).

A function/operator f : X — Y is bounded, if there exists a number C such that

IIfxll]:C<oo

O#xEXI: Il

Then C = llfll is the norm of f. Thus, llfxll < Ilfll llxll.

A function f is continuous at the point x, € X, if for every é > 0 there exists an
€ > 0 such that for every member of the zset x : llx — x,ll < e we have llfx — fill =
6 ([16], p. 139). This can also be expressed so that f is continuous at the point x, if
and only if fx — fx, whenever x,, — x,, {x, } being a sequence in X, meaning that fx,
converges to fx,, if x converges to x, ([18], p. 70).

A linear function/operator is continuous if and only if it is bounded ([16], p. 197,
213 and [14], p. 22).

A functional f : X — R is convex if

Jflx+ @ = Dy) = tf(x) + (¢ = Df ()

forallx,y € Xand ¢t € (0, 1).

A subset A C X is open, if for every x € A there exists an € > 0 such that the
entire ball B,(x) = {y € X| lly — xll < €} belongs to A, i.e., B,(x) C A ([13], p. 363;
[16], p. 98; [18], p. 57).

A sequence {x,}, where n is an integer (n € N), is an infinite numbered list of
elements in a set or a space. A subsequence is a sequence, which is a part of a
sequence.

A sequence {x, € A} is (strongly) convergent towards x € A, if and only if for
every € > 0 there exists an N such that llx, — xll < e foralln > N ([16], p. 95, 348).

A sequence is called a Cauchy sequence if and only if for every € > 0 there exists
an N such that llx, — x,,/l < € for all m,n > N.If a sequence {x, } is convergent, then
it follows that for n,m > N

lx,, — x,l = l(x, — 2) + (x — x, ) < lbx,, — &l + lx,, — xll < 2€

which means that a convergent sequence is always a Cauchy sequence. The opposite
is not necessarily true, since the point of convergence need not be an element of X
([19], p. 44).

A normed space in which every Cauchy sequence converges (to a point in the
space) is said to be complete and termed a Banach space.

A subset A of a normed space is termed compact, if every infinite sequence
of elements in A has a subsequence, which converges to an element in A. The closed
interval [0, 1] is an example of a compact set, while the open interval (0, 1)
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is noncompact, since the sequence 1, 1/2, 1/3... and all of its subsequences converge
to 0, which lies outside the set ([18], p. 149). This sequence satisfies the Cauchy
convergence criteria but not the (strong) convergence criteria.

L? represents the Banach space with the norm [[f ()l = [ [ dx|f(x)l” ]1/ P < 00 [13].

A dual space or adjoint space of a vector space X, denoted X", is the space of all
functions on X.

An inner or scalar product in a vector space X is a function (-, -) : X X X — R with
the properties (1)

6 Ay Aya) = Ax, yp) + Aadx, o), ) =G, x)

for all x,y,y;,y, € X and all A; € R, and (2) (x,x) =0 only if x = 0. A Banach
space with the norm x — llxll = +/{x, x) is called a Hilbert space ([13], p. 364).

A Sobolev space H™(R?V) is the space of all functions which together with their
partial derivatives up to order m are square integrable in the space R*" | i.e., belong
to the space L2 ([14], p. 97).
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Perspectives
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Abstract
A general theme of this survey is the electronic density as a source and carrier of the
information about molecular structure and reactivity. First, the classical rules of the electronic
structure and chemical reactivity are reexamined, stressing the continuity of ideas in
chemistry and exposing the interrelations between their original, mostly intuitive basis, and
more rigorous foundations within the Density Functional Theory (DFT). The conceptual
advantages of the DFT approach are stressed and a distinction is made between changes in the
ground-state density (‘horizontal’ displacements) and in a division of the fixed molecular
density (‘vertical’ displacements). The molecular charge sensitivities for the global
equilibrium (of the mutually open subsystems) and the constrained equilibrium (of the
mutually closed subsystems) are summarized and expressed in terms of the principal second
derivatives of the system energy. The DFT treatment of a wide variety of molecular responses,
to be eventually used as reactivity indices, is briefly surveyed. A wealth of reactivity concepts
originating from the DFT rooted charge sensitivity analysis is reviewed, including both the
electronic and external potential related quantities. This overview also covers general criteria
for the equilibrium distribution of electrons in molecular systems and their fragments, explicit
relations between alternative sets of the conjugate state-parameters, reflecting the
transformations between displacements (perturbations) of the controlled state variables
into the equilibrium linear responses of their respective energy conjugates, and the DFT
characterization of the embedded molecular fragments, e.g., atoms-in-molecules, reactants,
etc. Recent developments in a ‘thermodynamic’-like approach to molecules and their
constituent fragments are then summarized, with the entropic representation description
provided by the information theory, and the elements of the ‘communication’ system
approach to the chemical bond multiplicities. In particular, the Hirshfeld partitioning of
molecular one-electron densities (probabilities) is summarized and its minimum entropy
deficiency basis is stressed. The same entropic principle can be used to derive the
‘stockholder’ rule of dividing the joint many-electron probabilities and the local softness
(Fukui function) characteristics of the electronic gas in the molecular/reactive systems and
their constituent fragments. For example, the proportionality relations between the charge
responses of subsystems in the molecular/reactive system and their ‘promolecular’ reference,
respectively, directly follow from the relevant minimum entropy deficiency principles
formulated in terms of the local softness or Fukui function descriptors of molecular fragments.
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The charge sensitivities of the Hirshfeld fragments are examined and the surprisal analysis of
molecular densities is advocated as an attractive interpretative tool, supplementary to the
familiar density difference diagrams. The local equalization rules of the subsystem
information-distance densities at the corresponding global value, which are satisfied by the
Hirshfeld molecular fragments, are then emphasized. These local measures of the information
distance with respect to the separated subsystems of the relevant promolecular reference are
semi-quantitatively related to the molecular density difference function. The entropy
representation ‘forces’ driving the charge transfer (CT) between reactants in the donor—
acceptor systems are defined. These CT affinities combine the familiar Fukui functions of the
subsystems with the information-distance densities, i.e., the entropy representation ‘intensive’
conjugates of the subsystem electron densities (‘extensive’ local state variables), and exactly
vanish for the ‘stockholder’ densities of reactants.
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1. INTRODUCTION

The prediction of chemical reactivity presents a constant challenge to the chemist,
who desires to define optimum conditions for performing specific reactions. The
basic aim of the theories of reactivity is to find an explanation of the experimentally
or computationally determined course of a chemical reaction. Such theories have to
provide means of systematization, recognition of regularities, and rationalization of
the myriads of established facts, thereby disclosing the fundamental rules governing
chemical reactivity. The most general of them are formulated in terms of the
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appropriate variational principles or the most favorable matching rules for the
crucial physical properties of reactants (global or regional) uncovering a deeper
level of causality in a variety of reactivity phenomena. Investigations into the factors
responsible for the chemical behavior of molecules cover both the thermodynamic/
statistical and quantum—mechanical laws of a chemical change. For example, the
concept of activation energy in a bimolecular reaction is statistical in character, but
the actual value of this critical energy of reactants, required for the reactive outcome
of their collision, cannot be understood without the quantum-mechanical
description of changes in the electronic structure of reacting species.

The ultimate goal of theoretical chemistry is to predict and understand the
electronic structure of chemical compounds and their reactions, using the concepts
and techniques of both the molecular static and dynamical approaches. The basic
objective of the dynamical approach is to calculate the rates of chemical reactions
from first principles. Given a specific interaction potential for the nuclear motion in
a given system of reactants, one should in principle be able to obtain the
probabilities, cross sections, and rate constants for fundamental elementary reaction
processes by solving the quantum—mechanical equation of motion for the system.
This dynamical goal has so far been realized only for a very few, simple reactions
involving three or four atoms, due to the computationally immense task in the
complete determination of the electronically adiabatic Born—Oppenheimer (BO)
potential energy surface (PES) and in solving the Schrodinger equation for the
nuclear motion. Therefore, much of the understanding of chemical reaction
dynamics at a molecular level has come about by using a limited information about
the multidimensional PES, e.g., model PES reproducing the network of selected
ab initio points, approximate dynamical methods, e.g., the classical dynamics or
various statistical assumptions, as in the transition-state theory, where only the
information about geometries and frequencies at the transition-state complex is
needed to convert this limited information about the reactant interaction into the
measurable rate quantities.

In this review, we shall omit completely this very active research area, where the
experimental and theoretical techniques for probing reactive systems are becoming
more refined, mutually stimulating our deeper understanding of the detailed state-to-
state dynamics of elementary reactive collisions. We shall also leave aside all the
dynamical aspects of reactions in solutions, such as the influence of the diffusion
processes, frictional effects, and dielectric relaxation. Instead, we shall focus on
novel static principles governing the preferred course of a chemical reaction, and
models leading to predictions of relative rates of admissible reactions, which have
been established within the Density Functional Theory (DFT) of Kohn, Hohenberg,
and Sham ([1,2]; see also Ref. [3]), and related physical models, e.g., the charge
sensitivity analysis (CSA) of both molecular and reactive systems [4—13].

The present survey will examine selected elements of a conceptual basis of the
modern theory of electronic structure and chemical reactivity, originating from the
DFT and the Information Theory [14—19]. It will be argued that these two theoretic
approaches allow one to tackle more completely the main goals of a chemical theory
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of the electronic structure of molecules and their fragments, and to predict and/or
rationalize behavior of reactants in different chemical environments. It has been
recently shown [20-30] that the information-theoretic development is capable of
describing the results of rigorous calculations in terms of qualitative and semi-
quantitative models, which are close to chemical thinking and intuition, which uses
the concept of the infinite, overlapping atoms-in-molecules (AIM), embedded in the
intra- and inter-molecular potentials, which resemble the most their free (separated)
atom analogs. It appears that molecules have a good ‘memory’ about the constituent
separated atoms. Indeed, to a large extent they resemble free atoms which took part
in their formation. In other words, the chemical (bonded) atoms retain much of the
free atom individuality.

We shall also briefly elaborate on how to characterize the equilibrium states of
electrons in molecular and reactive systems subject to different constraints (fixed
state variables), and how to determine changes following displacements of the
relevant state parameters, modifying the intra-molecular or external environments.
An overview of the principal charge sensitivities, defining the alternative second-
order Taylor expansions of the system electronic energy and its relevant Legendre
transforms, will also be given. It demonstrates how naturally known aspects of a
chemical behavior appear in these DFT rooted expansions. The main objective of
this CSA development is to emphasize that the density-functional concepts are
especially suitable for chemistry. In particular, the advantages of DFT approach
when dealing with reactive systems will be demonstrated within the subsystem
resolved description. The recent successful applications of the CSA include the
classical problems of explicit transformations between molecular perturbations and
responses and the coupling between electronic and geometrical structure parameters
[4,5,7,8,12,31,32], as well as the charge sensitivities for open and closed molecular
systems [7,9,12] of demonstrated applicability in diagnosing trends of chemical
reactivity.

It has recently been demonstrated [20,26,33] that the information theory can be
successfully used to tackle the definition of AIM, at different stages of their
reconstruction in a molecular environment, exhibiting the least information distance
(entropy deficiency, missing information) relative to the corresponding free atoms of
the periodic table of elements, which determine the so called ‘promolecule’ of the
familiar density difference diagrams. The optimum information-theoretic AIM were
shown to be identical with the ‘stockholder’ atroms [34]. Such infinite (overlapping)
atoms immersed in the chemical environment of the molecule are natural
constituents and basic building units of molecules. This entropic definition
complements the rigorously defined concept of the ‘zero-flux’ (non-overlapping)
topological AIM of Bader [35], defined by the appropriate partitioning of the
molecular density in the physical space. The information-theoretic molecular
fragments have been shown to be independent of the specific measure of the
Shannon-entropy related information distance, e.g., Kullback—Leibler directed
divergence or Kullback’s divergence, and they exhibit attractive, ‘thermodynamic’
properties [22-24,33]. This development also includes the entropic measures of the
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bond-orders [27,28], the surprisal and entropy displacement analyses of molecular
electron densities [29,30], entropic ‘forces’ driving the charge redistribution in
subsystems [30], the analysis of the information principles in the Lodge Theory,
including a proposition of the ‘stockholder’ loges [25], and related entropic
principles in a general theory of electronic structure [26], a thermodynamic-like
theory of the non-equilibrium processes and density fluctuations in molecular
subsystems [23], and a use of the minimum entropy deficiency principle in deriving
relations between charge responses [softnesses and Fukui functions (FF)] of the
Hirshfeld (H) molecular subsystems and the relevant separated molecular fragments
determining the promolecular reference, respectively [30].

It is the main purpose of this review to summarize all these novel developments in
the combined DFT-Information-Theoretic approach to molecular and reactive
systems. We shall begin, however, with a short survey of the key ideas in the theory
of chemical reactivity, emphasizing a need for the truly two-reactant description.
The conceptual advantages of the DFT and information theory in making a
connection to the classical ideas and concepts of chemistry are elucidated
throughout.

2. UNDERSTANDING CHEMICAL REACTIVITY

A use of the concept of conservation of orbital symmetry in organic chemistry [36]
has proved to be a major advance in the theory of chemical reactivity. It has
succeeded in bringing together and rationalizing diverse areas of the subject. It has
also provided a basis for a unified mechanistic approach to the cycloadditions and
molecular rearrangements. Nowadays the criteria of orbital symmetry conservation
and correlation diagrams are the standard part of the organic mechanistic
vocabulary [37-42]. The Woodward—Hoffmann rules have correlated a great
number of existing chemical facts and stimulated further widespread experimen-
tation. Similar ways of comprehending the geometry and reactivity of inorganic
molecules have also been proposed [43] thus demonstrating that the frontier orbital
ideas and simple concepts of symmetry and bonding are applicable to the
understanding of all molecules. General symmetry rules of chemical reactions have
also been formulated by considering the symmetry restrictions on the excited-state
contributions to the perturbed ground-state wave functions of reactants, which
describe the polarization and charge transfer (CT) due to the perturbation created by
a given normal-mode displacement of the nuclei [44,45].

The accurate calculation of the energy profiles along the minimum-energy path on
molecular PES by the established numerical methods cannot be itself regarded as a
theory, but rather as a computer experiment. In fact, most of the activity of
theoretical chemists has been directed not towards an understanding of chemistry, if
that term is to imply the rules governing reactions, but towards an understanding of
physical properties of static molecular systems. In the past, the use of simplified
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models or principles, which permit a useful chemical information, e.g., relative rates
of admissible reaction channels, to be derived without such an elaborate calculation,
has provided a valuable insight into our understanding of molecular reactivity
preferences, and a way to analyze molecules and calculations on molecules in
theoretically consistent framework that allows a chemist to understand the results of
calculations in terms of the language of chemistry.

The molecular orbital (MO) theory has enabled us to understand a wide range of
physical properties of molecules, their relative reactivity trends, and in particular,
the preferred pathways taken by chemical reactions. For chemical community it
therefore provides a natural framework to understand in a qualitative or semi-
quantitative sense what happens to the electronic structure, when a molecule distorts
in a changed environment, e.g., when it undergoes a chemical reaction. Such a
theory also warrants predictions of changes in the molecular geometry accompany-
ing a given, real or hypothetical change in the electronic structure. These theories are
useful to the chemical community, since the experimentalist must have an
understanding of why molecules react the way they do, as well as of what determines
their electronic structure and how this influences reactivity. In other words, they
provide a rationale for understanding the development of reactions along specific
routes, without the assistance of rather complex computer routines. Such simple
models are based on concepts such as symmetry, overlap, and electronegativity;
they deliberately de-emphasize the computational aspect, aiming at a more
qualitative understanding of electronic structure and chemical reactions.

The MO theory has been quite successful in interpreting and predicting the
orientation and stereoselection in a large variety of chemical reactions [46-51].
However, the characterization of a reaction as allowed or forbidden provides no
quantitative information. In many cases, there are several allowed reaction paths,
and it becomes necessary to distinguish between them in order to determine which
one is the most probable and, ideally, to estimate yield ratios and relative reaction
rates. A number of perturbative methods have emerged for this very purpose. Early
work on organic reactivity concentrated on the conjugated m-electron systems, and
as a result of this analysis various reactivity indices were proposed, e.g., the 7-
electron density, free valence or the self-polarizability of atoms in a conjugated
system, with the high value of either index assumed to imply high reactivity. The
localization energy method assumes a model for the transition-state, the Wheland
intermediate, in which both the attacking reagent and the atom to be substituted are
bonded to the roughly tetrahedral carbon, which is thus isolated from the remainder
of the original m-electron system. The associated change in the m-electron energy,
the so-called localization energy, is then taken as the reactivity index, on the basis of
the assumption that other contributions to the activation energy are likely to be
approximately constant for a given reagent. Dewar has developed a general
perturbational molecular orbital (PMO) theory of organic chemistry and shown, how
it can be used to obtain an approximate value for the localization energy, called the
reactivity number.
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Of similar character is the frontier electron density index of Fukui and co-workers
[5,47,48,52] and the related superdelocalizability index of reactivity. It has been
observed, that the electrophilic aromatic substitutions take place predominantly at
the carbon position, where the partial electron density in the highest occupied
molecular orbital (HOMO) exhibits the largest value; similarly, the positions of the
largest value of the electron density in the lowest unoccupied molecular orbital
(LUMO) were usually confirmed as the preferred locations for the nucleophilic
aromatic substitution. These two particular MOs were termed the frontier orbitals.
Taking into account the hyperconjugation in the transition-state of an aromatic
substitution, between the aromatic 7r-electron system of the attacked molecule and
the pseudo 7-orbital of the subsystem consisting of the reagent and the hydrogen to
be replaced, another reactivity index called the superdelocalizability was derived.

The PMO methods were also widely invoked after the formulation of
Woodward—Hoffmann rules, to treat chemical reactions more comprehensively
[49]. In these approaches the reactivity trends are not linked to a single term in the
corresponding Taylor expansion of the interaction energy, but rather to the
combined sum of contributions due to the steric interactions, electrostatic,
polarization and electron-transfer effects, solvation energy, etc. All these more
elaborate treatments within the semi-empirical MO approaches take account of the
charge distribution and the overlap between the reactant orbitals. In the familiar
Klopman—Salem energy expression [53-57] a domination of the electrostatic
interaction between the substrates marks the ‘charge control’ of the reaction, when
reactants are both highly charged and relatively difficult to polarize. This is
characteristic of the ‘hard’ species in the Pearson’s terminology [58]. When the CT
stabilization, due to the mixing of the filled orbitals on one molecule with the empty
orbitals on the other molecule, dominates the interaction energy, when both
reactants are uncharged and highly polarizable (‘soft’), the reaction is ‘frontier
orbital controlled’. Klopman was able to rationalize the Pearson’s Hard and Soft
Acids and Basis (HSAB) principle [58], that hard acids form stable complexes with
hard bases, and soft acids with soft bases, whereas the complexes of hard acids with
soft bases (or of soft acids with hard bases) remain relatively less stable. He was also
able to take into account the nature of the attacking reagent in the electrophilic or
nucleophilic aromatic substitution, and to show that the ratios of yields of the ortho,
meta, and para products of the substitution of the benzene derivatives depend on the
competition between the charge and frontier orbital controls.

This perturbation theory of chemical reactivity is based upon an early stage of the
reactant mutual approach, when the molecules are still distinct though close enough
for the MO description of the combined reactive system to be valid, say separated by
a distance of the order of 5-10 a.u. The implicit assumption is that the reaction
profiles for the compared reaction paths are of similar shape, so that the trend of the
predicted energy differences at an early point on the reaction coordinate is expected
to reflect the difference in the activation energy.

The frontier orbital approximation recognizes the interaction between the HOMO
and LUMO on both reactants as the crucial effect controlling the course of a
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chemical reaction. In many cases a further approximation is made by taking a single
HOMO-LUMO pair of both reactants, for which the orbital energy separation is the
smallest, e.g., the donor HOMO and the acceptor LUMO, in the acid—base
interactions. The argument against such a drastic approximation is that it neglects
many contributions to the Klopman—Salem equation from other MOs, which may
outweigh the frontier orbital contribution. Further uncertainties arise in the unique
determination of the orbital energies. To remedy this shortcoming the orbital
energies have been substituted by the ionization potentials and electron affinities,
by virtue of the familiar Koopmans’ theorem. Nevertheless, the frontier orbital
theory undoubtedly works, though it is not as universally successful as the
Woodward—Hoffmann rules.

In order to further justify the frontier electron model, Fukui has formulated the
three supplementary principles [47]: of the ‘positional parallelism between the
charge-transfer (CT) and bond-interchange’, of ‘narrowing the frontier orbital
separation’, and of ‘growing the frontier electron density’ along the reaction path.
Although these principles have been subject to some criticism by other theoreticians
[39], they correctly recognize the need to include the relaxation effects, of both the
electronic and geometrical structures of reactants, with the progress along the
reaction path. Indeed, a chemical reaction always involves a subtle coupling
between the equilibrium electron (chemical bond) distribution on one side and the
nuclear configuration on the other side, with the latter determining the external
potential for the fast movements of electrons within the familiar BO approximation.

The changes in the distribution of electrons create extra forces acting on the
nuclei. This Hellmann—Feynman, ‘electron-preceding’ perspective [59-61] is
indeed very close to the intuitive chemical thinking, in which manipulations of the
electronic structure are considered as preceding and ultimately accelerating the
subsequent changes in the molecular geometry. The BO, ‘electron-following’
perspective provides the complementary description, in which displacements in the
nuclear positions precede the concomitant electronic relaxation [5,7,8,32]. Clearly,
the complete understanding of a molecular mechanism of a chemical reaction must
ultimately involve reactivity criteria relating to both these outlooks. In the former,
the displacements in the reactant electron densities or the associated electron
populations (or net charges) of bonded AIM are considered as the independent
degrees-of-freedom of the reactive system under consideration; in the latter, the
displacements in the nuclear coordinates, or the associated changes in the reactant
external potentials, are viewed as the independent coordinates determining the
course of a chemical change.

The geometrical relaxations, in response to displacements in the electronic
structure of the acid—base (acceptor—donor) reactive system, are also the subject
of the intuitive, structural bond-variation rules of Gutmann [62]. They also
follow the above Hellmann—Feynman (electron-preceding) perspective of
Nakatsuji, who obtained interesting interrelations between changes in the
electron density and nuclear configuration in a variety of contexts associated
with chemical reactions. He has shown, for example, that the centroid of a



Electronic Structure and Chemical Reactivity 127

given change in the electron density tends to lag the change in the nuclear
coordinates in a movement away from a stable configuration, and it tends to
lead the geometrical change in a movement away from an unstable geometrical
structure towards the equilibrium one.

The interaction between the frontier orbitals is the strongest, when the mutual
orientation of both reactants at a given inter-molecular separation gives the
maximum overlap. Thus, the frontier electron theory identifies such a maximum
overlap direction as the preferred one. Therefore, the theory represents the
overlap matching rule of chemical reactivity, valid for the frontier-controlled
reactions in the Klopman classification. The corresponding rule for the charge-
controlled reactions follows from the corresponding matching of the molecular
electrostatic potentials (EP) of both reactants, with the largest stabilization
resulting when the electron-stabilizing regions of the acceptor (acidic) reactant
are overlapping the most with the proton-stabilizing regions of the donor (basic)
reactant [63,64]. The EP analysis has now become firmly established as an
effective guide to molecular interactions. It is being applied to a variety of
important chemical and biological systems, covering the preferred sites for the
nucleophilic and electrophilic attacks, solvent effects, catalysis, as well as
the molecular cluster and crystal behavior. The EP is a unique functional of the
molecular electron density and it exhibits interesting topological characteristics
reflecting the opposing contributions from the nuclei and electrons.

Investigation of the local features of the electron density distribution and the
associated Laplace field [35] leads to the unique topological definition and
description of AIM, chemical bonds, molecular structure, and structural changes. It
can also be used to gain a valuable insight into the bonding mechanism, to identify
the sites that are prone to the electrophilic or nucleophilic attacks, and the bonds that
can be easily broken in a molecule [35,65]. The maps of local features of the
laplasjan of the molecular density can be also used to predict the best matching of
the electron-depleted region of the acidic reactant with the electron-concentrated
region of the basic reactant, which should roughly determine their preferred mutual
orientation in the course of a chemical reaction.

3. COMPUTATIONAL AND CONCEPTUAL QUANTUM CHEMISTRY

The rates and mechanisms of chemical reactions can be predicted, in principle, by
the standard methods of statistical thermodynamics, in terms of the partition
functions of reactants and the transition-state complex. However, the range of
applicability of this transition-state (absolute rate) theory is severely limited by the
fact, that an evaluation of the vibrational partition function for the transition state
requires a detailed consideration of the whole PES for the reaction. Thus, a
calculation of the absolute rate constants is possible only for relatively simple
systems. This indicates a need for more approximate, empirical methods of treating
chemical reactions and formulating the reactivity theory, which would allow
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chemists to go further in their prediction of properties and chemical interactions of
new compounds and reactions of ever increasing complexity. Because of the
extreme electronic complexity of molecules and reactions, e.g., those of interest to
organic chemists, crude assumptions have to be made in most theoretical treatments
and empirical factors are introduced into theoretical expressions. Therefore, one
must realize that from the purist point of view such ‘theories’ should be more
appropriately classified as theoretical models of reactivity. An example of such a
heuristic approach is the celebrated Hammond postulate of a relative similarity of
the transition-state complex to reactants (products) in the exothermic (endothermic)
reactions [66,67].

The last decades have witnessed a dramatic growth of quantum chemistry, both
conceptual and computational, with the latter providing very accurate ab initio
results of admirable accuracy, obtained by using both the wave-function and DFT
methods, and the former generating means for understanding. Moreover, the modern
quantitative results are often synergetically combined with laboratory techniques,
verifying experimental data and guiding the researchers in their planning of future
experiments. However, the wavefunctions resulting from the modern high-level
methods of computational quantum chemistry are so immensely complex that they
cannot be immediately understood in simple and physically meaningful terms. The
categorization and interpretation objectives in chemistry call for the well founded
general principles and conceptual models, which are both transparent, intuitively
appealing and useful for both qualitative and semi-quantitative applications to large
systems of interests in chemistry.

On one hand, such general conceptual tools a posteriori reduce the overwhelming
level of the information embodied in the ab initio wavefunctions to a more
manageable, qualitative level by extracting common roots of seemingly unrelated
data. On the other hand, they provide a valuable understanding of the molecular
structure and behavior, thus enabling a better prediction of reactivities of chemical
compounds, a planning and a more precise characterization of experiments.
Adequate theoretical models offer a rationale for frends within families of related
compounds and they bridge a gap between the rigorous quantum mechanics and
empirical concepts of the phenomenological chemistry.

The qualitative and quantitative theories/models of the electronic structure and
chemical reactivity are thus inevitable and necessary ingredients of the scientific
method of chemistry; only the presence of both marks its harmonious development.
The qualitative concepts determine the scientific vocabulary of interpretative
chemistry, while the approximate model relations allow for a semi-quantitative
prediction of trends implied by changing structural and experimental conditions.

Chemistry is concerned with the properties and reactions of an enormous number
of different compounds, which for the purpose of expediency are classified into
similarity groups, e.g., those with the same functional group(s), so that the physical
and chemical properties of a particular compound may be inferred from the behavior
of any other member. A number of qualitative and quantitative relations have been
formulated to relate properties of members belonging to the same and different
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similarity groups. Representative examples in the area of chemical reactivity are
provided by the familiar directing influences of the electron-withdrawing and
electron-donating substituents in benzene systems, and the related experimental
correlation of Hammett [68—70]. The latter and other ‘free-energy’ relationships
[71,72] have been extremely valuable to chemists in helping them to predict the
reactivity of chemical compounds and to understand a subtle interrelationship
between reactivity and selectivity in chemical reactions.

As we have already mentioned, the first task confronting a chemist is to identify
the reactive sites as a function of the molecular structure, and to determine their
relative reactivity trends. Owing to the complexity of organic molecules, a particular
reagent may contain several alternative nucleophilic, electrophilic, or radical
centers, and hence the competition for these reaction sites is a very important
general problem. To meet this challenge one has to understand how the molecular
structure affects the reactivity of various active centers of the molecule. The relative
reactivity of an active site may vary with the nature of the attacking agent (ambident
reactivity). Ambidency may also be exhibited as a result of changing experimental
conditions. Obviously, its explanation must also be included in a satisfactory theory
of chemical reactivity. The differentiation between the thermodynamic and kinetic
controls of competing reactions is essential for explaining such processes. Clearly, a
description and, ultimately, an understanding of such phenomena call for the truly
two-reactant theoretical treatment, since only such an approach provides an
adequate framework for describing a changing reactivity of one reactant (site) with
the changing character of the other reactant (site). When two large species orient
themselves relative to one another, at an early stage of a chemical reaction, an even
more subtle challenge for the reactivity theory emerges. It is related to the fact, that
the very classification of sites as susceptible of undergoing an attack by the
electrophilic (electron-deficient, acceptor, acidic) or nucleophilic (electron rich,
donor, basic) sites of the other reactant, is only relative. In other words, a molecular
site may act as a base towards one (relatively acidic) site of the reaction partner,
while it can also act as an acid towards another (relatively basic) site of the other
reactant. Moreover, the reaction at one site is not without an influence on the
simultaneous reactivity of the other site.

Molecular structure, defined in terms of chemical atoms and bonds which connect
them in a molecule, is the central and most fruitful theme in chemistry. The
knowledge of the molecular electronic and geometric structural parameters gives
important clues for understanding the behavior of molecules in different reactive
environments and it is a starting point for the subsequent more detailed, perturbative
studies of molecular interactions, in which the separated reactant limit (SRL) defines
the convenient reference state at the early stage of the reactant mutual approach.
Often the structure of reactants already reveals the expected main features of the
preferred minimum energy path (MEP), thus determining gross features of the
easiest ascent route from reactants towards the transition-state complex, which
determines the activation barrier.
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As we have already argued above, a satisfactory reactivity theory has to take
into account the subtle coupling between the electronic and geometrical
coordinates of the reactive system in question. The so called ‘mapping’
transformations between these two aspects of the molecular structure [4,5,7,8,31,
32,73-75] provide the direct and unifying concepts for both qualitative
understanding and semi-quantitative characterization of such couplings. Both the
electron-preceding and electron-following transformations involving local, normal
and the minimum energy nuclear displacements of the compliant approach to
nuclear motions [76-79], can be studied in this way, thus decisively extending the
range of applications in comparison to the empirical structural rules [62]. The
electron-following mapping relations (of the BO perspective) in principle allow
one to predict trends in the electron redistribution following a given (hypothetical
or real) displacement of the system geometry. The inverse, electron-preceding
relations (of the Hellmann—Feynman perspective), closer to an intuitive chemical
thinking, are required to solve another typical reactivity problem: how to
manipulate the electronic structure parameters, such as the charge distribution in
the fine-grained, local description or the effective oxidation states (net charges) of
AIM in the coarse-grained, atomic resolution, in order to achieve a desired change
in the system geometry, e.g., breaking of the specific bond(s). Through the
mapping relations any shift in the nuclear position space can be ‘translated’ into
the conjugate displacement in the electron distribution, and vice versa. This feature
greatly enhances the diagnostic and interpretative tools of chemistry and provides a
quantitative characterization of a coupling between the nuclear and electronic
aspects of the molecular structure in chemical processes.

4. TWO-REACTANT APPROACH

When considering a behavior of a single molecule or a family of chemically similar
molecules in a given type of a chemical reaction, e.g., during the electrophilic,
nucleophilic, or radical attack by a small agent, various single-reactant reactivity
concepts have proven their utility in predicting the most reactive site [46-48,51].
Such criteria are based upon the underlying notion of an inherent chemical reactivity
of a molecule, or a hierarchy of relative reactivities of its parts, for the fixed reaction
stimulus determined by the perturbation created by the same attacking agent at each
of the compared locations. Clearly, this notion implying that the way the molecule
reacts is somehow predetermined by its own structure, is approximate one, since it
neglects the mutual influence of both reactants. A more subtle, two-reactant
description of chemical reactivity is required to probe alternative arrangements of
two large molecules, e.g., in cyclization reactions, when more than one chemical
bond is being formed. To account for the mutual influence of both molecular
subsystems of a given bimolecular reactive system the relevant reactivity criteria
have to include also the embedding energy terms, consisting of the reaction stimulus
due to a given reactant, at a given, early stage of the mutual approach of
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reactants, and the response quantity of the complementary reactant to this
perturbation, determined by the relevant generalized ‘polarizability’ of the
perturbed subsystem.

In general, the electronic energy E of a given molecular or reactive system is a
function of the global equilibrium state-parameters a = (a, b, ...), referring to the
system as a whole, and a functional of the local state-variables x(r)=
[x,(r), x,(r),...]. The 1st-order energy change A'E[a, x] = A'E[Aa, Ax], linear in
displacements Aa and Ax of these independent degrees-of-freedom of the system
under consideration, is determined by the potentials E, = {E, = dE/da} and
E\(r) = {E(r) = [0E/0x,(r)];+;}, i.e., the energy conjugates of the state variables
{a, x} defined by the relevant partial derivatives calculated for the fixed values of
the remaining state parameters. For example, for a pair of a single global and local
state parameters [a, x(r)] :

A'Ela,x) = E,Aa + JEX(r)Ax(r)dr 1)

This equation shows, that the single-reactant indices are the 1st-order criteria. Indeed,
for the fixed perturbations [Aa, Ax(r;)] and [Aa, Ax(r,)] due to the same agent
attacking the two alternative locations r; and r, in a molecule, the trends in
A'Ela, x(r))] and A'E[a, x(r,)] are reflected by those in E,(r;) and E,(r,), so that the
local potential constitute a valid single-reactant reactivity criterion. The embedding
energy contributions are of the 2nd-order in such a perturbational approach.

In order to determine the 2nd-order energy A?E[a,x] the knowledge of the
system response quantities (generalized polarizabilities) is needed [3-8,12,80-84].
In what follows the response of the potential E, or E;(r), per unit value of the
displacement in the stimulus b or xj(lj), for the fixed values of the remaining
state-parameters, will be called the molecular charge sensitivity (CS). Such
quantities are defined by the relevant second partial derivatives of the system
electronic energy:

global :  y(b,a) = 9E,/db = BZE/ab da = y(a,b) = 9E,/da = 82E/8a ab,

local :  y[a,x;(r)] = dE;(r)/da = 8/da[d0E/dx;(r)] = y[x;(r),a]
= [0E,/0x,(0)]j; = [0/3x;(r)(OE/0a)]
two-point derivatives :  y[x,(r), x;(t')] = [dE;(x') /0x,(r)];2;
= 0’E/ax(n)ax(t) = Y, x(0)]
= [0E(0)/0x,( )]sy = 0°E/0x,(t)ox,(r),  (2)
where we have also listed the relevant Maxwell relations (cross differentiation
identities).

These ‘normalized’ response quantities determine the corresponding embedding
energy contributions, the quadratic functions of the reaction stimuli Aa and Ax(r).
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For example, in the case of a single global (a) and local (x) state-variables the
2nd-order energy includes the following terms:

XEla,) = } (@ 0@ +24a | yla a6 x(r)dr
+ J J Ax(r)y[x(r'), x(r)]Ax(r)dr’ dr} 3)

Such embedding energy contributions are included in all 2nd-order perturba-
tional approaches to chemical reactivity [3-13,47,51,52,57,73,75,80,83,85-89].

The response contributions to the reactive system energy can be both ‘diagonal’
(intra-reactant), when both stimuli in the relevant second derivative refer to the same
subsystem (reactant), or ‘off-diagonal’ (inter-reactant), when the two stimuli in the
derivative correspond to different subsystems. For example the ‘diagonal’ terms
originating from the two-point CS reflect the influence of an attack on one location
in a given reactant on its reactivity at other location, while the ‘off-diagonal’
energies similarly account for the influence of one reactant on the reactivity of the
other reactant. In a consistent two-reactant approach, all such contributions have to
be included at the same level of approximation. This coupling between the reactive
system state-variables indicates that in the reactant resolution changes in the system
energy, due to the specified (fixed) reaction stimuli, have to be indexed by vectors of
potentials and matrices of charge sensitivities, since no single parameter can fully
account for trends in the interaction energy relative to the separated reactant limit.
The above energy changes also demonstrate a dependence of the overall BO
interaction energy, AW[a,x] = AV,, + AE[a,x], where AV,, denotes the inter-
reactant repulsion energy between the reactant nuclei and AE[a, x] = AIE[a,x] +
A’E[a, x] approximates a change in the electronic energy, on the current geometry of
the reactive system determining the shifted external potential due to the presence of
the other reactant. It has to be taken into account also in the approximate treatment
using the separated reactant molecular potentials and charge sensitivities to
approximate the Taylor expansion of the electronic energy at finite inter-reactant
separations.

For a series of similar reactions, e.g., attacks at alternative sites of the same
molecule by atomic agents of a similar chemical character, one may assume that at
comparable stages of the reactant approach the sum of the 1st-order electronic
energy and AV,, remains approximately constant for the all compared locations, so
that the 2nd-order (embedding) energy determines the preferred reaction path. For
comparable values of the reaction stimuli at all such positions the trends in the
embedding energy are then reflected by the relevant charge sensitivities themselves
[3,80]. Notice, however, that such a simplified treatment cannot be used in a general
reactive system involving two large reactants, the size and reactivity of which
changes in a series of compared mutual orientations, often leading to different
reaction paths. This is because each orientation implies different matching between
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the site reaction stimuli and the corresponding potentials on one hand, and the site
response quantities on the other hand. In such a general case the whole set of
molecular potentials and CS has to be combined with the appropriate reaction
stimuli to produce the overall interaction energy, to be eventually compared
for a series of the probed geometries of the reactive system. This is often crucial
for predicting the direction of the energetically preferred approach of reactants at
an early stage of the reactant approach, expected to adequately represent
the least activation energy course of the reaction also for the close approach
geometries.

A remarkable progress in DFT [1-3,90,91] has provided an attractive framework
for formulating novel concepts and rules describing behavior of molecular systems
in different chemical environments [3-13,82,83,87-89,92-97], besides producing
new efficient schemes for the electronic structure computation. In chemistry, and
particularly in the reactivity theory, this conceptual development had a distinctly
unifying character. For example, some of the originally intuitive, but remarkably
successful tools of chemistry, such as the electronegativity [98—-103] and hardness
[58,81], which have long been part of the chemical vocabulary, have been shown to
be fundamental and well defined [104,105].

According to the Hohenberg—Kohn (HK) theorem of DFT [1] and its shape-
function reformulation for Coulomb systems [106] the ground-state electron density
p(r), or the density per electron o(r) = p(r)/N (shape function, one-electron
probability distribution), carries all the information about the molecular system,
uniquely identifying the shape of its external potential and the overall number of
electrons and, hence, the coulombic molecular hamiltonian. This exact result has
given a new impetus towards using DFT and the Information Theory [14-19,
107-110] in the density-based chemical interpretation of the electronic structure of
molecular systems in terms of AIM and bond multiplicities, which connect them in a
given molecular or reactive system [13,20-28,30,33,111,112]. In DFT this approach
leads to the information theoretic ‘thermodynamics’ of molecular systems and their
fragments [23,33], a description in the spirit of the earlier DFT approaches
[113-115]. In this review we shall explore various density-based descriptors of
electronic structure and chemical reactivity, recently established in the DFT and
Information Theory.

5. WAVEFUNCTION AND DENSITY FUNCTIONAL THEORIES

In the BO approximation of the Schrodinger wave mechanics the state function of the
N-electron molecular system, ¥'= Y(q;,qa,...,qy; X, Xs,...X,,) = V(q; X) =
Y[(r,o); (R,X)] = ¥(q), determines all of the information that can be known
about a molecular system for a given geometry specified by the nuclear positions
R=(R,R,,....,R,). It depends on the spin & = (07, 0>, ..., oy) and position r =
(ry,rp,...,ry) coordinates of electrons and, parametrically, on the set of
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nuclear spin () and position (R) coordinates, X = (R,Y), with the latter
determining the external potential generated by the nuclear charges Z =
(217227'~-7Zm)7

V) == Zo/Tiar  Fia =1 — Ry )

acting on ith electron at position r;; the atomic units are used throughout.
The stationary states of electrons in molecular systems satisfy the time-
independent Schrodinger equation:

HY=EV¥ 5)

where H denotes the molecular electronic hamiltonian:

HON,v) =3 v) = 5 > A+ > 3 1/ = Hq: R)

i i<j

= Vou(N) + [To(V) + VieW)] = VeeW, ) + FV), O

rij = |I'l' - I‘j|

here T, is the electronic kinetic energy operator, with A; standing for the laplasjan
acting on the Cartesian coordinates of the ith electron, V,. is the operator for
electron—nucleus attraction energy, V.. stands for the electron repulsion energy
operator, and F denotes the universal (v-independent) part of H(N,v). The basic
variational principle of the wavefunction quantum mechanics, which yields the
electronic Schodinger equation (5) for the ‘frozen’ external potential v(r), involves
the minimization of the system electronic energy, the expectation value of the
electronic Hamiltonian,

E V] = J V'HY dq = (VIHIP), 7

subject to the wave function normalization constraint (W) = 1. At the stationary
value of the electronic energy, for the ground-state ¥, = Y[N, v],

S(E,[¥] — EIN,vK¥I¥)yyy ) = O, ®

when the expectation value, E,[W[N,v]] = ming{E,[V]}(piy=; = E[N,v] = E,,
reaches the ground-state eigenvalue of equation (5): H¥, = E,¥,. Notice, that in
the energy minimum principle of equation (8) the ground-state energy is the
Lagrange multiplier associated with the wavefunction normalization constraint.

The stationary-state Schrodinger equation also implies that the local energy
Elq] = H(q)W(q)/ W(q), is equalized for the exact eigenfunction of the hamil-
tonian, throughout the whole (spin-position) configuration space q of N electrons, at
the exact eigenvalue, e.g.,

Eolal = H(@) ¥o(@)/ Yo(q) = E[N,v] ©))
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As demonstrated by Hohenberg—Kohn [1], the external potential is uniquely
determined, up to an additive constant, by the ground-state electron density:

po0) = (Wol 3 8(r; = 1)1 Wo). = pl Wo5x] = pIN, V] (10)

v(r) = v[py; r]. Therefore, since N = fpo(r)dr = N[p,] is also uniquely deter-
mined by the density, the system Hamiltonian is the unique functional of the ground-
state density, H(N[pgl, vipgl) = H[py], and so are the physical properties of its
eigenstates. For example, the ground-state energy is the functional of the electron
density:

E[N,v] = E,[po[N,vIl = (WIpo[N, vIIIH(N, v)| ¥ [po [N, v1T)

= JV(I‘)Po(r)dr T (W o N, VIIEQN) Ty [po [N, 1)

= Vielpol + Flpol, (1)

where the universal density functional F[py] = T.[pg] + Vec[po] = F[N,v] gen-
erates the sum of the electronic kinetic and repulsion energies:

Telpol = (Wolpo N, VIIIT. (M) Wyl po[N, vIT) = T[N, V1, 12)
Vee [ po[N, V1T = (W[ po N, vVIIVee (NI W[ po [N, VIT) = Vee [N, v, (13)

It follows from the first HK theorem that the non-degenerate ground-state is also
uniquely determined by its electron density: ¥, = Yy[pg]. Thus, py(r) represents
the alternative, exact specification of the molecular quantum-mechanical ground-
state. In other words, there is a unique mapping between ¥, and p,, ¥, < py, so that
both functions carry exactly all the information about the quantum-mechanical state
of the N electron system.

The fact that p, identifies the molecular Hamiltonian should not come as a
surprise. Indeed, the nuclear cusps [116] of the electron density in an atom, molecule
or solid, in the neighborhood of the atomic nuclei, necessary to avoid divergences in
HW of the Schrédinger equation for {r — R}, ie.,r, = Ir — R,/ = Ir | —0,

apav(ra)/ara‘o = _2Zapav(0)a (14)
where the derivative of p,,(r,), the spherical average of p(r,) = p(ry, Ou, ¢o),

pur(re) = (1 /4m) ”p(ra, 0, g2)sin O, A6, deq, (15)

is calculated for r, = 0O, identify both the nuclear positions R and charges Z, thus
providing sufficient information to generate the external potential of equation (4).
The second HK theorem [1] represents the DFT variational principle:

O{E,[p] — uIN,vIN[pl} v = 0, (16)
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where the Lagrange multiplier u associated with the density normalization
constraint, N[p] = N, is the ground-state chemical potential of electrons [3,5,104]:

to = u[N,v] = ulp[N,v]] = QE[N,v]/dN), = {3E,[p]/3p(r)} v
= u[N,v;r] (17)

Therefore, for the fixed external potential the ground-state density minimizes the
energy density functional subject to the constraint of the density normalization. The
last equation also demonstrates, that the local chemical potential u[N,v;r] is
equalized throughout the physical space at the global chemical potential level
KN, v]. Moreover, since the net electric charge of the system under consideration
0= 4Z,) — N, the chemical potential equalization principle of equation (17)
can be also interpreted as the equalization of the local electronegativity x[N, v;r] at
the corresponding global level [99,100]:

Xo = XIN,v] = x[p[N,v]] = E[Q,v]/0Q), = —u[N,v]
= —{3E,[pl/3p(r)} .1 = XIN,vix] = —pIN,v;r] (18)

where E[Q,v] = E[N,V].

To summarize, the ground-state wavefunction, defined in the 4N-dimensional
configuration space, and the electron density, defined in the 3-dimensional physical
space, constitute exactly equivalent definitions of the quantum—mechanical state of
the N-electron molecular system. They both carry the complete physical information
about the system under consideration. The theory of electronic structure of matter
can thus be rigorously based on the electronic density and this offers both
computational and conceptual/interpretative advantages.

6. CONCEPTUAL ADVANTAGES OF DENSITY FUNCTIONAL THEORY

The modern DFT ([1,2]; see also Refs. [3,90,91]) provides a convenient theoretical
framework for formulating new approaches to classical problems in chemistry: the
origins of the chemical bonding, equilibrium identity of AIM and molecular
subsystems, determining factors and relative importance of alternative reaction
sites and pathways in large reactive and catalytic systems, stability of molecular
charge distribution, etc. [3-6,12,81,82]. The theory represents an alternative
viewpoint, from which one can approach a description of the molecular or reactive
systems, in the spirit of the classical Sanderson’s electronegativity equalization
principle [99,100] for the molecular ground-state equilibrium. In DFT the ground-
state distribution of electrons is regarded as that of a fluid, which is fully
characterized by it’s equilibrium density py(r) for a given external potential of the
BO approximation.
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This new perspective has enriched the theory of electronic structure and chemical
reactivity by both rationalizing and quantifying basic, classical ideas and rules of
chemistry, e.g., the electronegativity/chemical potential equalization of Sanderson
[104] or the hard—soft acids and bases (HSAB) principle of Pearson [95,105],
bringing about a deeper understanding of the nature of chemical bonds and variety
of reactivity preferences [3-5,11,117].

In DFT the frontier electron theory has also been given a more rigorous
foundation in terms of the new reactivity index for open molecular systems,
called the electronic FF [3-5,84,92,118-122], the CS measuring a response in
the local electron density per unit displacement in the system global number of
electrons N:

J(r) = [8p(r)/dN], = [op/dv(r)]y 19)

As we have indicated above, it can be also interpreted, by the Maxwell relation, as
the response in the system global chemical potential to a unit local displacement in
the external potential.

The corresponding nuclear FF [7,8,82] has also been introduced,

[ (aFa/aN)v = _(a“/aRa)N = (aX/aRa)N (20)

monitoring the normalized response of the force acting on nucleus «, F, =
—9W/dR,, per unit displacement in the global number of electrons; here W(R) =
E(R) + V, ,(R) is the ground-state PES including the electronic energy E(R) and the
nuclear repulsion energy V, ,(R) = >, > 5, Z,Zg/Rop, Where R,g = IR, — Rgl. In
equation (20) we have also listed the alternative derivative interpretation of the
nuclear FF index implied by the corresponding Maxwell relation, as the response of
the system global electronegativity to a unit shift in the position of nucleus a.

The electronic ground-state energy E[N,v] for a given average number of
electrons N and the external potential v of the BO approximation is also the
functional of the grand-canonical ensemble density [123]:

E[N,v] = E,[p] = JV(r)p(l‘) dr + F[p] 2y

where in the last expression we have separated the attraction energy between
electrons and nuclei from the remaining, v-independent (universal) part of the
electronic energy, F[p], which groups the electronic kinetic and repulsion energies
[124]. The first partial derivatives of the ground-state energy surface E[N,v] with
respect to the BO state-parameters X = (N,v), calculated for the specified
(reference) ground-state molecular system, determine the corresponding BO
principal (canonical) ‘potentials’, Y = 0E/9X = Ex = (g, po(r)], including the
electronic chemical potential py = [N, v] [equation (17)], negative of the system
global electronegativity y, = x[N,v] [equation (18)], and the ground-state density
itself (Hellmann—Feynman theorem):

po(r) = pIN,v;r] = [0E[N, v]/ov(r)ly (22)
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The corresponding second partials of the system electronic energy, P =
92E/9X0X = 9Y/0X = y(X), group the system conjugate principal BO charge
sensitivities. These canonical derivatives include:

the global hardness [105]:
n = (9°E[N,v]/dN?), = (9/dN), (23)

the inverse of the global softness:

S=(@N/op), =1/n 24)
the electronic FF [3,92] [see equation (19)]:
f(r) = [9/dN{OEIN,v]/ov(r)}y], = {8/0v(r)[IE/IN], by (25)
the linear response function (LRF) [93,94]:
B(r,r') = [9’E[N, vl /av()av(r)]y = [ap(r')/dv(r)]y (26)

The corresponding quantities for reactants, i.e., molecular subsystems in the
overall reactive system, have also been defined [4,5,7,8,12,13,83,84,118-120], also
in the case of the simultaneously (externally) open reactants, e.g., molecules
adsorbed on the surface of a catalyst [7,9].

These quantities determine the associated quadratic Taylor expansion of the
system electronic energy, around the ground-state reference system value, e.g., for
the molecular or reactive system as a whole:

A"™2E[N,v] = pAN + Jp(r)Av(r)dr + L[M(ANY* + 2AN J F@)Av(r)dr

+ J J Av(r)B(r, ¥)Av(r))dr dr'] 27

Its generalization for the subsystem resolution constitutes a basis for most of the
DFT, linear-response treatments of the embedded reactants, perturbed by the
presence of the reaction partner (or a catalyst) [4,5,7,12,13,73,75,83,85-89,95,119,
122]. More specifically, for the fixed geometry of the reactive system each reactant
subsystem a undergoes displacements in its effective state-parameters NS and VI,
relative to the corresponding reference values in the separated reactant limit: AN, =
N&T — NO (the inter-reactant CT) and Av,(r) = v (r) — v,(r) (the displacement in
the subsystem effective external potential). These perturbations generate the
reorganization of the electronic structure of both these embedded reactants, which
modifies the forces on nuclei, acting in the direction of the equilibrium configuration
of nuclei of the whole bimolecular reactive system. The direction of such a geometry
relaxation can then be probed using either the nuclear FF [equation (20)] [82] or it
can be determined semi-quantitatively using the explicit electron-preceding
mapping transformations of the CSA [4,5,8,32,73] or electronegativity equalization
method (EEM) [31,75,86].
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The (N, v)-perturbational expansion of equation (27), for the electronic energy of
a reactive system [3-5,7,82-84,97,122] then provides a natural basis for the
complete (electron-following) two-reactant theory of chemical reactivity, covering
both its electronic () and nuclear [v(R) or R] degrees-of-freedom [5,8]. In this
description the promoted state of the mutually closed reactants, at the intermediate,
polarization (P) stage of a chemical reaction, and the equilibrium state of the
mutually open reactants, at the final CT stage, can be treated adequately and
consistently. This expansion connects naturally to the conventional stages, in which
the reaction mechanism is described in chemistry: the initial (Av-driven)
polarization of reactants, followed by the (AN-driven) CT between the already
polarized reactants, which is needed to restore the global equilibrium, i.e., the
electronegativity equalization throughout the whole reactive system. It should be
stressed at this point, that the inter-reactant CT itself induces a further polarization
inside each subsystem [5,12,13].

A modified expansion for the reactants in contact with the external electron
reservoirs provides an adequate description of the adsorbed species in catalytic
reactions [7,9,11,12]. The charge sensitivities defining the quadratic Taylor
expansions of the relevant molecular ‘thermodynamic’ potentials for alternative
specifications of the molecular equilibrium states, represented by the corresponding
Legendre transforms of the system electronic energy, have also been formulated
[8,9,12,13,93,125], to provide a more complete theory of chemical reactivity. The
transition reactivity indices, i.e., the derivatives of the energy differences for the two
geometrical structures of the system under consideration, e.g., of the activation or
reaction energies, have also been explored [7]. In particular, the transition FF has
been introduced to transform the displacement of the overall number of electrons
into the associated change in the energy difference of the two isoelectronic
molecular systems corresponding to different external potentials.

Density functional theory also offers an attractive computational scheme, the
Kohn-Sham (KS) theory [2], similar to the Hartree—Fock (HF) approach, which in
principle takes into account both the electron exchange and correlation effects. The
canonical KS orbitals thus offer certain interpretative advantages over the widely
used HF orbitals, especially for describing the bond dissociation and the open
system characteristics, when the electrons are added or removed from the system
[3,82,126-130]. For this reason, a determined effort has been made to calculate the
reactivity indices from the KS DFT calculations [3,82,83,112,118,119,121,
131-136].

7. HORIZONTAL AND VERTICAL DISPLACEMENTS
OF THE ELECTRONIC STRUCTURE

In the ‘thermodynamic’ treatment of molecular systems [23,33,113-115] one aims
at describing changes in the electronic structure accompanying the displacement of
the molecule under consideration from one equilibrium (ground-state) density,
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p1(r) = p[Ny,vy;r], to another, p,(r) = p[N,, v,;r], both uniquely determined by
the two state parameters determining the current electronic hamiltonian: the overall
number of electrons N; and the external potential due to the nuclei v;(r), i = 1,2.
We call such shifts in the system electronic structure the ‘horizontal’ displacements
[7,33] on the ground-state density ‘surface’, p[N, v;r] = py(r). A displacement from
one v-representable electronic density to another gives rise to the associated change
in the generalized density functional for the ground-state energy:

Elpo] = Jv[po; Flpo(0)dr + Flpo] = E[N[po], vipo]] (28)

in which the external potential changes with the electron density in such a way, that
always the current p,(r) matches v(r) = v[py;r], for which it is the ground-state
(equilibrium) density.

It should be emphasized, that this density functional for the ground-state energy
differs from the (HK) functional for the energy, E,[p], in which the external
potential is fixed (not related to the trial density p). Only for the exact ground-state
density E,[py] = E[py]. The variational principle of equation (16), also defined for
the fixed v(r), determines the minimum of E, [p] subject to the density normalization
constraint N[p] = [ p(r)dr = N. The associated Euler equation for the optimum
(ground-state) density p(r) = p[Ny, v;r] = py(r) reads:

WIN,vi¥] = {3E,[p]/3p()}, = v(r) + 8F /3p(r) = pIN.v]  (29)

where the functional derivatives with respect to the electronic density are calculated
for p = py; to simplify notation in what follows we shall omit the subscript 0
identifying the exact ground-state density. The Euler equation implies that the
external potential relative to the global chemical potential represents the unique
functional of the ground-state density:

u(r) = v(r) — p = ulp;r] = —8F /dp(r) (30)

and vice versa: p(r) = plu; r]. However, the external potential itself is determined
by p only up to a constant u, which can be related to the chemical potential of an
external electron reservoir R : u = w”. Therefore, the unique specification of the
external potential as the functional of p additionally requires the knowledge of this
‘intensive’ (global) state-parameter:

v(r) = u(r) + p = p — 3F /3p(r) = v[u, p;r] (31

The ‘horizontal’ character of changes in the ground-state electronic structure is in
contrast to a search for the equilibrium partitioning of the fixed molecular ground-
state density p(r) into the subsystem densities p(r) = {p,(r) = p.[p;r]} (a row
vector), e.g., those of m constituent AIM or two reactants, which sum up to this
given density, p(r) = > , p,(r). The latter is ‘vertical’ in character, i.e., performed
for the fixed molecular density [20-24,33], as is also the case in the Levy
constrained search construction of F[p] [124]. As argued elsewhere [33], such a



Electronic Structure and Chemical Reactivity 141

division problem involves a search for the effective external potentials of subsystems
v = (veff)

v (0) = v [pir] = v(X) + {0F"[pl/0pa(D)} pray  a=1,2,..m  (32)

where the partial functional differentiation with respect to p,, of the non-additive part
F"[p] of the universal Hohenberg—Kohn-Levy functional F[p] = F[p],

F'[p] = Flp] = D Flp,] = Flp] — F'[p] (33)
Y

with F[p] denoting the additive part, is carried out for the fixed densities of
the remaining subsystems {pg.,}. These effective external potentials of the
embedded subsystems in a molecule are then related to their respective densities
through the global-like ground-state Euler equation of DFT [see equations (17) and
29)]:

Ra() = walplpl; T1 = vEI(r) + 3F[pa]/3pa(r) = plp] (34)

where we have indicated that the local chemical potentials of the mutually open
subsystems,

m(r) = {po(r) = {9,[p,v]/0pa(0)}, o} = (Mo = (0[N, V]/ON,),} = p

= ul (row vector) (35)

where the unit vector 1 = (1,1,...), E[N,v] = €[N, v], and the row vector N =
(N, = fpy(r)dr = N[p,]} groups the effective overall numbers of electrons in
subsystems, are equalized at the corresponding global chemical potential levels
{q}, all equal to the global chemical potential w of the system as whole. The partial
derivatives in equations (34) and (35) are also calculated for the fixed external
potential v, due to the nuclei of all subsystems. The density functional for the energy
of the embedded molecular fragment « is defined as follows:

g4lp,v] = H V() pe(r)dr + F[pa]} + F'[p] = E,[p.] + F'[p],  (36)

where E,[p,] stands for the electronic energy contribution due to the p, alone, and
F"[p] represents the embedding energy term due to the presence of the electrons in
the remaining subsystems [33].

8. LEGENDRE TRANSFORMS OF THE ELECTRONIC ENERGY AND
THEIR DERIVATIVES

It has been discussed elsewhere [5,7,8,12,13,93,137,138] that there are four
alternative Legendre-transformed representations of a molecular (single component)
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system, corresponding to the following sets of the ground-state parameters {a, x(r)}:
{N,v(r)}, {m,v(r)} = {u(r)}, {N,p(r)} = {p(r)}, {m, p(r)}, 37)

including one global (N or w) and one local [v(r) or p(r)] state-parameters, which
uniquely specify the equilibrium states of the externally closed or open molecular
systems in question. The ground-state energy functional E[N,v] for the integer
values of N is defined by the Schrodinger or Hohenberg—Kohn—Levy variational
principles (equations (8) and (16)), while the energy for a fractional (ensemble
average) value of the global number of electrons corresponds to the grand canonical
average over such integer-N eigenvalues of the system energy operator, with the
ensemble probabilities being determined by the externally imposed thermodynamic
state parameters: u~—the chemical potential of the electron reservoir, and T—the
absolute temperature of the heat bath.

Such an ensemble generalized ground-state energy functional, E = E[N,v] =
E[p[N,v]], represents the ‘thermodynamic’ potential of the {N,v}-representation,
with the corresponding generalized Hellmann—Feynman expression for its
differential (see equations (17), (22) and (27)):

dE[N,v] = u[N,v]dN + Jp[N,v;r]dv(r)dr (38)
The corresponding ‘potentials’ for the three remaining specifications of the

system equilibrium state are given by the relevant Legendre transforms of the
electronic energy:

Olp,vl = E — (E/dN),N = Elplull — plplullN[plul] = Qlu]l ~ (39)

Flp—N] = E - j[aE/awr)]Nv(r)dr . Jp(r)v(r)dr — Flp] (40)

Rlp, pl = E — WE/dN),N — J [0E/0v(r)]yv(r)dr = Flp] — uN[p] (41)

where in equation (40) the symbol p— N denotes the density integrating to N
electrons. These functionals give rise to the following differentials:

dQ[u,v] =dE — pwdN — Ndu = —N[p,vldu + Jp[u, v, rldv(r)dr

= Jp[u; r]du(r)dr = dQ[u] (42)

dF[p] = dE — J p(r)dv(r)dr — Jv(r)dp(r)dr = u[pldN — Jv(r)dp(r)dr

=— Ju[p; r]dp(r)dr (43)
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dR[uw, p] = dE — udN — Ndu — Jp(r)dv(r)dr - J'v(r)dp(r)dr

= —Nl[u, pldp — jV[M7 p;rldp(r)dr (44)
which identify the parameters conjugate to those defining the representation:
= (QE[N,v]/aN),, p(r) = {3E[N,v]/ov(r)}y (45)
=N = (0Q[p,v1/3p),, pr) = {30[p,v]l/dv(r)}, = 80[ul/du(r) (46)
—u(r) = p — v(r) = 8F[p]/dp(r) 47)
—N = (OR[w, pl/dpm),, —v(r) = {0R[u, p]/dp(r)}, (48)

The energy functional defines the second derivatives of equations (23)—(26),
called the principal charge sensitivities, which determine the associated second
differential of the Taylor expansion of equation (27):

d°E[N,v] = L {n(dN)* + 2dN J F(r)dv(r)dr

+ J J dv(r)B(r, r')dv(r)dr dr'} (49)
The linear response kernel B(r,r’) is linked to the softness kernel
o(r,¥') = —ap(') /Su(r) = —[9p(x’)/ov(r)], = 1~ '@, 1) (50)
the inverse of the hardness kernel,
n(r,t') = 82F [8p(0)dp(r') = —du(t’)/dp(r) = —[av(t)/ap)],  (51)
through the relation [94]:
B(r,r') = —o(r,r) + f(r)Sf(r') (52)
One also defines the local softnesses [4,5,87,94],
s(r) = [0p(r)/ou], = f(r)S = Ja‘(r/, r)dr’ = =8N /du(r) = —[aN/0v(r)],, (53)
additive contributions to the global softness of equation (24):

S=(dN/op), = Js(r)dr (54)

It should be observed that equation (52) directly follows from the following
transformation of the derivative defining the softness kernel [equation (50)]:

o(r, ') = —[ap() /ov(r)], = —[9p(r)/av(r)]y — [ON /av(r)],[0p(r) /dN],

—B(r, ) + s(m)f (') = = Br,r') + f(O)SF(X) (55)
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A similar functional chain-rule transformation gives the expression for the global
hardness in terms of the hardness kernel:

1= | [ 1800)/aN1IE, 61 /3001 10p(w) /N1,

- j Jf(r)n(r, Yy dr', (56)

including the product of the Fukui functions determining the weighting factor. The
same result follows from the corresponding one-point weighted expression defining
the local derivative

n(r) = [u(r)/IN], = J[SzEv[p]/ 8p(r)dp()], [0 p(r') /aNT,dr’

= Jn(r, r)f()dr’ = [9p/dN], = 1 (57)

since u(r) = u, by the local chemical potential equalization for the ground-state
density [equation (17)]. The last equation marks the local hardness equalization [5].
It does not contradict equation (56), since the Fukui function normalization requires

[ f(r)dr = 1.

9. CONSTRAINED EQUILIBRIA IN SUBSYSTEMS

The AIM chemical potentials defined by the partial functional derivatives of
equation (35), calculated for the fixed external potential and the ‘frozen’ embedding
densities {pgx,(r)} of the remaining subsystems, are equalized only when the
subsystems are mutually open [4,5]. This is the case in the global equilibrium state
considered in the preceding section. In what follows we shall denote such open
subsystem condition by the vertical broken lines in the symbolic representation of
the molecular system as a whole, M, = (aiBivyi...), in the global (g, inter-
subsystem) equilibrium of the ground-state of an externally open system:

M’a(r) = {aEV[p]/apa(r)}V,B#a = Mg = M, a = 1727 w1 (58)

here the row vector of the subsystem densities p = (py, pg, Py, ---) gives rise to the
overall density p=73,p, = 1pT and the row vector of the subsystem external
potentials V/(r) = v(r)1. This equalization of the subsystem chemical potentials,
= (K> Mg, My, ---) = 1, can be attributed to a common external reservoir (R) of
electrons, exhibiting the chemical potential

pr=pe=pn,  a=12..m (59)

to which all molecular subsystems are coupled in the combined system M[M,] =
RiaiBivyi...).
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In the subsystem resolution one also considers the constrained (intra-subsystem)
equilibrium states [4,5,7,9,12,83], when all subsystems are mutually closed, which
is symbolized by the vertical solid lines in the symbolic representation of a
collection of AIM in M, = (alBlyl...). In order to probe the open subsystem
characteristics in M., when each AIM is characterized by the intra-subsystem
equalized, generally different levels of the AIM chemical potentials,

Mo(X) = pg 7 pp(r) = pg 7 () =, # ... # 1 (60)

one envisages the separate external reservoirs {R,} for each subsystem,
characterized by the independently controlled chemical potentials {u7}, in the
combined system M[M.] = (R,lalRz!BIR,iyl...). Notice, that only for the global
equilibrium, when R, = Rg =R, = ... =R, p = pul [equation (59)]. Similarly,
when only a single subsystem or a subset of molecular fragments is considered
externally open, while the remaining subsystems are held externally closed, one
envisages a coupling of a specified selection of subsystems to their corresponding
reservoirs, e.g., in M[M,] = (R ialBlyl...).

The equilibrium state of the subsystem « in contact with R, is characterized by
the equalization of the subsystem chemical potential with that of its reservoir:
uR = u,. Therefore, in this thermodynamic description the hypothetical,
independent displacements of the subsystem chemical potentials reflect those of
the corresponding subsystem reservoirs: du® = du,.

In such a subsystem resolution one defines the row vector of the AIM relative
external potentials,

u(r) = —9F[p]/ap(r) = v()l — p = V(r) — p = {uy(r) = v(r) — p,

= —[0F[p]/0pa(r)]pza} (61)

The quantities of the preceding equation represent the negative partial derivatives
of the universal part [see equation (33)],

Flp]l = F'[p] + F'[p] (62)

of the energy density functional E\/[p] in the subsystem resolution:
Evipl = | Viw()'dr + Fip) (63)

This conclusion directly follows from the corresponding Euler equations
determining the optimum subsystem densities in the constrained equilibrium state:

8{Evlp] — > m,Nlp,]} =0,  or
Y

{0Ev[p1/9pa(0)} gra = pa() = v(r) + {0F[P]/0pa(1)} gra = Ma;
a=1,2,....m (64)



146 Roman F. Nalewajski

It follows from the last equation, that the equilibrium densities of the mutually
closed, but externally open subsystems are unique functionals of the molecular
external potential and the reservoir chemical potentials, p = p[u[p, V1] = p[p, V1,
and so is the row vector of the average numbers of electrons: N[p] =
| plp, V;ridr. Similarly, when all subsystems are both mutually and externally
closed in M = (alglyl...), the external potential and the numbers of electrons in
subsystems uniquely determine the equilibrium densities p = p[N, V1], the system
energy, Ey[p[N, V]] = E[N, V], and all its physical properties, e.g., the subsystem
chemical potentials o = p[N, V].

Following the global equilibrium development of the preceding section one
defines the ‘thermodynamic’ potentials corresponding to the four alternative sets of
the constrained-equilibrium states, for the alternative sets of the state parameters,

{N,V}, {m, V} = {u}, {N,p} = {p}, {m,p} (65)

as the corresponding Legendre transforms of the electronic energy E[N, V] :
Qlp, V1 =E — NGE/aN)y, = E[p[u]] — Nip[u]] p[p[u]]" = Q[u] (66)

Flp— N1 =E - j V(){0E/a V() hdr = E - J V(mp(r)'dr = Flp] (67)

Rl p) = £~ NGE/AN)} ~ [ Vi aE/aViw)har

= Flp] — Nip] plp]" (68)

Clearly, in the subsystem resolution one could also consider all intermediate
specifications of the molecular (constrained) equilibria, when only a part of the
subsystems remains externally open (characterized by the fixed chemical potentials
of a common reservoir) with the remaining, complementary set of subsystems being
closed (characterized by the fixed subsystem numbers of electrons) [4,5]. Such
mixed representations can be also naturally defined in the CSA approach. We would
like to observe, that in the theory of chemical reactivity these partially opened
situations do indeed arise, e.g., in the surface reactions, when one adsorbate is
opened (chemisorbed) while the other reactant remains externally closed
(physisorbed) on the catalyst surface, which acts as the electron reservoir for the
reaction.

The corresponding differentials of the system electronic energy in the subsystem
resolution and its Legendre transforms of equations (66)—(68) are:

dE[N, V] = p[N, V]1dN" + Jp[N, V;r]dv(r)'dr (69)

dO[p, V1 = —Ndp" + J p[N, V. r]dV(r)dr

= jp[u; r] du(r)"dr = dQ[u] (70)
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dF[pl = pdN' — j V(r) dp(r)'dr = — ju[p; rldpm’dr (71

dR[p,pl = —N dp" — J V(r) dp(r)"dr (72)

It should be observed, that the displacements dV/(r) also allow for the independent
changes of the external potential of each subsystem, due to external sources.

The differential expressions of equations (69)—(72) identify the parameters
conjugate to those defining the representation:

i = (QE[N, V]/aN)y, p(r) = {0E[N, V]/aV()}p; (73)
N=—-@Q0[w, V]1/opwy, pr)={0Q[p,V]/oV(r)},=23Q[u]/du(r); (74)
—u(r) = p — V(r) = 8F[p]/dp(r); (75)

—N = @R[p,pl/ow),,  — V(@) = (9R[p, pl/0p(D)} (76)

The relevant second-order Taylor expansion of the molecular electronic energy in
powers of displacements of the canonical state parameters, [dN,dV(r)], is
determined by the relevant principal derivatives of the energy representation:

d'"2E[N, V] = ANGE[N, V1/aN)}, + J {0E[N, V1/aV(r)}y dV(r)"dr
+ L{dN@’E[N, V1/aNaN)ydNT
+2dN[d /aNJ {9E[N, V1/aV(r)y]ydV(r) dr}

+ J J dV(r){d?E[N, V1/a V() V() yd V() dr dr
=dNp' + Jp(r) dV(m'dr + L {dN HdN"

+2dN J F(r) dV(r)'dr

+ J J dV(r) B(r,r) dV(')"dr dr'} (77)

with the second differential defined by the corresponding principal charge
sensitivities in the subsystem resolution. They include:
the subsystem hardness matrix:
H=@p/IN)y = {Hyp = (9pg/dNy)v} (78a)
the matrix of subsystem Fukui functions:
F(r) = [9p(r)/dN]y = [0p/d V(O)Iy = {Fop(r) = [0pa(r)/aN,]y
= Fgo(r) = [0pn,/9vp(0)]n) (78b)
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the matrix of linear response kernels of subsystems:
B(r, 1) = [0p()) /0 V()Iy = {Bop(r,¥) = [0ps(x) /dva(®In}  (78¢)

One also defines the corresponding matrices of softness quantities in the
subsystem resolution:

the softness matrix:
S = @ON/opwy = H' = (S, = (0Ns/ia)y} = js(r)dr (79)

the matrix of local softnesses:

s(r) = —aN/ou(r) = [dp(r)/oply
= {54(r) = —0Ng/du,(r) = [0pg(r)/dpmylv} (79b)

the matrix of softness kernels:

o(r,r') = —9p(r') /ou(r) = —[9p() /9 V(1)],
= {008, ) = [0p(r) /8va (D], } (79¢)

Again, a straightforward chain rule transformation gives the following expression
for s(r) in terms of o(r,r'):

s(r) = j[é)u(r’) Joply[0p(r)/du(r’)]dr’ = Jlo(r, r)dr (79d)

where the identity matrix I = {3, g}. A similar transformation gives the expression
for the Fukui function matrix [equation (78b)] in terms of the local softnesses
[equation (79b)]:

() = [ ou!)/oN)y[op(e)/ou@)lar’ = o /aNy | otr. v ar
= Hs(r) = S~ 's(r) (79¢)
Multiplying both sides of the last equation by S = H™! also gives
s(r) = SF(r) (791)

The matrix of softness kernels is the inverse of the corresponding hardness kernel
matrix:

n(r,r') = {9’ Eylpl/dpr)ap()}y = 9°Flpl/ap(r)ap(r’) = —du(’)/ap(r)
=o't 1) = —[0V)/0p(0)], = {Napr,T) = —0ug(r)/dpy(r)

= [9vp(r)/9pa(D)] .} (80)
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These two sets of kernels satisfy the following reciprocity relation:
J 0 ryo(, r)dr

= {Z J'”r)o,y(r’7 r)o, g(r, r)dr = apﬁ(r”)/apa(r’) =04 o — r")} (81)
y

since in the subsystem resolution the AIM densities are the independent state-
variables.

The hardness matrix of equation (78a) can be expressed in terms of the subsystem
hardness kernels using the following chain-rule transformation:

H = (0p/oN)y, = ”[amr)/a NIVI%Ey Lol /p()ap()ly

X [ap(r)/aN]ydr dr = J JF(r)n(r, rHF@) dr dr’ (82a)

The subsystem resolved analog of the local hardness equalization principle now
reads:

() = [op()/aN]y = j[azEv[p]/ap(map’)]v[ap<r’>/a NjLar
— Jn(r, PP dr = [ap/oN]y = H (82b)

where we have used the intra-subsystem chemical potential equalization of
equation (60).

10. TRANSFORMATIONS OF PERTURBATIONS INTO RESPONSES

In the global equilibrium state, when all constituent subsystems are mutually open,
the transformations of infinitesimal displacements ( perturbations) of the global and
local parameters of state, which determine the Legendre transformed representation
under consideration, into differentials of the respective conjugate state-variables
(responses) can be summarized in terms of the following matrix integral equations
[4,5,8,12,13]:

In the {N, v}-representation :

[ n  f(r) ]
[du, dp(r)] = [dN, j ar’ dv(r)]
£&) D)

= [dN,dv] T[{N, v} = {u, p}] (83)
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The inverse, {u, p}-representation gives rise to the following transformation:

0 1
[dN, dv(r)] = [dp, Jdr’ dp(r)]
()]

= [du,dp] T[{u, p} — {N,v}] (84)

with T[{ g, p} = {N,v}] = T[{N,v} = {u,p}]"".

In the case of the {N — p} = {p}-representation the perturbations — responses
transformation similarly reads:

du(r) = — Jdp(r’)n(l’ 0)dr’ = dp Tlp— u] (85)

It has been demonstrated recently [12,13], that this transformation can be further
resolved into the corresponding matrix relation linking the independent displace-
ments of N (external CT) and the N-conserving changes in the internal density p'(r)
[internal polarization (P)] with the responses in the conjugate state-variables u and
v(r), respectively. This (P, CT)-separation of displacements in molecular electronic
structure is achieved by using the appropriately defined Hilbert space of the P and
CT vectors. This separation leads to the corresponding partition of charge
sensitivities and the associated transformation: [du, dv(r)] = [dN, dpi] T[{N, pi }—
{m,v1]

Finally, within the {u,v}- or {u}-representation, the softness kernel defines the
transformation:

dp(r) = — jdu(r’)o(r’, ndr' = duTlu—pl,  dN[p] = jdp(r)dr (86)

where T[u— p] = T[p— u]™! [see equation (85)]. It can be also resolved [12,13]
into the equivalent form corresponding to the transformation of perturbations
[duw,dv(r)] into responses [dN,dp'(r)], T[{uw,v} — {N,p'}] = T[{N,p'} —
{,v}17"

When the constituent subsystems are mutually closed (in molecular fragment
resolution), the corresponding matrices of charge sensitivities replace the global
quantities in the corresponding four perturbation — response transformations:

In the { N, V'}-representation:

H F(r)
(. dp(e)) = [aN, | ar dV(r’)][ . ]
F@)' B{,r)

= [dN,dV] TI(N, V} = {p,p}] 87)
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In the {p, p}-representation:

0 1
MALdVov]:[dut[dﬂdp@S{ ]
I —q@,r

= [dp,dp] T[{m,p} — {N, V}] (88)

with T[{p, p} — {N, V}] = T[{N, V} = {p,p}]"".
In the { N, p}- or {p}-representation:

dur) = ~ | dp' e’ )’ = dp Tip—ul (89)

or the equivalent transformation [dp, dV] = [dN, dp'] T[{N, p'} — {w, V}], where
the internal densities of subsystems p’ conserve the overall numbers of electrons N
[12,13].

In the {p, V'} = {u}-representation:

p(r) = — Jdu(r')(r(r’, r)dr' = du T[u— p], dN[p] = Jdp[r]dr (90)

where{ Tu—p] = T[p—> u]fl7 or equivalently the transformation T[{p, V}—
{N,p'}]1 = THN,p'} — {p, V}I7' [12,13].

11. HIRSHFELD DIVISION OF THE MOLECULAR GROUND-STATE
DENSITY

There has been a renewed interest in the Hirshfeld (‘stockholder’) partitioning [34]
of the molecular electronic density into fragment densities, e.g., those of bonded
atoms [20-26,28,29,33], created by the recent demonstration [20,26,33] of the
information-theoretic basis of this division scheme. It was shown, that the Hirshfeld
densities minimize the so called missing information [107] contained in the
fragment densities relative to the separated atoms defining the ‘promolecule’ of the
familiar density difference diagrams. The information-theoretic outlook on
molecular fragments has also given rise to a new, thermodynamic-like, entropic
description of molecular subsystems [23,33].

This entropic approach to bonded fragments in a molecule has created a new
impetus to a search for novel, information-distance measures of the chemical bond
multiplicities [27,28]. The resulting entropic ‘bond-orders’ reflect upon the
molecular ‘communication’ system involving the ‘promolecular’ input probability
scheme and the molecular output probability scheme, of finding electrons on specified
AIM. Clearly, the promolecule probabilities of atomic assignments are modified in a
molecule as a result of the communication ‘noise’ created by the electron
delocalization throughout the molecular system, via a network of the chemical
bonds. Specific entropy differences have been found to reflect both the global and



152 Roman F. Nalewajski

localized covalent and ionic bond components; they have been successfully tested
against accepted chemical intuition on several model systems [27,28]. A similar
approach to problems of molecular similarity has also been suggested [20] and the
intermediate, polarized AIM densities, before the inter-atomic CT, have been defined
[21] using the minimum entropy deficiency principle of Kullback and Leibler. These
entropy differences measure various information distances between the ‘promole-
cular’ and molecular probability schemes. They involve both the one-electron
probabilities in atomic resolution and the simultaneous probabilities of finding two
(or three) electrons on specified AIM.

Clearly, the atomic assignments of electrons depend on the specific atomic
discretization scheme used. In this respect, the Hirshfeld partitioning appears to be
particularly promising, since the ‘stockholder’ atoms represent well behaving,
equilibrium densities (see Fig. 1), which conserve the most of the information
contained in the isolated constituent atoms of the ‘promolecule’. It has been shown
[33], that they may be assigned within the subsystem-resolved DFT the effective
external potentials [see equation (32)], for which they are the ground-state densities.
In other words, they represent the v-representable subsystem densities. This
important feature also implies that the familiar causal outlook on the electronic
structure of bonded atoms, of the subsystem density representing the equilibrium
distribution in the effective external potential due to a changing chemical
environment in the molecule, can be rigorously invoked within such

N

pl

0.4}

0.1

Fig. 1. The Hirshfeld electron densities (H") of bonded hydrogen atoms obtained from the
molecular density (H,). The free hydrogen densities (H®) and the resulting electron density of
the promolecule (HY) are also shown for comparison. The density values and inter-nuclear
distances are in a.u. The zero cusp at nuclear positions is the artifact of the Gaussian basis set
used in DFT calculations.
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a ‘thermodynamic’ description, in close analogy the ordinary thermodynamics. Such
thermodynamic analogies can be also extended into the realm of non-equilibrium
processes, including instantaneous density fluctuations and irreversible flows
electrons between molecular subsystems [23].

Obviously, a given division of the molecular electron density into atomic
contributions also implies the associated partitioning of the molecular one-electron
probability distribution (shape function), since a straightforward renormalization of
the Hirshfeld subsystem electron densities gives the associated subsystem shape
functions. However, the entropic measures of the bond multiplicities also involve
the simultaneous and conditional two-electron probabilities in atomic resolution
[27,28]. An extension of the ‘stockholder’ principle to many-electron probabilities
has also been tackled [22] using the minimum entropy deficiency principle
appropriately reformulated in terms of the many-electron densities (or shape
functions), referenced to the corresponding quantities of the separated-fragments
defining the relevant promolecule system (see Section 12).

Let us begin a survey of this development with a brief reminder of the Hirshfeld
(H) partition scheme and its information-theoretic justification. The ‘stockholder’
division [34] of the molecular electron density p(r), experimental or theoretical, into
the AIM densities, p(r) = Y, pl(r),

p'(r) = {ph(r) = [pd(r)/p°(X)Ip(r) = DYY(r)p(r) = pi(p;T) = w(r)pd(r)} (91a)

where p’(r) = {p2(r)} and p’(r) = S p2(r) stand for the isolated atom and the so
called ‘promolecule’ densities, respectively. Let us recall, that the promolecule
reference density of the familiar density difference function, Ap(r) = p(r) — p°(r),
consists of the isolated atom densities shifted to the atomic position in the molecule.

The original justification for this exhaustive division of p(r) was the ‘stockholder’
principle, that the AIM should participate in the local molecular ‘profit’, p(r), in
proportion to the their ‘shares’ {Dg(r)} in the overall promolecular ‘investment’,

p(r):
DY(r) = p(1)/p°(r) = D,(r) = pli(r)/p(r) (91b)

It has been shown [20], that this partitioning minimizes the information distance
(missing information, entropy deficiency, directed divergence) [107],

AHip— plp" = ') = SHIpID') = 3 [ painlp(r)/pcoldr

= AHlplpel =D JAha(r)dr = JAh(r)dr (92)

between the AIM densities yielding a given molecular density, p(r) — p(r), and the
reference, free atom densities, which give rise to the ‘promolecule’ density, p°(r) —
p’(r). More specifically, the Hirshfeld pieces of molecular density satisfy the
variational principle of the maximum information similarity to the free atom
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densities subject to the local side condition of the exhaustive partitioning:

B{AHIplp"] - JA(r)Zpa(r)dr} —0 = p=p", or

min AHlip— plp’ — '] = AHIp"p") = [ plotnlp)/p"w)1r
= AH[plp’] = JAh(r)dr (93a)

where A(r) stands for the Lagrange multiplier function associated with the local
constraint: Y, p(r) = p(r). The same result is obtained when other, Shannon
entropy related measure of the information distance, e.g., the symmetrized entropy
deficiency (divergence, [17]) is adopted ([24,30]). Therefore, the stockholder atom:s,
by preserving as much as possible of the information contained in the densities of the
free atoms, have a solid theoretical basis in the information theory. A reference to
Fig. 1 also shows that they exhibit a single cusp at the atomic nucleus and decay
exponentially with increasing distance from it. It has also been demonstrated [21]
that they are very weakly dependent on alternative choices of the ‘promolecule’
reference, with the aromic ‘promolecule’ being uniquely identified as the preferred
one in chemical interpretations, by both the accepted chemical convention and by
the truly non-bonded status of the atomic fragments in such a reference state.

It has also been shown [33] that only for the Hirshfeld partitioning the local
measures of the information contained in atomic components, e.g., local entropies,
surprisals, or the information ‘temperatures’, of such mutually open subsystems
equalize. We shall discuss this subject in a more detail in Section 16. This local
information-distance equalization principles represent a novel, entropic criterion of
the equilibrium between the molecular subsystems. This condition is complemen-
tary to the energetic criterion of the subsystem chemical potential (electronegativity)
equalization of Sanderson [see equation (59)]. The latter is satisfied for any
exhaustive division of the ground-state density among the mutually open
subsystems, thus failing to distinguish one partition from another. The entropic
stability of the stockholder partitioning have also been demonstrated [33].

It has recently been observed [22,26] that the ‘stockholder’ principle of equation
(91b) in fact states the equality between the local conditional probabilities:
{D%(r) = p°(alr)} = p°(r) and D, (r) = p(alr)} = p(r), that an electron found at a
given location in space originates from the specified free or bonded subsystem.
Thus, a restatement of the information principle, more appropriate to justify the
‘stockholder’ rule, should be in terms of these conditional probabilities. Indeed, for a
given location in space the following local variational principle is satisfied [26]:

S{AHIPM)P’(0)] = €D plalr)} =0, = p@r)=p’(r) =p"(x) (93b)

where AH[p()p°(r)] = 3, p(alr)in[p(alr)/p°(alr)] and & is the Lagrange
multiplier enforcing the normalization of conditional probabilities: >, p(alr) = 1.
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It is also of interest to compare the densities AH(r) of the Shannon entropy
displacements for the molecule as a whole,

AH="Hlp] —HIp’] = JASj(r)dr, Hlpl=— Jp(r) Inp(rydr, etc.  (94)

with the familiar density difference function, Ap(r) = p(r) — p°(r). This is the subject
of Fig. 2 reporting the relevant contour diagrams and profiles for selected diatomics
and triatomics.

The corresponding plots for the atomic density and the integrands of the entropy
displacements of the Hirshfeld AIM,

Aplr) = pHr) — pr), AHE = HIpH]1 — HIpl] = J AHy(dr  (95)

are shown in Fig. 3.

A reference to Figs 2 and 3 shows that qualitatively the density and entropy
displacement functions are very similar, with the latter providing a somewhat more
resolved picture of entropy/information changes in the valence shell. These plots
demonstrate that both functions can be used to probe changes in the electronic
structure due to bond formation in molecules, reflecting the ‘promotion’
(polarization) of bonded atoms in the molecular valence state, as a result of the
electron excitation and orbital hybridization, and the inter-atomic electron CT effects.

12. MINIMUM ENTROPY DEFICIENCY PARTITIONING
OF MANY-ELECTRON DENSITIES

Consider the k-electron molecular density [22], @y (r; =r,r, =r,...,r, =1") =
O.(r,r,...,r"), 1 <k = N, of simultaneously finding one electron at r, another at
J/

r, etc.,

O(r,....Y") = (Wip(r,....Y"HP) (96)

defined by the expectation value for a given molecular state ¥(q) = ¥(1,2,...,N)
of the corresponding k-electron density operator,

(LN N SEDID DR Gl LUt SRR SENCH!

ijAEL A
Let @Q(r, ..., denotes the corresponding ‘promolecule’ k-electron density:
Or,....v") = (Plp.(r, ..., ") ) (98)

where Y0(q) = ¥°(1, 2, ..., N) denotes the corresponding (isoelectronic) state of the
m free constituent atoms, given by the product of the (antisymmetric) atomic states

{®(1,.... N},
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Fig. 2. A comparison between contour diagrams of the density difference Ap(r) (first column)
and entropy difference A$H(r) (second column) functions for representative diatomics (Hp, N»,
HF, LiF) and linear triatomics (HCN and HNC). In view of the qualitative nature of this
comparison, to show more dramatically the overall similarity of the two surfaces not
equidistant contour values have been selected. The corresponding profiles of A$(r), for the
cuts along the bond axis, are shown in the third column of the figure ([29]).
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Fig. 3. Representative (equidistant) contour maps of Ap%(r) (first panel), AHH(r) (second
panel) and the ASH(r) profile of the cut along the bond axis (third panel), for the constituent
atoms of typical diatomics: H, (a), N, (b), HF (c), and LiF (d) ([29]).

v(1,2,...,N) =31, ..., NYPIN, +1,...,N) + N9)- --
X PN —N2 +1,...,N) (99)
This reference function describes the distinguishable groups of electrons on

independent, free atoms, with the electrons of a given group being mutually
indistinguishable. This reference assignment of electrons to the corresponding
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atoms uniquely partitions the density operator of equation (97) the into atomically
resolved contributions:

p(r,r . r)—zzzz ZZS(r—r)S(r—r) 8, — 1)

a i€Ea B jEB y IlEy
EZZ"'Zpk(a,ﬁ,...,’}/|I',I'l,...,l'”) (100)
a B Y

which define the associated atomic partitioning of GX(r,...,1") :

Or,....r'") = Z Z~--Z(1I/O|pk(a, B,....,yle, .. ¥)P0)
a B b

=3 > @B,y ) (101)
a B Y

into the separated AIM contributions { @g(a, B,...,yIr,r,....,r")}, corresponding to
clusters of k atomic labels («, 3, ..., ) assigned to k electrons at indicated positions
in space.

We are interested in the optimum partition of the known k-electrom density in a
molecule in the AIM (or subsystem) resolution satisfying the exhaustive division
constraint:

O, )= 3 O(a, B, VY, x) (102)
a B s

The k-electron generalized information-theoretic criterion of equation (93) now
reads [22]:

min AH[{O(a, ..., yIr,....¥")} = Ou(r, ...t {ONa, ..., yIr,....1")}
— Or,...,1")]
= AH{ O}, ..., yIr, ...tV {OUa, ..., yIr, ..., t")}]
= J--~J@k(r,...,r//) In [O(r,....,r")/ B}, ..., r")dr, ..., dr"
= AH[6,16)] (103)
The optimum (‘stockholder’) k-electron fragments {@Sk(a7...,'y|r,...,r”)} are

then uniquely determined by the molecular and ‘promolecular’ k-electron densities
[22]:

O, ..., yIr, ... ¥") = [OUa, ..., YIr, ... ¥") O, ..., YN Or, ....Y)
=D, Jr,...t)Or,...r") =wO, .. )Oa,..., yIr,....,t")  (104)

Therefore (see equation (103)), these Hirshfeld-type k-electron density pieces in
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the AIM resolution minimize the information distance, from the corresponding
promolecule (free atom) distributions, to the lowest level possible, i.e., to the
missing information between the global molecular and ‘promolecular’ k-electron
densities. Again, as in the one-electron case, they are the entropy equilibrium, stable,
infinitely extending fragments of the molecular k-electron distribution, of
simultaneously finding k electrons ascribed to the specified cluster of AIM, at
specified locations in space. The corresponding derivation of this principle from the
entropy deficiency principle in terms of the local conditional k-electron probabilities
is straightforward.

The same ‘stockholder’ division principle applies to the associated k-electron
probability distribution (k-electron shape function):

O (x,....,v") = Op(r,....,¥")/INN — 1)---, (N — k+ 1],
J-'.JGk(r,...,r”)dr~--dr” =1

Or,....t) =D > 0 (a,..., ylr, 1),
o Y

6 (a,....ylr, ... 7"y = [00(a, ..., yIr, .., t")/60(r, ..., ¥ 6 (r, ..., ¥
= O (a,...,ylr,...,¥")/N(N = 1)---(N — k + 1)] (105)

where the AIM division of the known ‘promolecular’ shape function

R, ....r") = Or,....r")/INN — 1)...,(N — k+ 1)] (106)

R, ..., ylr,....") = Oa, ..., ylr, ... ,¥")/ININ — 1)---(N — k+ 1)] (107)

The ‘stockholder’ principle thus provides the unique scheme for partitioning the
simultaneous probabilities of 1 < k = N electrons among the clusters of constituent
AIM, when the natural free-atom reference is applied. By an appropriate integration,
each k-electron AIM probability components, generate slightly different, effective
one-electron probability distributions of constituent atoms. These ‘stockholder’ k-
electron probabilities of the AIM clusters can then be used to define the so called
‘stockholder’ AIM loges, in the spirit of Daudel’s theory [139-141], and in solving
the problem of a truly unbiased effective one-electron distributions of molecular
fragments [25], given by an appropriate weighted average of the effective
one-electron densities derived from partitioning the k-electron distributions,
where 1 < k < N.

It should be finally recalled, that the Loge Theory has made a vital connection
between the Information Theory and the theory of electronic structure [142], i.e., a
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link between the entropy/information concept and the electron distributions in
atomic and molecular systems. The latter have been previously exploited mainly in
the context of the energy representation. The very fact that the electron densities
lend themselves to the information-theoretic analysis has prompted further research
into the entropy/information treatments of atomic and molecular systems.

13. CHARGE SENSITIVITIES OF THE STOCKHOLDER ATOMS

Equation (91a) implies the following relation between the local displacement of the
overall (molecular) ground-state density and the corresponding changes in densities
of the Hirshfeld AIM:

dph(r) = Do(r) dp(r),  a=1,2,...,m (108)

This gives the following relations between the Hirshfeld AIM density response
properties and those of the molecular density as a whole [22]:

[3pa () /3v(1)]y = Ba(r, 1) = B(r,r)D, (),
[0ph(r) /o], = k(1) = s(r)Dy (1),
—8ph () /Bu(r) = —[3ph(r)/dv(r)], = dh(r, ) = o(r,¥)D,(),
[0ph (r)/ON], = £ (r) = f(r)D,(r) (109)

By integrating the preceding equation one finds the ‘normalized’ response in N =
) pH(r)dr, per unit shift in the global number of electrons:

[ON} /oN], = jf!ﬁ(r)dr = jf(r)Damdr (110)

Also, by the Hellmann—Feynman theorem,
pa(r) = {e,[p", v]/av(r)},, (111)

where the partial differentiation is carried out for the ‘frozen’ subsystem densities
and the differential of the energy in the Hirshfeld AIM resolution reads:

B0 = 3 [ (OE61/0p0)), dpliwe + [ (9E, 6] /5v(0)),dvierr

=3 [ utwddior + [ pedvmdr (112)

where the row vector of the Hirshfeld subsystem densities p[p] = (ptl[p],
pg[p]7 ...,). One also derives from the global equilibrium chemical potential/electro-
negativity equalization principle of equation (58) the corresponding relations for the
functional derivatives with respect to the Hirshfeld AIM densities, defined in the



Electronic Structure and Chemical Reactivity 161

preceding equation, in terms of the associated derivatives with respect to the overall
molecular density. In particular, one finds [33] that the so called Hirshfeld potentials
of equation (112),

pHr) = (9E,[p"1/0p™ (1)), = ([DE,[p"1/0p5 ()],

= [9E,[p]/dp(r)],[dp(r)/dph(r)] = p/Dy(r) = ph(r)}  (113)

are not equalized, both between themselves and throughout the space, due to the
local AIM share factor (conditional probability) D, (r) of equation (91a). Indeed, the
global equilibrium condition, when expressed in terms of the Hirshfeld potentials,
reads:

e (DD, (1) = pp(r)Dy(r) = -+ = u (114)
It also follows from equations (30), (61) and (108) that
dul(r) = D,(r)"" du(r) (115)

Hence, using equations (80) and (115) one finds the following relations between the
hardness and softness kernels in the Hirshfeld resolution, and the corresponding
global kernels for the system as a whole:

10, 1)g g = —Bug(t) /3pl(r) = Do(1)” ' m(r, tHDpx) ™ (116)
o1, 1) g = —3pp (') /iy (1) = Dy(r)a(r, ¥)Dp(x’) (117)

14. ELEMENTS OF INFORMATION-THEORETIC
‘THERMODYNAMICS’ OF MOLECULES
AND THEIR FRAGMENTS

As we have already mentioned, the Hirshfeld fragments constitute the equilibrium
pieces of the molecular electronic density, satisfying the corresponding stability
condition [see equation (93)] for the entropy deficiency of equation (92). This
implies that any hypothetical CT between the ‘stockholder’ fragments, marking a
deviation from the Hirshfeld division, will increase the missing information (entropy
deficiency) with respect to the global value between the molecular and
‘promolecular’ densities. The chemical potential equalization principle, the attribute
of an arbitrary set of the mutually open subsystems, does not discriminate between
alternative divisions of a given molecular density. As such it cannot be used as the
criterion for distinguishing the optimum partitioning of the electronic density from a
multitude of alternative divisions. The information-theoretic justification of the
Hirshfeld scheme emphasizes the need for an independent, entropylinformation
criterion, complementary to the familiar energy criterion of the subsystem chemical
potential equalization. Only the energy and information entropy representations
combined provide a complete theory of the electronic structure [33].
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The optimum information-theoretic (Hirshfeld) fragments were shown to exhibit
several unique features [33]. They are independent of the Shannon-type
information-distance measure applied to assimilate the reference atomic informa-
tion in the molecular subsystem densities and they reduce to zero the non-additivity
of the missing information relative to the ‘promolecular’ (isolated subsystem)
reference. The entropy/information equilibrium criteria, in terms of the local
entropy deficiencies of subsystems or the associated information temperatures
defined by the partial derivatives of the embedded subsystem energies (equation
(36)) with respect to the subsystem entropy densities, give an attractive
interpretation of the optimum partitioning. More specifically, one finds that only
for the Hirshfeld partitioning a given type of the local entropy deficiency parameters
of subsystems equalize for all mutually open subsystem components (see Section
16). Therefore, these local information-entropy (‘temperature’) transcriptions of the
inter-subsystem equilibrium criterion can be thought of as a local ‘thermodynamic’
supplement (‘vertical’, for the fixed p, see Section 7) of the familiar chemical
potential equalization principle. While the latter fails to identify the equilibrium
partitioning, the local entropy/information criteria uniquely select the Hirshfeld
division scheme as the equilibrium partition. According to this entropy principle one
reaches the equilibrium pieces of the molecular density, when the local information
distances of all open subsystem component locally equalize at the corresponding
global value [23,33].

The ultimate goal of a ‘thermodynamic’ description of molecular systems,
however, is to determine the ‘horizontal’ displacements of the electronic structure
(see Section 7), i.e., transitions from one v-representable molecular density to
another. In order to relate the information entropy H|[p], possibly involving also the
reference densities (equation (92)), to the system energetic parameters one uses the
generalized variational principle in the entropy representation [108]:

d{Hlpl — D Milpl} =0 or B{AH[plp’) = D MLilpl} =0 (118)
k k

where A is the Lagrange multiplier associated with kth constraint, I;[p] = I,?, with
the set of constraints including energetic quantities. Indeed, an example of such an
application of the information theory in determining the exchange-correlation part
of the effective one-body potential [2] has recently been reported [143]. This
procedure constitutes the information-theoretic variant of the Zhao—Morrison—Parr
(ZMP) procedure [144,145]. The entropy term in equation (118) represents a
‘device’, which allows one to assimilate, in the most unbiased manner possible, in
the optimum density p the physical information contained in the constraints and the
reference densities.

Consider as an illustrative example a single component case. As in the ordinary
thermodynamics of open systems [146] the entropy extremum principle of equation
(118) requires the constraint of the fixed number of electrons, N[p] = N°. Moreover,
in order to introduce a temperature parameter T, associated with the constraint of
the fixed average energy as the inverse of the condition Lagrange multiplier, one



Electronic Structure and Chemical Reactivity 163

also requires E[p] = E° [see equation (28)]. The corresponding extreme entropy
principle then reads:

8{Hlpl — 7 'Elp] + w7 'N[pl} = 0 (119)
where, by analogy with ordinary thermodynamics,
7' =@H/IE)y and — o1 = @H/IN)g (120)

It should be stressed, that the above information-theoretic, thermodynamic
‘chemical potential’ w differs from the chemical potential of equations (17) and (29).

The corresponding variational principle in the energy representation for the fixed
information entropy H[p] = H’,

3{E[p] — TH[p] — wN[p]} =0 (121)
identifies the two Lagrange multipliers as:
T=0QE/oH)y and = (JE/ON)y (122)

Following the ordinary thermodynamics [146] one can summarize the above
information-theoretic thermodynamic-like description in terms of the three basic
postulates [33]:

Postulate I. Among all possible partitions of the molecular ground-state density p
into densities of molecular fragments {p, }, for the fixed ‘promolecule’ (free atom)
reference, a natural choice in chemistry, there exists the equilibrium division into the
‘stockholder’ fragments, that are characterized completely by p and by the reference
densities alone.

Postulate II. There exists a functional AH[plp°], called the entropy deficiency
(directed divergence or divergence), of the extensive subsystem parameters {p,} of
a composite molecular system, defined for all equilibrium (Hirshfeld) divisions of p
and having the following property. The values assumed by { p, } in the absence of the
internal constraints are those that minimize AH[plp’] over the manifold of
constrained equilibrium states, the latter being defined by the effective subsystem
external potentials {v?xff(r) = vf,ff[{pa}; r]}.

Postulate 11I. The information-entropy deficiency of a composite system and its
density are additive over the constituent components.

Molecular fragments are the mutually open subsystems, which exhibit
fluctuations in their electron densities and overall numbers of electrons. In
chemistry one is interested in both the equilibrium distributions of electrons and
non-equilibrium processes characterized by rates. Recently, it has been demon-
strated [23] that the information theory provides all necessary tools for the local
dynamical description of the density fluctuations and electron flows between
molecular subsystems, which closely follows the thermodynamic theory of
irreversible processes [146].
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The conceptual structure of the irreversible thermodynamics calls for two types
of quantities: affinities, to describe the ‘forces’ that drive a process, and fluxes, to
describe responses to these forces. Their identification is not unique: it depends on
both the selected state-parameters and the adopted measure of the information
distance relative to the ‘promolecule’ reference. The local reciprocity rules, the
information-theoretic analogs of the familiar Onsager relations of the ordinary
irreversible thermodynamics, have been derived through fluctuations and the
distribution average fluctuation of the entropy deficiency have been linked to the
electronic densities of subsystems. This analysis has amply demonstrated, that
the previously identified thermodynamic analogies observed for the Hirshfeld
equilibria in the local (‘vertical’) entropic description of molecular subsystems can
indeed be extended to non-equilibrium electron distributions and irreversible
processes. In this development the entropy-determined subsystems-in-molecules,
previously viewed as static pieces of the molecular electron density, are treated as
dynamical entities, with the distribution of local fluctuations in the instantaneous
parameters of state being related in the thermodynamic-like fashion to the local
value of the relevant Legendre transform of the missing information density.

Clearly, the ‘vertical’ reality of molecular subsystems, so important for
interpretations in chemistry, cannot be verified or validated experimentally.
However, the information-theoretic entropy representation gives rise to a consistent
local ‘thermodynamic’ description of the submolecular equilibria and processes of
reaching them. The causality of a subtle interplay between the affinities and fluxes of
the ordinary thermodynamics has been extended to the molecular world, thus
offering a novel level of understanding of local static (stationary) and dynamic (non-
stationary) properties of molecules, AIM, reactants, etc. The theoretical framework
of the ‘thermodynamic’ description summarized in this section, ‘validated’ by its
close analogy to the phenomenological thermodynamics, constitutes a good starting
point for future investigations of the electronic structure reorganizations (of charges
and chemical bonds) in chemical reactions, in a search for an eventual ‘dynamic’
indexing of reactivity phenomena.

15. ENTROPIC MEASURES OF BOND MULTIPLICITY

As pointed out by Shannon [15], who established the information theory as an
autonomous mathematical discipline, the basic problem of communication is that of
reproducing at one point (receiver, output), exactly or approximately, a message sent
at another point (source, input). The free (isolated) constituent atoms, defining the
‘promolecule’, can be viewed as the molecular ‘message’ source. The information
contained in the probability distributions of this reference state is mostly preserved
in the molecule, the molecular ‘message’ receiver. Indeed, the bonded (chemical)
AIM are known to be only slightly perturbed in their valence shell relative to their
free analogs. However, these small deformations in the electron distribution, due to



Electronic Structure and Chemical Reactivity 165

the polarization and CT between bonded atoms, as well as the associated changes in
the many-electron probabilities due to the electron delocalization in the molecule,
account for the chemical bonds and all their attributes.

Therefore, as in the real communication channel, the molecular system is
characterized by disturbances of a random character (noise), which perturb the
molecular signal of atomic allocations of electrons in a molecule. This uncertainty in
ascribing electrons to AIM originates from the electron delocalization through a
network of chemical bonds. It is reflected by the conditional probabilities of finding
valence electrons originating from a given free atom of the ‘promolecule’ on
specified AIM. In a recent search for the information-theoretic, entropic measures of
the chemical bond multiplicity and its covalent and ionic components it has been
demonstrated [28] that the effect of this quantum—mechanical, delocalization noise,
e.g., measured by the average conditional entropy in atomic resolution, reproduces
the overall covalent bond index in selected model systems. It has also been found,
that the so called mutual information in atomic resolution, measuring the amount of
information flowing through the molecular ‘communication’ system, can be used as
an indicator of the ionic bond component. The direct entropic bond-orders of the
localized chemical bonds have also been suggested [28] and the role of the three-
electron entropies in model open-shell and transition-state systems have been
examined [27].

This novel approach indicates, that a chemical bond-order concept can be also
considered as exhibiting an entropic origin [147]. Thus, the concepts of the
Information Theory provide appropriate tools for extracting the chemical
interpretation in terms of both bonded atoms and bonds which connect them in a
molecule.

16. INFORMATION-DISTANCE ANALYSIS OF MOLECULAR
ELECTRON DENSITIES

An important property of the ‘stockholder’ molecular fragments is manifested by
their equalization of the local values of a given measure of the entropy deficiency
density at the corresponding global value, for the system as a whole [30,33]. An
example of such locally equalized information quantities are the subsystem-
independent local enhancement factors of the Hirshfeld subsystem densities
(equation (91a)):

Wwo(r) = ph(r)/pa(r) = we(r) = --- = w(r) = p(r)/p’(x) (123

This implies an equalization of all functions of {w,(r)}, e.g., of the Kullback—
Leibler (directed divergence) integrands {Ah,(r)} (equations (92) and (93)) per
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single electron of the corresponding free atom:
ho(r) = Ahy(1)/pa() = [pa(1)/pa(0)] In [py(1)/pa(r)] = we (D)W (r)]
= hy(r) = h(r) = Ah®)/p°(1) = [p(r)/p"(®)] In [p(r)/p"(1)]

= w(r)I(r) (124)

where I(r) = In[p(r)/p°(r)] = In w(r) is the global surprisal function, identical
with that characterizing any Hirshfeld subsystem:

LIwa@] =1n [pa(r)/pa()] = Iwi)] = I(r) = In [p)/p’(®)] (125)

An alternative measure of the subsystem local information distance relative to the
corresponding reference density is defined by the entropy deficiency ‘intensive’
conjugate of the fragment electron density (‘extensive’ state-function). The
Kullback-Leibler functional of equations (92) and (93) gives:

hig(X) = 3AH [ palp2l/3pa(®)ly = hp(r) = ---

= h(r) = 3AH[plp’1/3p(r) = I(r) + 1 (126)

Several approximate, semi-quantitative relations linking the above information-
distance densities with the density difference function Ap(r) have been derived and
numerically tested for selected linear molecules [29,30]. Since the molecular density
is in general only slightly changed relative to the ‘promolecular’ reference density,
as a result of the mainly valence shell, minor reconstruction of the electron
distribution,

Apm)] = lp(r) = p" (0] << p(r) = p°(r)  or
(127)
w(r) = p(r)/p’(r) = 1 + Ap(r)p’(r) = 1

the first-order Taylor expansion of the global surprisal function gives:
I(r) = Ap(r)/p’(r) = Ap(r)/p(r) (128)
so that the approximate expression for the Kullback—Leibler integrand reads:
Ah(r) = p(r) In [p(r)/p"(r)] = [p(r)/p’ ()] Ap(X) = Ap(r)  (129)

Hence, the corresponding approximate expressions in terms of Ap(r) for alternative,
inter-subsystem equalized information-distance densities read:

h(r) = w)I(r) = wr)Ap(r)/p’(r) = Ap(r)/p"(r),

h(r) = I(r) + 1 = w(r) = 1 + Ap(r)/p’(r) = 1

(130)
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These approximate expressions attribute to the familiar Ap(r) function a new
information-theoretic interpretation. It follows from the above expressions that the
dominant feature of these alternative missing information densities is the global
surprisal function, I(r), related to the density difference per electron [equation (128)]
and indicating the regions of increased, I(r) > 0, or decreased, I(r) < 0, entropy
deficiency with respect to the free-atomic ‘promolecular’ reference. Information-
distance density plots can thus serve as additional tools, complementary to the
density and entropy difference diagrams, for diagnosing the origins of the
chemical bond. They indeed exhibit missing information displacements reminiscent
of those observed in the associated density difference diagrams, reflecting the
contraction of the overall atomic electron distribution in a molecule, changes due to
the bond covalency and/or ionicity (CT), the atomic polarization due to the AO
hybridization, electron excitation to the higher atomic orbitals (AIM ‘promotion’),
etc. [29,30].

To conclude this section, we examine the illustrative example of such an analysis
carried out to study the central bond in propellane systems shown in Fig. 4 [29]. The
main purpose of this study was to examine the effect of an increase in the bridge

[1.1.1] [2.1.1]

Fig. 4. The propellane structures and the planes of sections containing the bridge and
bridgehead (C') atoms for the contour diagrams of Fig. 5 [29].
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sizes in the series of the [1.1.1], [2.1.1], [2.2.1], and [2.2.2] propellanes on the
central (C'—C’) bond between the bridgehead atoms.

Figure 5 reports a comparison between the contour maps of the density difference,
Ap(r), the Kullback-Leibler integrand, Ah(r), and the entropy displacement
function [equation (94)], AH(r), for the planes of sections shown in Fig. 4. The
corresponding central bond profiles of the density and entropy difference functions
are compared in Fig. 6. The optimized geometries of propellanes have been
determined from the UHF calculations (GAMESS program) using the 3-21 G basis
set. The contour maps have been obtained from the DFT calculations (deMon
program) in DZVP basis set.

The density difference plots of Figs 5 and 6 show that there is an average density
depletion, relative to the promolecule, between the bridgehead carbon atoms in the
[1.1.1] and [2.1.1] propellanes, whereas the [2.2.1] and [2.2.2] systems exhibit a net
electron density buildup in this region. A similar conclusion follows from the
entropic quantities shown in the same figures. The entropic diagrams are indeed seen
to be qualitatively similar to the corresponding density difference plots. The bond-
orders from the difference approach, reported in Fig. 6, and the corresponding
profiles shown in this figure reveal a changing nature of the central bond in the four
propellanes under consideration. The smallest bridges, lacking the bond accumu-
lation of the electron density or the entropy (entropy deficiency) density, is seen to
be mostly ‘through-bridges’ in character. A gradual emergence of the ‘through-
space’ component, due to the electron density or the entropy (entropy deficiency)
density accumulation between the bridgehead carbons is observed when the bridges
are enlarged. One roughly estimates a full single bond in the [2.2.1] and [2.2.2]
propellanes and approximately 0.8 bond in the [1.1.1] propellane. Using the latter
estimate as a measure of the ‘through-bridges’ component in the largest propellane
one predicts about 0.2 bond-order measure of the ‘through-space’ component of the
central bond in the [2.2.2] propellane.

17. INFORMATION-DISTANCE AFFINITIES FOR THE CT IN THE
DONOR-ACCEPTOR REACTIVE SYSTEMS

Consider now a CT A « B, for the fixed molecular external potential v(r), in the
reactive system consisting of the B(basic, donor) and A(acidic, acceptor) reactants.
For such processes within the externally closed A—B system, for which Ny + Ny =
N = const., the current overall electron populations on both these complementary
subsystems of the reactive system, N = (N, Ng), which result from the integration
of the reactant densities p = (p,, pg), determine the current amount of CT, relative
to the electron populations N° = (NS, N3) of the infinitely separated (free)
reactants,

Ner =Ny — N3 =N — Ng (131)
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Fig. 6. The bridgehead bond profiles of the density difference function (left panel) and
molecular entropy displacement (right panel) for the four propellanes of Fig. 4. For
comparison the numerical values of the bond multiplicities from the difference
approach (R. F. Nalewajski, J. Mrozek, G. Mazur (1996) Can. J. Chem., 74, 1121) are also

reported [29].

Therefore, Nt represents the independent reaction coordinate for such an internal
electron displacement in A-B.

The subsystem densities for the specified average numbers of electrons in
subsystem, p = p(N), can be obtained from the modified minimum entropy
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deficiency principle [30]:

B(AMIpIp") ~ 3 A [ putr) dr) = 0 (132)

where, for the case of the externally closed A—B system, i.e., for the fixed value of
the sum N = N, + Np, only one Lagrange term due to the subsystem density-
normalization constraint, say for A, is required to simultaneously enforce the
specified numbers of electrons on both reactants.

Should one additionally require, that the optimum subsystem densities
reproduce a given molecular density, > g pg(r) = p(r), as is the case in the
Hirshfeld division, one has to include the additional local constraint of the
exhaustive partitioning:

B{AH[plp"] - J/\(r)[pA(r) T pp(®Ir — Ay J pAD) dr} —0 (133

since the overall density already fixes the global number of electrons: | p(r) dr = N.
The corresponding Euler equations for the unknowns {Ny, pa, pg} are [30]:

Fo- jA(r)[FA,Am 4 Fap(mldr — Ay =0,

ha(r) = Ar) — Ax = 0, hg(r) — A(r) =0 (134)

where the electron population ‘force’ F , is the entropy deficiency conjugate of Ny,
Fa = 0AH/IN,, the Fukui-functions ([4,5,83,92]) of reactants F(r) = {Fop) =
[0pg(r)/0N,]g2q} [equation (78b)], and the subscript B8 7 « stands for the fixed
external potential and the electron population of the other subsystem. The FF matrix
elements in the reactant resolution satisfy the usual normalizations:

JFB(¢Q)7a(r) dr = [aNB/aNa]B?ga =0 and

(135)
JFa,a(r) dr = [aNa/aNa]B#a =1
Equations (134) have the following solutions:
pa(®) = pa[N, p;r] = pA(C(r)D and
(136)

p(r) = pg[N, p;r] = pi(r)C(r)

where In C(r) = A(r) — 1 and In D = A,. The local factor C(r) can be determined
from the exhaustive division constraint:

C(r) = p(r)/[DpA(r) + pa(r)] (137)
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with constant D satisfying the integral equation Ny = [ pa(r)dr, to be solved
numerically. It should be observed that the Hirshfeld densities are recovered for
D =1, i.e., for A, = 0, when the extra global constraint term in equation (133) is
not present.

We have introduced in the Euler equations (134) the entropy deficiency conjugate
of the subsystem overall number of electrons,

Fo=0AH/oN, = > J[Bpﬁ(r)/aNa][8AHB/3pB(r)]dr
B=AB

=y JFU’B(r)hB(r) dr, «a=A,B (138)
B

which define the information-distance force (‘intensive’) parameters associated with
the corresponding electron populations of reactants (‘extensive’ parameters). The
derivatives F 5 and Fy determine the entropic CT-force, F ct, for the internal CT
between the two reactants of the externally closed A—B system, for which N =
Ny + Ny = const., or dN, = —dNg = dNct > 0, defined by the entropy deficiency
conjugate of the amount of CT:

]:CT = GAH/E)NCT = Z(aNB/aNCT)(aAH/aNB) = fA - ]:B
B

- j ([Fan(® — Fya(Ia®) + [Fan(®) — Fy s}

= j [FST(0hA(D) + F§' (1)hg(r)}dr (139)

where we have introduced the reactant in situ FF, {F{T(r) = 0p4(r)/dNct} =
FCI(r) = [FAA(r) — FpA(r), FAp(r) — Fpp(r)] [4,5]. The derivatives of equations
(138) and (139) combine the information distance densities of reactants {4, (r)} and
the corresponding subsystem FF. The generalized force Fcr can be called, by
analogy to the irreversible thermodynamics ([146]), the CT affinity of the A-B
system.

Consider now the molecular density constrained CT, of the ‘vertical’ electronic
structure problem, for which the Hirshfeld electron populations of both
subsystems, N = {N§ = [ phi(r)dr}, for which i}(r) = hfj(r) = h(r), determine
the optimum amount of CT: N& = NI — NQ = N3 — NE. Indeed, it follows from
the Euler equations (134) that the CT affinity exactly vanishes for the ‘stockholder’
reactants:
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(Fép), = [(0AH/dNep)M,

- J ([Fan(®) + Fop®] — [Fag(®) + Fg ()]} Ar)dr
- j ([0p(r)/aNx1, — [0p(r)/aNg], }h(r)dr = j[ap(r)/aNcﬂphmdr

= J'[FCT(r)]ph(r)dr =0 (140)

18. FUKUI FUNCTION DESCRIPTORS OF HIRSHFELD REACTANTS

Let us again examine the A—B reactive system and its A°~B° ‘promolecule’
reference, the latter consisting of the free reactant densities brought to their current
positions in A—B, for the finite separation between the two subsystems. It should be
observed, that this hypothetical state also corresponds to the electrostatic stage of the
interaction between reactants, when the electron distributions and internal
subsystem geometries are held ‘frozen’ at finite inter-reactant separations. When
the subsequent Hirshfeld partitioning of the known overall ground-state density of
A-B is performed, one obtains the uniquely defined, equilibrium subsystems in the
reactive system.

Both A°~B® and A—B constitute a collection of the uniquely defined reactant
subsystems, before and after their density relaxation at finite distances, respectively.
It is of interest in the theory of chemical reactivity to determine how the reactivity
indices of reactants, e.g. FF, change as a result of their interaction; one would also
like to know how their response properties relate to those of the system as a whole, at
both these limits: the molecular, in A—B, and the corresponding quantities, in
A%-B [28].

Let us first examine the promolecule A’~B°, defined by the subsystem densities
p° = (%, p3) generating the ‘promolecular’ density p° = p2 + p3. A number of
related FF-type derivatives of the electronic densities, with respect to either N° =
(N3, N) or N° = NQ + N3, can be defined for this reference system:

F(r) = {Fo (r) = dpp(r) /oNo} = 0p°(0)/0N°,  fOr) = ap’(x) /0N,
(141)
t(r) = 9p’(0)/oN" = [[R(x), f3(0)]

Analogous derivatives, with respect to either N¥ = (NY, NI or N = NI + NE =
N°, can be defined for the reactive system A—B, consisting of the corresponding
Hirshfeld reactant densities, p' = (pll, pll), which sum up to the overall molecular
density p = pil + pli :

Fl(r) = {Fyp(r) = 0p3(r)/oNy } = ap"'(x)/oN",  f(r) = dp(r) /0N,
(142)
t(r) = ap"'(r) /0N = [fA(x), fi (1)]
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It directly follows from the definition of the ‘stockholder’ subsystem densities
[equation (91a)], p'i(r) = [p°(r)/p’(r)]p(r) = p°(r)p(r), where the conditional
probability densities of subsystems p(r) = [p'(r)/p(r)] = p’(r) = [p°(r)/p° (1)1,
that the local values of the FF quantities of the Hirshfeld reactant subsystems are the
p(r) fractions of the corresponding overall FF [see equation (109)]:

f(r) = p(r)[0p(r)/oN] = p(r)f(r) (143)

A similar relation can be derived for the partitioning of the ‘promolecular’ FF, by
reversing the roles of the Hirshfeld and the free reactant densities in the minimum
entropy deficiency principle, so that now pf(r) play the role of the reference
densities, while p’(r) are the optimum densities satisfying the constraint

Yoo = p'(r):

S(AHIp Ip"] - j K@) + ph()ldr} = 0 (144)

As expected by analogy to the ordinary Hirshfeld partitioning problem of equation
(93a), the solution of this modified missing information variational principle gives:

p’(r) = [p"(r)/p(r)1p’(r) = p(r)p°(x). (145)

This demonstration of the minimum information-distance character of the free
subsystem densities, with respect to the molecular/Hirshfeld reference, implies that
the separated subsystem densities can be regarded as representing the mutually open
equilibrium subsystems of the ‘promolecule’, thus justifying the definition of the
global FF for the ‘promolecule’, fO(r) [equation (141)], as the partial derivative of
p’(r) with respect to N°. The differentiation of these optimum free subsystem
densities for the ‘frozen’ Hirshfeld reference gives:

(r) = p()[9p°(r)/aN"] = p(r)f°(r) (146)

Combining equations (143) and (146) gives the following proportionality relation
between FF of the reactant subsystems in A—B and A°~B:

FAD/far) = o) /fa (@) = ) /f(r) (147)

It implies, that the Hirshfeld subsystems change their FF in the molecular reactive
system, relative to that in the ‘promolecular’ reference, in the proportion determined
by the ratio of the corresponding global FF. It follows from this rule that the locally
soft (hard) free reactant of the ‘promolecule’ remains locally soft (hard) as the
Hirshfeld (bonded) subsystem of the molecular reactive system.

The same proportionality relations follow from the entropy deficiency rules, in
which the Kullback-Leibler functional is formulated directly in terms of the
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subsystem FF distributions, instead of the electron densities:

S{AHIEMIE] — jar)[f,‘f(r) +fa(ldr} =0, = f£il(r) = fomFE)/fr)]
(148)
S{AHIEIH] — J@(r)VX(r) +f8mldry =0, = f2r) =m0 /fr)]

Dividing the solutions of these two variational principles yields equation (147). It
should be realized, however, that the FF cannot be exactly considered as
‘probability’ distribution, since it can assume negative values. We would like to
observe, however, that this quantity has been successfully used in several overlap
criteria of molecular similarity.

The FF proportionality rule of equation (147) is related to the asymptotic
properties of the stockholder AIM [26]. Let us assume for simplicity a diatomic
system M = AB, consisting of the Hirshfeld (bonded) atoms A™ and B, p =
pi + pl  the free analogs of which exhibit the relative electron acceptor (acidic) and
donor (basic) properties, respectively:

pa = —I3 < py = —I (149)

where u® and I denote the chemical potential (negative electronegativity) and
ionization potential of the free atom «. Rewriting the expressions for the
‘stockholder’ density pieces gives them in terms of the molecular density and the

ratio x = p% /p :
pH=pl+x" and pl=pa+xH! (150)

For locations at large distances from the molecule, » — oo, when the distances from
both nuclei become very large, x — oo, since the asymptotic behavior of the free
atoms is determined by the ionization potentials, i.e., the negative energies of the KS
orbitals (chemical potentials):

pe—exp[—22Ir]  (r—®), a=AB (151)

Thus, for r — o0, pii — 0, and pf — p, so that the density of the softer (donor) atom
B will have the dominant contribution to the molecular density at distances from the
molecule large compared to the inter-atomic distance. This result is in agreement
with the conclusions of the subsystem KS analysis [148].

19. CONCLUSION

As we have demonstrated in this survey, there is a wide range of problems in the
theory of electronic structure and chemical reactivity, which can be tackled using
concepts and techniques of the density functional and information theories. These
two descriptions are complementary in character, providing the energy and entropy
representations of molecular systems, respectively. Together they constitute the
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complete theoretical framework for describing both ‘horizontal’ and ‘vertical’
displacements in the system electronic structure. The former are associated with
changes in the system ground-state density and energy, while the latter are carried
out for the fixed ground-state density, and thus, the energy of the system as a whole,
with only the embedded subsystems changing their densities and energies as a result
of shifting electrons between the constituent subsystems. The ‘vertical’ problem is
vital for extracting the chemical interpretation from the known molecular electron
density in terms of AIM, functional groups, reactants, and bonds which connect these
subsystems in the molecule. The information theory provides the entropic
justification of the ‘stockholder’ AIM and the Hammond postulate [149], the
criteria of molecular similarity, the polarization (promotion) and CT stages of the
reorganization of atoms, when they form chemical bonds in a molecule, a thermo-
dynamic-like description of molecular systems and their fragments, as well as
descriptors of the electron-transfer phenomena in reactive systems, bond multi-
plicities, etc. The density fluctuations and the flows of electrons between subsystems
can be also tackled in the local ‘thermodynamic’ description, which closely follows
the ordinary irreversible thermodynamics. Other applications of the Information
Theory in chemical physics, besides the known applications in statistical
thermodynamics, include problems of chemical kinetics [150—154], definition of
molecular ‘lodges’ [25,142,155], the surprisal analysis and synthesis of the electron
density [156—159], the Compton profiles and momentum density [160-164], density
functionals and DFT as thermodynamics, and the electron correlation problem [3,19,
159,165-173] transferability of molecular subsystems ([112]), and more general
topics in quantum mechanics [174,175]. The Information Theory plays the unifying
role in physics as well, by facilitating the derivations of its basic laws from the
common extreme physical (Fisher) information principle [19].

The DFT rooted charge sensitivities constitute attractive concepts in terms of
which the truly two-reactant reactivity criteria can be defined for both the externally
(or mutually) closed and open subsystems. The effective external potentials of the
embedded (unbiased) Hirshfeld subsystems can be rigorously defined within DFT as
the corresponding functional derivative of the non-additive kinetic energy
functional. This common sense ‘stockholder’ partitioning scheme of a known
molecular density into the AIM pieces, which uses the free subsystem reference of
the corresponding ‘promolecular’ system, has been given a solid information
theoretic basis by demonstrating, that it results from the minimum entropy
deficiency (information distance) principle, relative to the ‘promolecular’ data for
the free atomic fragments. It was also shown that the same approach results in a
generalized ‘stockholder’ scheme for dividing molecular many-electron densities
and probabilities [22]. In particular, the two-electron probabilities in the subsystem
resolution, characterizing the ‘communication’ channels in a molecule, are vital for
determining the entropic bond-orders [27,28]). An ensemble interpretation of the
Hirshfeld partitioning has also been given [22].

Several important properties of these ‘stockholder’ atoms, the entropy deficiency
equilibrium and stable pieces of the molecular electron density, make them
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attractive concepts for interpretations in chemistry. They preserve as much as
possible the information contained in the electron densities of the free atoms, exhibit
a single cusp at the atomic nucleus, decay exponentially at large distances from the
molecule exhibiting the expected asymptotic behavior; they also reflect the
intuitively predicted changes due to formation of a single covalent bond: the overall
contraction of the AIM densities and their polarization towards the bonding partner
[21,29-30]. The Hirshfeld subsystems satisfy the chemical potential equalization
principle, as do all mutually open fragments of the molecular ground-state density,
and they locally equalize the subsystem information-distance densities at the
corresponding value for the system as a whole [20,33]. The missing information-
and entropy-displacement densities have been semi-quantitatively related to the
density difference function [29,30], which uses the same ‘promolecule’ reference
and is widely used by chemist in their interpretation of the origins of the chemical
bond. With this novel development the importance of the surprisal function of the
molecular electron density has been stressed and the density difference function has
been attributed a new, missing information interpretation. This information-
theoretic treatment of molecular subsystems also allows one to derive useful
relations between the response properties (local softnesses or Fukui functions)
exhibited by the Hirshfeld molecular fragments. The same minimum entropy
deficiency principle of the Information Theory can be used to extend the one-
electron ‘stockholder’ rule of the Hirshfeld partition to divisions of the joint many-
electron densities and probabilities [22,24]. This is vital for extracting entropic
measures of the chemical connectivities (bonds) [27,28].

The illustrative applications of the Information Theory to the electronic structure
phenomena have demonstrated the theory potential in extracting the chemical
interpretation from the calculated electron distributions, in terms of atoms and bonds
which connect them in a given molecular environment. The theory allows one to
describe various stages, intermediate and final, of the atomic density reconstruction
in chemical processes, and to determine the average uncertainties in a transmission
of the AIM allocation ‘signals’ throughout the molecular ‘communication’ system,
which can be used to probe the covalent and ionic bond components [27,28]. It has
already been amply demonstrated how important this entropic tool is for gaining a
better understanding of the ‘chemistry’ behind the calculated molecular electron
densities and probability distributions. In the future these information-theoretic
concepts should facilitate a more direct connection between the ab initio results of
computational quantum chemistry and the intuitive language of chemistry, in which
such concepts as AIM, bond multiplicities, promotion energy, amount of CT,
electronegativity, and the hardness/softness characteristics of the electron gas in a
molecule are paramount.

The generalized forces driving changes in the electronic structure, e.g., the CT
affinities, have also been defined. They combine the familiar Fukui function
response properties of molecular fragments (derivatives of the system energy) with
their information-distance densities (derivatives of the system information entropy),
thus providing more general descriptors of molecular fragments in reactive systems.
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The information-theoretic elements of a ‘thermodynamic’ description of the
electronic structure of molecules and reactive systems cover both the ‘vertical’,
fixed ground-state density problems, and the ‘horizontal’ transitions between the
two ground-state densities. Both equilibrium states and non-equilibrium processes
of the ‘vertical’, molecular fragment description can be tackled in close analogy to
the ordinary thermodynamics. This development emphasizes the importance of the
complementary energetic and entropy representations, with the Information Theory
providing the hitherto missing entropy part of the electronic structure interpretations
in chemistry. The energy minimum principle of DFT [1] yields the ground-state
density matching a given external potential due to the nuclei, while the ‘entropic’,
fixed density search of Levy [124] delivers the external potential matching a given v-
representable density [24,93,137,138].

The criteria for the equilibrium electron distributions in molecular systems,
including the constrained case of the mutually closed subsystems, have also been
reexamined and the effective external potential representability of the molecular
fragment densities have been discussed in some detail within the subsystem resolved
DFT. It has been argued, that the embedded subsystem density can be viewed as
representing the separate (free) system defined by the appropriately defined effective
external potential. This result introduces an important element of causality into the
subsystem description. Namely, each manipulation performed on the density of a
molecular fragment can thus be interpreted as the ground-state response to the
concomitant displacement in the subsystem effective external potential, and vice
versa. Moreover, a given set of non-equilibrium densities of subsystems can be
attributed an effective ground-state (constrained equilibrium) interpretation, which
is vital for the thermodynamic-like interpretation of intermediate reconstructions of
the electron distribution in molecular processes.

The thermodynamic analogies in the entropic description of ‘vertical’
processes in molecular systems have been extended to the non-equilibrium,
instantaneous electron distributions and irreversible processes, covering both the
density fluctuations relative to the (stationary) Hirshfeld values, and electron
flows between constituent fragments [23]. In this development the ‘stockholder’
subsystems are viewed as averages of the instantaneous (dynamic) entities, with
the distribution of local fluctuations being related to the relevant entropy
deficiency density in the thermodynamic-like fashion. This opens a possibility to
extend the range of applications of the information-theoretic treatment of the
submolecular processes to the realm of non-equilibrium states of subsystems,
e.g., in the course of chemical reaction. In other words, this analysis establishes
a phenomenological framework for an eventual ‘dynamic’ indexing the rates of
chemical reactions.

The ‘vertical’, submolecular reality of molecular fragments, e.g., AIM,
functional groups, reactants, etc., so important for the language of chemistry,
cannot be directly validated experimentally, since it is not an ‘observable’. It
can only be verified indirectly, by the demonstrated close analogy to
phenomenological thermodynamics. Indeed, consistent chemical interpretations
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call for thermodynamic-like causal relations between perturbations and responses
in molecular subsystems. With the information-theoretic outlook on the
molecular and submolecular electronic structure the whole experience of the
ordinary thermodynamics can be employed in treating a variety of subtle
processes in chemistry.

In the theory of chemical reactivity the second-order Taylor expansion in the
subsystem resolution, defined by the relevant derivatives (electron potentials and
charge sensitivities) of the subsystem resolved density functional for the system
electronic energy, play an essential role in designing the adequate two-reactant
reactivity criteria [4,5]. In this survey an overview of such derivative hardness and
softness (or Fukui Function) properties has been given, emphasizing similarities and
essential differences between such descriptors of the system as a whole (global
resolution) and those characterizing the interacting, mutually closed molecular
fragments (subsystem resolution). The latter case is of particular importance for the
theory of chemical reactivity, which traditionally uses the reactant resolution. The
advantages of DFT in this regard, particularly when supplemented by the
information-distance entropic development, have been emphasized throughout
this review.

ACKNOWLEDGEMENTS

This work was supported by the research grant No. 3T09A14119 from the State
Committee for Scientific Research in Poland.

REFERENCES

[1] P. Hohenberg and W. Kohn, Phys. Rev., 1964, 136, B864.

[2] W. Kohn and L. J. Sham, Phys. Rev., 1965, 140, A1133.

[3] R. G. Parr and W. Yang, Density-Functional Theory of Atoms and Molecules, Oxford University
Press, New York, 1989.

[4] R. F. Nalewajski, J. Korchowiec and A. Michalak, in Density Functional Theory IV: Theory of
Chemical Reactivity; Topics in Current Chemistry (ed. R. F. Nalewajski), Springer, Berlin, 1996,
Vol. 183, p. 25.

[5] R. Nalewajski and J. Korchowiec, Charge Sensitivity Approach to Electronic Structure and
Chemical Reactivity, World Scientific, Singapore, 1997.

[6] R. F. Nalewajski, Int. J. Quantum Chem., 1995, 56, 453.

[7]1 R. F. Nalewajski, Phys. Chem. Chem. Phys., 1999, 1, 1037.

[8] R. F. Nalewajski, Comp. Chem., 2000, 24, 243.

[9] R. F. Nalewajski, Int. J. Quantum Chem., 2000, 78, 168.

[10] R. F. Nalewajski, Int. J. Quantum Chem., 1994, 49, 675.

[11] R. F. Nalewajski, Topics Catal., 2000, 11, 469.

[12] R. F. Nalewajski, in Reviews in Modern Quantum Chemistry: A Celebration of the Contributions of
R. G. Parr (ed. K. D. Sen), World Scientific, Singapore, 2002, Vol. II, p. 1071.

[13] R. F. Nalewajski, Chem. Phys. Lett., 2002, 353, 143.

[14] R. A. Fisher, Proc. Cambridge Phil. Soc., 1925, 22, 700.



180 Roman F. Nalewajski

[15] C. F. Shannon, Bell System Tech. J., 1948, 27, 379, see also p. 623.

[16] L. Brillouin, Science and Information Theory, Academic Press, New York, 1956.

[17] S. Kullback, Information Theory and Statistics, Wiley, New York, 1959.

[18] A. M. Mathai and P. M. Rathie, Basic Concepts in Information Theory and Statistics: Axiomatic
Foundations and Applications, Wiley, New York, 1975.

[19] B. R. Frieden, Physics from Fisher Information—A Unification, Cambridge University Press,
Cambridge, 2000.

[20] R. F. Nalewajski and R. G. Parr, Proc. Natl Acad. Sci. USA, 2000, 97, 8879.

[21] R. F. Nalewajski and R. Loska, Theor. Chem. Acc., 2001, 105, 374.

[22] R. F. Nalewajski, Phys. Chem. Chem. Phys., 2002, 4, 1710.

[23] R. F. Nalewajski, J. Phys. Chem. A, 2003, 107, 3792; Acta Phys. Chim. Debr., 2002, 34-35, 13;
Ann. Phys., in press.

[24] R. F. Nalewajski, Int. J. Mol. Sci., 2002, 3, 237.

[25] R. F. Nalewajski, Chem. Phys. Lett., 2003, 375, 196.

[26] R. F. Nalewajski, Chem. Phys. Lett., 2003, 372, 28.

[27] R. F. Nalewajski and K. Jug, in Reviews in Modern Quantum Chemistry: A Celebration of the
Contributions of R.G. Parr (ed. K. D. Sen), World Scientific, Singapore, 2002, Vol. 1, p. 148.

[28] R. F. Nalewajski, J. Phys. Chem. A, 2000, 104, 11940; Mol. Phys., submitted.

[29] R. F. Nalewajski and E. Broniatowska, J. Phys. Chem. A, 2003, 107, 6270.

[30] R. F. Nalewajski, E. Switka and A. Michalak, Int. J. Quantum Chem., 2002, 87, 198; R. F.
Nalewajski and E. Switka, Phys. Chem. Chem. Phys., 2002, 4, 4952.

[31] B. G. Baekelandt, G. O. A. Janssens, H. Toufar, W. J. Mortier, R. A. Schoonheydt and R. F.
Nalewajski, J. Phys. Chem., 1995, 99, 9784.

[32] R. F. Nalewajski and O. Sikora, J. Phys. Chem. A, 2000, 104, 5638.

[33] R. F. Nalewajski and R. G. Parr, J. Phys. Chem. A, 2001, 105, 7391.

[34] F. L. Hirshfeld, Theor. Chim. Acta, 1977, 44, 129.

[35] R. F. W. Bader, Atoms in Molecules: A Quantum Theory, Oxford University Press, New York, 1990.

[36] R. B. Woodard and R. Hoffmann, The Conservation of Orbital Symmetry, Academic Press, London,
1971; R. B. Woodward and R. Hoffmann, J. Am. Chem. Soc., 1965, 87, 395; see also p. 2511.

[37] T. L. Gilchrist and R. C. Storr, Organic Reactions and Orbital Symmetry, Cambridge University
Press, Cambridge, 1972.

[38] G. B. Gill and M. R. Willis, Pericyclic Reactions, Chapman & Hall, New York, 1974.

[39] A. J. Stone, in Specialist Periodical Reports: Theoretical Chemistry (eds R. N. Dixon and
C. Thomson), Bartholomew Press, Dorking, 1978, Vol. 3, p. 39.

[40] R. A. Y. Jones, Physical and Mechanistic Organic Chemistry, Cambridge University Press,
Cambridge, 1979.

[41] E. A. Halevi, Orbital Symmetry and Reaction Mechanism—The Orbital Correspondence in
Maximum Symmetry View, Springer Verlag, Berlin, 1992.

[42] R. E. Lehr and A. P. Marchand, Orbital Symmetry — A Problem Solving Approach, Academic
Press, New York, 1972.

[43] T. A. Albright, J. K. Burdett and M.-H. Whangbo, Orbital Interactions in Chemistry, Wiley-
Interscience, New York, 1985.

[44] R. G. Pearson, Symmetry Rules for Chemical Reactions: Orbital Topology and Elementary
Processes, Wiley, New York, 1976.

[45] R. F. Bader, Mol. Phys., 1960, 3, 137; R. F. Bader, J. Chem. Phys., 1968, 49, 1666.

[46] M. J. S. Dewar, Molecular Orbital Theory of Organic Chemistry, McGraw-Hill, New York, 1969.

[47] K. Fukui, Theory of Orientation and Stereoselection, Springer-Verlag, Berlin, 1975.

[48] K. Fukui, Science, 1987, 218, 747.

[49] G. Klopman (ed.), Chemical Reactivity and Reaction Paths, Wiley-Interscience, New York, 1974.

[50] M. J. S. Dewar and R. C. Dougherty, The PMO Theory of Organic Chemistry, Plenum, New York,
1975.

[51] R. McWeeny, Coulson’s Valence, Oxford University Press, Oxford, 1979.



Electronic Structure and Chemical Reactivity 181

[52] H. Fujimoto and K. Fukui, in Chemical Reactivity and Reaction Paths (ed. G. Klopman), Wiley-
Interscience, New York, 1974, p. 23.

[53] L. Salem, J. Am. Chem. Soc., 1968, 90, 543.

[54] L. Salem, J. Am. Chem. Soc., 1968, 90, 553.

[55] L. Salem, Chem. Br., 1968, 5, 449.

[56] G. Klopman, J. Am. Chem. Soc., 1968, 90, 223.

[57] G. Klopman (ed.), Chemical Reactivity and Reaction Paths, Wiley-Interscience, New York, 1974,
p. 55.

[58] R. G. Pearson, Hard and Soft Acids and Bases, Dowden, Hutchinson, and Ross, Stroudsburg, 1973.

[59] H. Nakatsuji, J. Am. Chem. Soc., 1973, 95, 345.

[60] H. Nakatsuji, J. Am. Chem. Soc., 1974, 96, 24.

[61] H. Nakatsuji, J. Am. Chem. Soc., 1974, 96, 30.

[62] V. Gutmann, The Donor—Acceptor Approach to Molecular Interactions, Plenum, New York, 1978.

[63] P. Politzer and D. Truhlar (eds), Chemical Applications of Atomic and Molecular Electrostatic
Potentials, Plenum, New York, 1981.

[64] J. S. Murray and K. Sen (eds), Molecular Electrostatic Potentials: Concepts and Applications,
Elsevier, Amsterdam, 1996.

[65] E. Kraka and D. Cremer, in Theoretical Models of Chemical Bonding, Part 3: The Concept of the
Chemical Bond (ed. Z. B. Maksi¢), Springer, Berlin, 1990, p. 453.

[66] G. S. Hammond, J. Am. Chem. Soc., 1955, 77, 334.

[67] C. D. Johnson, Chem. Rev., 1975, 75, 755.

[68] L. P. Hammett, Chem. Rev., 1935, 17, 125.

[69] L. P. Hammett, J. Am. Chem. Soc., 1937, 59, 96.

[70] C. D. Johnson, The Hammett Equation, Cambridge University Press, London, 1973.

[71] R. A. Marcus, J. Am. Chem. Soc., 1969, 91, 7224.

[72] N. B. Chapman and J. Shorter (eds), Advances in Linear Free Energy Relationships, Plenum, New
York, 1972.

[73] R. F. Nalewajski, in Density Functional Theory (eds E. K. U. Gross and R. M. Dreizler), NATO ASI
Series, Series B: Physics, Plenum, New York, 1995, Vol. 337, p. 339.

[74] R. F. Nalewajski, in Recent Advances in Density Functional Methods, Part 111 (eds V. Barone,
A. Bencini and P. Fantucci), World Scientific, Singapore, 2002, p. 257.

[75] W. M. Mortier and R. A. Schoonheydt (eds), Developments in the Theory of Chemical Reactivity
and Heterogeneous Catalysis, Research Signpost, Trivandrum, 1997.

[76] L. H. Jones and R. R. Ryan, J. Chem. Phys., 1970, 52, 2003.

[77] J. C. Decius, J. Chem. Phys., 1963, 38, 241.

[78] B. 1. Swanson, J. Am. Chem. Soc., 1976, 98, 3067.

[79] B. I. Swanson and S. K. Satija, J. Am. Chem. Soc., 1977, 99, 987.

[80] C. A. Coulson and H. C. Longuet-Higgins, Proc. R. Soc. A (London), 1947, 191, 40. C. A. Coulson
and H. C. Longuet-Higgins, Proc. R. Soc. A (London), 1947, 192, 16.

[81] K. D. Sen, (ed.), Chemical Hardness, Structure and Bonding, Springer, Berlin, 1993, Vol. 80.

[82] M. H. Cohen, in Density Functional Theory IV: Theory of Chemical Reactivity; Topics in Current
Chemistry, (ed. R. F. Nalewajski) Springer, Berlin, 1996, Vol. 183, p. 143.

[83] R. F. Nalewajski, in Developments in the Theory of Chemical Reactivity and Heterogeneous
Catalysis (eds W. M. Mortier and R. A. Schoonheydt), Research Signpost, Trivandrum, 1997,
p- 135.

[84] R. F. Nalewajski, Int. J. Quantum Chem., 1997, 61, 181.

[85] J. A. Alonso and L. C. Balbas, in Hardness; Structure and Bonding (ed. K. Sen), Springer, Berlin,
1993, Vol. 80, p. 229.

[86] B. G. Baekelandt, W. J. Mortier and R. A. Schoonheydt, in Chemical Hardness; Structure and
Bonding (ed. K. D. Sen), Springer, Berlin, 1993, Vol. 80, p. 187.

[87] P. K. Chattaraj and R. G. Parr, in Chemical Hardness; Structure and Bonding (ed. K. D. Sen),
Springer, Berlin, 1993, Vol. 80, p. 11.



182 Roman F. Nalewajski

[88] J. L. Gazquez, in Chemical Hardness; Structure and Bonding (ed. K. D. Sen), Springer, Berlin,
1993, Vol. 80, p. 27.
[89] R. Nalewajski, in Chemical Hardness; Structure and Bonding (ed. K. D. Sen), Springer, Berlin,
1993, Vol. 80, p. 115.
[90] R. M. Dreizler and E. K. U. Gross, Density Functional Theory: An Approach to the Quantum Many-
Body Problem, Springer, Berlin, 1990.
[91] R. F. Nalewajski (ed.), Density Functional Theory I-1V; Topics in Current Chemistry, Springer,
Berlin, 1996, Vol. 180-183.
[92] R. G. Parr and W. Yang, J. Am. Chem. Soc., 1984, 106, 4049.
[93] R. F. Nalewajski and R. G. Parr, J. Chem. Phys., 1982, 77, 399.
[94] M. Berkowitz and R. G. Parr, J. Chem. Phys., 1988, 88, 2554.
[95] R. F. Nalewajski, J. Am. Chem. Soc., 1984, 106, 944.
[96] R. F. Nalewajski, J. Phys. Chem., 1985, 89, 2831.
[97] P. W. Ayers and R. G. Parr, J. Am. Chem. Soc., 2000, 122, 2010. P. W. Ayers and R. G. Parr,
J. Am. Chem. Soc., 2000, 123, 2007.
[98] R. S. Mulliken, J. Chem. Phys., 1934, 2, 782.
[99] R. T. Sanderson, Science, 1951, 114, 670.
[100] R. T. Sanderson, Chemical Bonds and Bond Energy, 2nd edition, Academic Press, New York, 1976.
[101] R. P. Iczkowski and J. L. Margrave, J. Am. Chem. Soc., 1961, 83, 3547.
[102] E. P. Gyftopoulos and G. N. Hatsopoulos, Proc. Natl Acad. Sci. USA, 1965, 60, 786.
[103] K. D. Sen and C. K. Jgrgensen (eds), Electronegativity; Structure and Bonding, Springer, Berlin,
1987, Vol. 66.
[104] R. G. Parr, R. A. Donnelly, M. Levy and W. E. Palke, J. Chem. Phys., 1978, 69, 4431.
[105] R. G. Parr and R. G. Pearson, J. Am. Chem. Soc., 1983, 105, 7512.
[106] P. W. Ayers, Proc. Natl Acad. Sci. USA, 2000, 97, 1959.
[107] S. Kullback and R. A. Leibler, Ann. Math. Stat., 1951, 22, 79.
[108] E. T. Jaynes, Phys. Rev., 1957, 106, 620.
[109] N. Abramson, Information Theory and Coding, McGraw-Hill, New York, 1963.
[110] R. B. Ash, Information Theory, Interscience, New York, 1965.
[111] A. Cedillo, P. K. Chattaraj and R. G. Parr, Int. J. Quantum Chem., 2000, 77, 403.
[112] P. W. Ayers, J. Chem. Phys., 2001, 113, 10886.
[113] S. K. Ghosh, M. Berkowitz and R. G. Parr, Proc. Natl Acad. Sci. USA, 1984, 81, 8028.
[114] S. K. Ghosh and M. Berkowitz, J. Chem. Phys., 1985, 83, 2976.
[115] A. Nagy and R. G. Parr, Proc. Indian Acad. Sci. (Chem. Sci.), 1994, 106, 217.
[116] T. Kato, Commun. Pure Appl. Math., 1957, 10, 151.
[117] A. K. Chandra, A. Michalak, M. T. Nguyen and R. F. Nalewajski, J. Phys. Chem. A, 1998, 102,
10182.
[118] R. F. Nalewajski, Polish J. Chem., 1998, 72, 1763.
[119] R. F. Nalewajski, Int. J. Quantum Chem., 1998, 69, 591.
[120] J. Korchowiec and T. Uchimaru, J. Phys. Chem. A, 1998, 102, 10167.
[121] A. Michalak, F. DeProft, P. Geerlings and R. F. Nalewajski, J. Phys. Chem. A, 1999, 103, 762.
[122] P. W. Ayers and M. Levy, Theor. Chem. Acc., 2000, 103, 353.
[123] N. D. Mermin, Phys Rev., 1965, 137A, 1441.
[124] M. Levy, Proc. Natl Acad. Sci. USA, 1979, 76, 6062.
[125] R. F. Nalewajski, J. Chem. Phys., 1983, 78, 6112.
[126] J. P. Perdew and M. R. Norman, Phys. Rev. B, 1982, 26, 5445.
[127] J. P. Perdew, R. G. Parr, M. Levy and J. L. Balduz, Phys. Rev. Lett., 1982, 49, 1691.
[128] J. P. Perdew and M. Levy, Phys. Rev. Lett., 1983, 51, 1884.
[129] J. P. Perdew and M. Levy, in Many-Body Phenomena at Surfaces (eds D. Langreth and H. Suhl),
Academic Press, Orlando, 1984, p. 71.
[130] J. P. Perdew, in Density Functional Methods in Physics (eds R. M. Dreizler and J. da Providencia),
Plenum, New York, 1985, p. 265.



Electronic Structure and Chemical Reactivity 183

[131] W. Yang, R. G. Parr and R. Pucci, J. Chem. Phys., 1984, 81, 2862.

[132] M. H. Cohen, M. V. Ganguglia-Pirovano and J. Kurdnovsky, J. Chem. Phys., 1994, 101, 8988.

[133] M. H. Cohen, M. V. Ganguglia-Pirovano and J. Kurdnovsky, J. Chem. Phys., 1995, 103, 3543.

[134] W. Yang and R. G. Parr, Proc. Natl Acad. Sci. USA, 1985, 82, 6723.

[135] P. Senet, J. Chem. Phys., 1997, 107, 2516.

[136] R. F. Nalewajski, J. Mrozek and A. Michalak, Int. J. Quantum Chem., 1997, 61, 589.

[137] E. Lieb, Int. J. Quantum Chem., 1983, 24, 243.

[138] F. Colonna and A. Savin, J. Chem. Phys., 1999, 110, 2828; H. Eschrig, in Proceedings of the 21st
Symposium on Electronic Structure, Academic-Verlag, Berlin, 1991.

[139] R. Daudel, C. R. Acad. Sci. (Paris), 1953, 237, 601.

[140] R. Daudel, The Fundamentals of Theoretical Chemistry, Pergamon, Oxford, 1969.

[141] R. Daudel, The Quantum Theory of the Chemical Bond, D. Reidel, Dordrecht, 1974.

[142] C. Aslangul, R. Constanciel, R. Daudel and P. Kottis, Adv. Quantum Chem., 1972, 6, 94.

[143] R. G. Parr and Y. Wang, Phys. Rev. A, 1997, 55, 3326.

[144] Q. Zhao and R. G. Parr, Phys. Rev. A, 1992, 46, 237. Q. Zhao and R. G. Parr, J. Chem. Phys., 1993,
98, 543.

[145] Q. Zhao, R. C. Morrison and R. G. Parr, Phys. Rev. A, 1994, 50, 2138.

[146] H. B. Callen, Thermodynamics: an Introduction to the Physical Theories of Equilibrium
Thermostatics and Irreversible Thermodynamics, Wiley, New York, 1962.

[147] R. F. Nalewajski, A. M. Koster and K. Jug, Theor. Chim. Acta (Berlin), 1993, 85, 463.

[148] R. Van Leeuwen, O. Gritsenko and E. J. Baerends, in Density Functional Theory I: Functionals and
Effective Potentials; Topics in Current Chemistry (ed. R. F. Nalewajski), Springer, Berlin, 1996,
Vol. 180, p. 107.

[149] R. F. Nalewajski and E. Broniatowska, Chem. Phys. Lett., 2003, 376, 33.

[150] R. B. Bernstein, Chemical Dynamics via Molecular Beam and Laser Techniques, Clarendon
Press, Oxford, 1982; R. D. Levine and R. B. Bernstein, in Dynamics of Molecular Collisions
(ed. W. H. Miller), Plenum, New York, 1976.

[151] R. D. Levine, Ann. Rev. Phys. Chem., 1978, 29, 59.

[152] R. D. Levine, in Maximum Entropy Formalism (eds R. D. Levine and M. Tribus), MIT Press,
Cambridge, Massachusetts, 1979.

[153] N. Agmon and R. D. Levine, Chem. Phys. Lett., 1977, 52, 197.

[154] N. Agmon and R. D. Levine, J. Chem. Phys., 1979, 71, 3034.

[155] R. Daudel, R. F. W. Bader, M. E. Stephens and D. S. Borrett, Can. J. Chem., 1974, 52, 1310, see
also p. 3077.

[156] W. P. Wang and R. G. Parr, Phys. Rev. A, 1977, 16, 891.

[157] P. Politzer and R. G. Parr, J. Chem. Phys., 1976, 64, 4634.

[158] J. L. Gazquez and R. G. Parr, J. Chem. Phys., 1978, 68, 2323.

[159] S. B. Sears, Applications of Information Theory in Chemical Physics, Ph.D Thesis, The University
of North Carolina, Chapel Hill, 1980.

[160] S. R. Gadre and S. B. Sears, J. Chem. Phys., 1979, 71, 4321.

[161] S. R. Gadre, Phys. Rev. A, 1984, 30, 620.

[162] S. R. Gadre, R. D. Bendale and S. P. Gejii, Chem. Phys. Lett., 1985, 117, 138.

[163] S. R. Gadre, S. B. Sears, S. J. Chakravorty and R. D. Bendale, Phys. Rev. A, 1985, 32, 2602.

[164] S. R. Gadre and R. D. Bendale, Int. J. Quantum. Chem., 1985, 28, 311.

[165] P. K. Acharya, L. J. Bartolotti, S. B. Sears and R. G. Parr, Proc. Natl Acad. Sci. USA, 1980, 77,
6978.

[166] S. B. Sears, R. G. Parr and U. Dinur, Israel J. Chem., 1980, 19, 165.

[167] R. C. Morrison, W. Yang, R. G. Parr and C. Lee, Int. J. Quantum Chem., 1990, 38, 819.

[168] R. C. Morrison and R. G. Parr, Int. J. Quantum Chem., 1991, 39, 823.

[169] R.J. Yadez, J. C. Angulo and S. J. Dehesa, Int. J. Quantum Chem., 1995, 56, 489.

[170] P. Ziesche, Int. J. Quantum Chem., 1995, 56, 363.



184 Roman F. Nalewajski

[171] M. H®, R. B. Sagar, H. Schmider, D. F. Weaver and V. H. Smith, Jr., Int. J. Quantum Chem., 1995,
53, 627.

[172] R. O. Esquivel, A. L. Rodriquez, R. P. Sagar, M. H6 and V. H. Smith, Jr., Phys. Rev. A, 1996, 54, 259.

[173] A. Nagy and R. G. Parr, Int. J. Quantum Chem., 1996, 56, 323.

[174] J. Mycielski and 1. Biatynicki-Birula, Commun. Math. Phys., 1975, 44, 129.

[175] 1. Biatynicki-Birula and J. Mycielski, Ann. Phys., 1976, 100, 62.



Kramers Pairs in Configuration Interaction

John Avery' and James Avery”

'H.C. @rsted Institute, University of Copenhagen, Copenhagen, Denmark
2Institute of Computer Science, University of Copenhagen, Copenhagen, Denmark

Abstract

The theory of symmetry-preserving Kramers pair creation operators is reviewed and
formulas for applying these operators to configuration interaction calculations are derived.
A new and more general type of symmetry-preserving pair creation operator is proposed
and shown to commute with the total spin operator and with all of the symmetry operations
which leave the core Hamiltonian of a many-electron system invariant. The theory is
extended to cases where orthonormality of orbitals of different configurations cannot be
assumed.
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1. INTRODUCTION

In configuration interaction calculations, it is desirable to have methods for
generating states of a given symmetry, in order to make the configuration-based
matrix representation of the total Hamiltonian block-diagonal. The group of
symmetry operators R which commute with the core Hamiltonian of a many-
electron system has irreducible representations which characterize convenient
symmetry-adapted basis sets for configuration interaction calculations. For example,
in nonrelativistic calculations of atomic spectra, sets of Russell—Saunders states
form a convenient basis. In this basis, the matrix representation of the core
Hamiltonian is diagonal, and the total Hamiltonian, including interelectron
repulsion, is block-diagonal, the blocks being characterized by eigenvalues of the
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total angular momentum operator L, its z-component L., the total spin operator 52,
and its z-component S,.

In the present paper, we shall discuss a method for generating many-electron
states of a given symmetry using Kramers pair creation operators and other
symmetry-preserving pair creation and annihilation operators. We will first develop
the formalism for the case where orthonormality between the orbitals of different
configurations can be assumed. Afterwards we will extend the method to cases
where this orthonormality is lost, so that the method also can be used in generalized
Sturmian calculations [11-13] and in valence bond calculations.

2. TIME REVERSAL

Very early in the history of quantum theory, H.A. Kramers introduced a time
reversal operator [1—-3] for N-electron systems.

K =TTk (M

Kramers’ time-reversal operator, shown in equation (1), is a product of Pauli spin

matrices
0 —i
oy =1. 2
i 0

in the y direction, preceded by the complex conjugation operator Kj. In equation (1),
the subscript j indicates that the Pauli matrix should act on the spin coordinates of
the jth electron. To see why Kramers identified this operator with time reversal, we
can consider its effect on spin, momentum, angular momentum, and coordinates.
The total spin operator is given by:

l N
S=§;w» 3)
where

0 1 0 —i 1 0
o={o, gy, o-z}zi( )7( )7( )} 4
1 0 i 0 0 —1

With a little work, one can verify that

KSK'= -8 3)
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In other words, Kramers’ time reversal operator changes the sign of total spin.
Also one can verify that Kramers’ operator K changes the sign of the total
momentum,

P=Sp=317" (©)
P = R b
KPK !'=-p (7)

and total orbital angular momentum
N

KLK '=-L )

On the other hand, the coordinates are left invariant by Kramers’ operator:
N
X=>x (10)
=1

KXK'=X (11)

This behavior is what one would expect from the operation of time reversal. Spin,
momentum, and angular momentum all are reversed, while the coordinates are
unchanged.
Kramers next investigated the effect of squaring his operator. He found that
K* = (—1)V, since
K? = (0,)1(0);...Ko(0y)1(0y)s.-.- Ko

= (03)1(0y)2.--(0,)1(0,)5... K¢

=Y (12)
This result led Kramers to the following theorem: If the Hamiltonian H of an
N-electron system is invariant under time reversal

KHK '=H (13)

and if N is odd, then the eigenfunctions must be at least two-fold degenerate.
The proof is as follows: Let |‘Pu> be an eigenfunction of H corresponding to the
eigenvalue F,

Hlg,) = Elg,) (14)

Then K |go#) must also be an eigenfunction, and it must correspond to the same
eigenvalue, since

HKlp,) = KHlp,) = EKl¢,) (15)
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Now assume that KlgoM) is really the same state as \gou), i.e., assume that it is not a
new linearly independent state, but differs from the original eigenfunction only by a
phase factor:

Kle,) =e®lp,) (16)
Then
2 _ 8 _ s _ —idid _
K-lp,) = Ke’lp,) = e Klg,) = e "e’lo,) = lp,) (17)

which contradicts equation (12), since N is odd. Therefore the assumption of
equation (16) cannot be true, and K |qo,L) must be a new linearly independent state,
QED.

Let us now specialize to the case where N = 1, and let us introduce the notation

where o, is a phase factor. Similarly,
K|(pT,LL> = (‘)T,ukop) (19)

where wr, is another phase factor, and where T stands for ‘time reversed’. Then
from equation (12) we have

K2|¢/J,> = le.ngDT[J) = w;K|¢T/.L> = w;wm|¢“> = _l(P/.L> (20)
so that
w;wTM =—1 (21)

A few examples will illustrate the notation introduced in equations (18) and (19),
showing why the phase factors are needed in the relationships linking the original
state |<pﬂ> with its time-reversed partner, |gom). Suppose, for example, that the
original state is a spin-up plane wave

1 ik-x 1
|¢k>:We : 0 (22)

Applying the Kramers time reversal operator we have

Klo) = 0 Ky ik P2 i =il 23
¢’k>—(i O)OWC (0)_We (1)_1‘»0Tk> (23)

where

1 —ik-x 0
lore) = WC ' | (24)
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is a spin-down plane wave traveling in the opposite direction. Similarly,

Klop) = 0 Ky ek OV () 2 il 25
1) = S0 OWe : —We o)~ ilgg)  (25)

Notice that in this example, the phase factors w, =1 and wg, = —i fulfill the
requirement shown in equation (21).

As a second example, we can think of the case where the original state is a spin-up
atomic orbital of the form:

1
|€0m> = Rnl(rl)Ylm(Gla(bl)(O) (26)

Applying Kramers’ time reversal operator we obtain

0 —i 1
K|¢m> = KORnZ(rl)Ylm(0]7 ¢l)
i 0 0

0
= iRnl(rl)Y;;n(eh d)l)( 1 )

0
= i(—=1)"Ry(r) Y, —(6), ¢>.>( 1) =ilgz,) 27
where
0
l@rmy = (= 1"R(r)Y; (6, ¢1)( | ) =(—1)"lg_z) (28)

We can see that the time-reversed state corresponding to the original atomic orbital
is a spin-down orbital with reversed angular momentum. Notice that if magnetic
fields are present, time-reversal symmetry is lost.

3. KRAMERS PAIR CREATION OPERATORS
Let R be an element of the group of symmetry operations which leave the one-
electron Hamiltonian operator /4 invariant. Then

RhR™ ' =h (29)

If ¢, is a symmetry-adapted eigenfunction of / belonging to a due-degenerate set
of states vy, then

Rl = o)D) (R) (30)

JEY
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where
D}(R) = (¢;IRI¢y) (3D

is a unitary matrix representing the symmetry operation R in the yth irreducible
representation. The dimension of the matrix D},’C(R) is N, the number of due-
degenerate states in the subshell vy.

These relationships can also be expressed in second-quantized form [4-8] by
introducing Fermion creation and annihilation operators, which obey the anti-
commutation relations

t -
bib; + bb} = 5,
bjb] +b]b] =0 (32)

In this notation, the one-electron spin-orbital |¢,) becomes

lgy) = b} 10) (33)

where 10) is the vacuum state. If an annihilation operator acts on the vacuum state,
the result is zero, i.e., b,/0) = 0. The second-quantized formalism is isomorphic
with the usual Slater-determinant formalism for many-electron wave functions, but
it has some advantages. In particular, the second-quantized formalism allows the
derivation of some useful commutation relations, as we shall see below.

In second-quantized notation, the relationship shown in equation (30) becomes

RbiR™' = b/DY(R) (34)

i€y
The Hermitian adjoint of equation (34) is

R™'bR =D DI R)b; (35)

JEY

Equations (34) and (35) tell us how many-electron states, constructed by letting
electron creation operators act on the vacuum state, transform under the elements of
the symmetry group of the core Hamiltonian. The vacuum state is assumed to be
invariant under the action of these symmetry operations, i.e., RI0) = 10).

Using Kramers’ concept of time-reversal, it is possible to construct symmetry
preserving pair creation operators of the form [5,7,8]

N 1
B, = —— > wb/b}; 36)
Y J7i 7T
V2N 5
In equation (36), vy denotes a set of due-degenerate eigenfunctions of the one-
electron Hamiltonian /4, while N denotes the number of states in this set. Taking the
Hermitian conjugate of equation (36) gives us the corresponding pair annihilation
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operator:
1 .
B,= —— » w;bgb; 37
Y \/Wj; YT
To see that these operators preserve the symmetry of the many-electron states on
which they act, we make use of equations (34) and (35). From equation (34), it
follows that
P 1 _ _
RBIR™' = —— » w,(Rb]R Rb;R™")
Y AR Tj
V2N s,

1 .
= v > wbby,D}(R)D}, /(R) (38)
jkley

But from equations (31), (19), and (21) we have [5-7]
D}, 1(R) = w,0; D" (R) (39)
Finally, making use of the unitarity of Dg(R), we obtain

1

-1 § *

RBIR™' = NoTYi ]% Wb b} DL(RD) (R)
KISy

1
ﬁ Z wlb}:bTle‘kl

klEy
1
—— > wbibl, = B! 40
\/ZW% kY kY Tk Y ( )

If we take the Hermitian conjugate of equation (40), we obtain (since R is unitary)

RBR'=B (41)

Y

Thus, the Kramers pair creation and annihilation operators defined by equations (36)
and (37) preserve the symmetry of the states on which they act.

Using the anticommutation relations (32), we can obtain the following
commutation relations for the Kramers pair creation and annihilation operators [8]:

[BL.B}|=0

[By.B,|=0

2
B, Bll=6, [1- =N blb,
[ Y 7] VJ’( NIEZ/ J J)

The first two of these commutation relations are identical with the commutation
relations for Boson creation and annihilation operators, while the last relation in the
set differs slightly from the commutation relation, which would hold for bosons. Thus
the operators B; and B, can be thought of as creating or annihilating ‘quasi-bosons’.

(42)
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As an example of the symmetry-preserving Kramers pair creation operators, we
can think of the case of D3 symmetry, where they have the form [8]:

B}, = ib] bl

B}, = ib],bL- 43)
t L (gt pipt

BL= (ibl+bibY)

Notice that the summation of equation (36) has been simplified. Since each state in
the set y appears twice in the sum, coupled with its time-reversed partner, equation
(32) can be used to cut the number of terms in half. Strictly speaking, each of the pair
creation operators shown in equation (43) ought to have an additional index
specifying the particular set of molecular orbitals to which it corresponds.

As a second example, we can think of the case where the one-electron
Hamiltonian has spherical symmetry. Then the Kramers pair creation operator
corresponding to the shell n and subshell / is given by

B, = Z (—D)"bjb" (44)

m=-1

V20+1

Here, just as in equation (43) we have cut the number of terms in the sum in half,
since each orbital appears twice in the sum shown in equation (36). In equation (44)
we have included the shell index n explicitly in the label of the symmetry-preserving
pair creation operator. In the individual one-electron creation operators of equation
(44), this index is implied, as is the subshell index /.

4. NORMALIZATION OF DAUGHTER STATES

The commutation relations (42) can be used to normalize the N-electron states
obtained by acting on (N — 2)-electron states with Kramers pair creation operators [8].
Suppose that |P) is a properly normalized (N — 2)-electron state which is annihilated
by B,; i.e., suppose that

(PIP) =1 45)
and
BY|P) =0 (46)

We would like to choose the normalizing constant « in such a way that the N-electron
state

Ay = Bl|P)a (47)
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will be properly normalized. Taking the scalar product of |A) with its Hermitian
conjugate, and making use of the commutation relations (42), we obtain

2 il
(AlA) = «*(PIB,B’|P)
— J2(pIgt ¥
= a*(PIB\B, + [B,,B}]IP)

2 2A
2 2
=a<P|(1—NZb;bj)W):a(l—W):l (48)
€Y
so that
1 49)
0= ——
V1 —=2A/N
where A is the ‘seniority’ of the parent state |P):
D blb;lPy = AlP) (50)

€Y

In other words, A is the number of electrons in the subshell y in the parent state |P).
This need not be zero, even though B, annihilates |P). More generally, one can show
that [8]

b T _Q_zt(r—l)]
(PI(B,)"(BL)'|Py = l_[[t<1 N) N (51)

t=1

This last relationship can be used to normalize the states obtained by creating
successively larger numbers of Kramers pairs in a subshell until no more states with
the symmetry and seniority of the parent state can be created by further filling of the
subshell.

5. CONFIGURATION INTERACTION USING KRAMERS PAIR
CREATION OPERATORS

We are now in a position to generate a set of many-electron states of a given
symmetry for use in configuration interaction calculations [8]. Suppose that our
N-electron system has a total Hamiltonian of the form

H=H"+H (52)

where H¢ is the core Hamiltonian, and where H' represents the effects of
interelectron repulsion. In second-quantized notation we can represent the core
Hamiltonian by the operator

H® = €blb, (53)
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The simple form of this operator is due to the fact that the creation and annihilation
operators b! b, refer to one-electron spin-orbitals which are eigenfunctions of the
core Hamiltonian A¢ with one-electron energies e;.

R (D (1) = €;¢,(1) (54)

Often configuration interaction calculations are performed after an initial Hartree—
Fock calculation. In such cases the one-electron creation and annihilation operators
would refer to eigenfunctions of the Fock operator, and the Fock operator would
have a simple form similar to that shown in equation (53).

In second-quantized notation, the operator representing interelectron repulsion
has the form:

1
H/ = 5 sjzu;vgsf|uvbzbjbubv (55)
where
* * 1
8stluy = JdTI Jd72¢s(1)¢t (Z)F_(Pu(z)(Pv(l) (56)
12

The symbol fdrj in equation (56) stands for both integration over the space
coordinates of the jth electron and also a scalar product involving the spin
coordinates.

In CI calculations, we need to construct a matrix representation of the
Hamiltonian based on the configurations. For this purpose, we would like to be
able to evaluate matrix elements of the form:

(AIB,/HB}A) = >N w o (AlbybHb b} 1A) (57)

1
2NN & &,

For off-diagonal matrix elements we have (from the orthogonality of the one-
electron spin-orbitals)

1 . sy w1

JEY' kEY
X(1=P)e@en)  ify #y (58)
where P, interchanges the coordinates of electrons 1 and 2. In the case of spherical

symmetry, equation (58) becomes

(AlB, HB! |A) =

1 ! i ,
(_ l)m +m
NCESTOET P
# * 1
x [ [ @iy w0600 Guin()nin()
12

if (0,1 # (n,]) (59)
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We can use the sum rule for spherical harmonics to get rid of the double sum over m
and m' in equation (59), since

]
> (D" @ (X))@ (X))

m=-1

I
= R, (rpR,(ry) Z (=D)"Y, (01, 6)Y) (65, o)

m=-1

l
= Ru(rp)Ru(r2) D Y01, 0)Y,(62, )

m=—1

21+ 1 PN
= Ry (r)Ry (r)Pi(X;-X5) (60)

4ar
and similarly

20 +1
4

ll
> D" @y KD @y (%) = Ry (r)R 1 (n)Pr(X,%,)  (61)

m==1

The interaction 1/r}, can also be expressed in terms of Legendre polynomials:

R ST T
—=> Fpk(xl'xz) (62)
=0 >

r2

Thus equation (59) can be written in the form:

I+’ 0
(AIByHB]|Ay = JQ2I + (2l + 1) Z Ly Jo dr 1Ry (1R, (1))
k=1~
k

XJ drlran’l’(rz)Rnl(rZ)% if (n',I') # (n, 1) (63)
0 IS
where
1 N W . oa N oa
Lyr = any? Jdﬂz Jdﬂlpk(xl'xz)Pl(Xl'XZ)PI/(XI'XZ) (64)

The angular integral I;; can be simplified by letting %, be the z-axis during the
integration over d{2,. Then X,-X, = cos#,. Since the result of the integration over
d{, is independent of X,, we can write

1
L= yp Jd!)lPk(cos 0,)P;(cos 6,)P;(cos 6,) (65)

ks

We next make use of the identity

4
Pi(cos 61) = | 5= Yio(6y, ) (66)
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to express the angular integral in the form

4
kL \/(2k+ DI+ Dl + 1) 1YeoYioYrp (67)

But this integral can be expressed as a Condon—Shortly coefficient [7], which in turn
can be expressed in terms of 3 — j coefficients [9,10]. In this way we obtain a simple
result in which the angular integral of equation (63) is shown to be the square of a

3 — j coefficient:
( k11 )
000

In order for this coefficient to be nonzero, the indices k, I, and  must fulfill a
triangular relationship, and must add up to an even number. Thus, in equation (63),
the sum runs in steps of 2 from |/ — I'l to [ + [ rather than running in steps of 1 from 0
to oo,

2

Ly = (68)

6. DIAGONAL MATRIX ELEMENTS

We next turn to the case where ¥ = vy in equation (57). For diagonal matrix
elements of this form, the core Hamiltonian makes a contribution, but luckily this
contribution can be expressed very simply. From equations (53) and (32), we can
derive the commutation relation:

[, 0]b};] = 2€,0]0], (69)

where €, is the one-electron energy characterizing the subshell to which both ¢; and
@r; belong. Since this energy is the same for all the one-electron spin-orbitals in the
subshell, we can factor it out from the sum in equation (36), which can be combined
with equation (69) to yield:

[, B}| = 2¢,8} (70)
From the commutation relation (70), it follows that if
HE|A) = E,A) (71)
then
(AIB,H°B}|A) = (E, + 2€,)(AlB,B}|A) (72)

In other words, when a Kramers pair creation operator acts on an (N — 2)-electron
state |A), which is an eigenfunction of the core Hamiltonian, it produces an
N-electron state which is also an eigenfunction of H°, with an eigenvalue increased
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by twice the energy of the subshell to which the pair creation operator corresponds.
This simple result holds not only for cases of spherical symmetry, but for all types of
symmetry.

The contribution of interelectron repulsion to diagonal matrix elements of the
type shown in equation (56) is more complex. However, it turns out that in the case
of spherical symmetry one can get rid of the m-summations by making use of the
sum rule for spherical harmonics. The result is as follows:

k1 1\
000

xJO dryr3 IR,/ (ry) rkil +Z<A\b*ble>[2L dr, 2 R, ()

(AlB,,H'B} |A)= (AIH’|A>+(21+1)Z J dr P2 R, (r)?
0

xjd%cz l<pj<x2>l2— - —Jd%an,(rl)an(rz)
}"12 47T

" A 1
xjd%czso, (Xz)ﬁpj(Xl)Pz(Xer)a] (73)

We will discuss the derivation of this result in a later section.

7. MORE GENERAL SYMMETRY-PRESERVING PAIR CREATION
OPERATORS

Although we can obtain many N-electron states with the same symmetry and spin as
an (N — 2)-electron parent state by acting with Kramers creation operators, one
cannot reach them all in this way. For example, one cannot reach singly excited
states. Therefore it is interesting to ask whether it might be possible to find other
symmetry-preserving pair creation and annihilation operators, analogous to the
Kramers pair creation operators ny and B, but of greater generality. For example, if
we consider the case of spherical symmetry, we can ask whether the operator

T mf . f il
Wn nl 2(2[ +1 m—Z—[( 1) (bn lmbnl —m + bnlmbn A m) (74)
where 7 and 7' are not necessarily equal, will commute with all the components of
the total spin operator S and the total angular momentum operator L. The answer is
yes. All of the components of L commute with W , for the following reason: The
matrices Dy w(R) which appear in equations (38— 40) mvolve only the angular parts of
the one- electron orbitals. The radial parts, which are the only parts dependent on n
and 7/, are invariant under rotations and can be factored out from the summations in
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equations (38—40). Thus we obtain an equation analogous to equation (40) for the
more general operator Wl’n ;» and therefore,

[L.w),]=0 (75)

We next turn to the question of whether the total spin operator commutes with
W}: - In Ref. [8] it is shown that the components of the total spin operator can be
expressed in second-quantized form by means of the relationships:

Sy =S, +iS, =D bib;
k
S. =8, —iS, = %bkibk (76)
5.~ 4 3. (bin— i)
where the overbar denotes a spin-down spin-orbital. It is also shown in Ref. [8] that
[s. @bl +5/ph] =0 (77)

However, W;, ., can be rewritten so that each of the terms in the summation will
have the form (bjb;r + b]Tb;r ). To do this, we notice that since the sum in equation
(74) runs over all m values, it will be unchanged if we interchange m and —m in the
first term in the round brackets. Thus we can write

Wi,nl 2(2l+1 Z ( 1) (nl —m nlm+bnlmbnl m) (78)
m=—1

In this form, it is easy to see from equation (77) that the terms in round brackets have

the right form to commute with S, and therefore,

[s.w),.]=0 (19)

From the argument given above, it can also be seen that the Kramers pair creation
operators B ,, commute with S, since W, ,, = =2 B

Most of the formalism derived in previous sectlons for B‘ and B, can be
carried through with only slight changes for the more general operators W‘, oy and
W,y - For example, the commutation relation with the core Ham11ton1an is
found to be

[ W] = et W, (80)
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while the off-diagonal matrix elements analogous to equation (63) become

ko1l
000

X I:,[O dr; V%Rn/r//(rl )R, (1ry)

1+ 2

(AW yHW), | 1A) = @1 + DRI+ 1) Y

k=111

00 k
r
X J dr2r%Rn”’l/(r2)Rnl(r2) kj—l
0 r>
+ ,[0 dry iRy (r)R(ry)

00 k
r
X J drar3 Ry (ry)R,y (ry) —,:rl ] (81)
0 r>

Commutation relations analogous to (42) can also be derived for the more general
symmetry-preserving pair creation operators:

(W W] =0

I:Wn’”,n”,l’v WnlJll,l] = O

(82)
Wn’,nlaW,; nl =1- Z b + Z bTbj
[ ] 2(21 + 1) (/Enl JjEnl !
from which we obtain
T An’ + An
AW, Wy, 1) =1 = S0 (83)

provided that W,/ ,|A) = 0. In equation (83), A,; represents the number of electrons
in the nl subshell in |A).

The example discussed above was the case of spherical symmetry. We can ask
whether general symmetry-preserving pair creation operators analogous to W;,_M
can be constructed for other types of symmetry. For example, does the operator

W= 2(bT buz+ bieby o+ by bl 5+ b, b, ) (84)

ne n.,e ne

commute with S and with all the elements of D;? From equation (77), it is easily
seen that W'  commutes with all the components of S, since the first two terms in
the round brackets have the right form to commute with the spin operator, as do the
last two. What about the group elements of D;? Let us think of a molecule which has
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D; symmetry. Let

1
|Xn,j> = Xn.l,O(X - Xj)(o
85
0 (85)

|X,1j> = Xn,l,()(X - Xj)

represent, respectively, spin-up and spin-down atomic orbitals located on the three
identical atoms in the molecule, whose positions, X;, X,, and Xj, are carried over
into each other by the elements of D5. All of these atomic orbitals have / = 1 and
m = 0, the z-axis being chosen perpendicular to the plane of the molecule, while n is
the principal quantum number. Then

|§Dn,e> = \/g('XnA,l) - %'XnQ) - %'Xn,3>)

lened =I5 (12> = Dxna))

(86)

(to which the creation operators in equation (82) refer) form the basis of the two-
dimensional irreducible E representation of the group D;. The matrices representing
the group elements in terms of these basis functions are independent of n. Similar
considerations hold for the matrices based on the corresponding spin-down
functions. Since the transformation matrices DZ,(R) are independent of these indices,
equations (38—40) go through as before, and the pair creation operator shown in
equation (82) preserves the symmetry under D5 of any state on which it acts.

In general, the irreducible representations of a molecular point group can be
derived from the regular representation of the group (i.e., from the representation
based on the group elements themselves). Obviously indices like #’ and n have no
chance of entering the matrices D;f((R) when the irreducible representations are
derived in this way. If the one-electron orbitals to which the creation and annihilation
operators refer are chosen to be basis functions for these purely group-theoretical
representations of the elements R, then general symmetry-preserving pair creation
operators of the W-type discussed above can always be constructed from them.

The importance of the W operators derives from the fact that single excitations
from the ground state can be expressed in terms of them. By contrast, the B operators
are only able to represent double excitations.

8. GENERALIZED STURMIANS; NONORTHOGONALITY

In the preceding discussion, the creation and annihilation operators always referred
to a set of orthonormal spin-orbitals. We can ask how much of the formalism holds
in cases where complete orthonormality can no longer be assumed, for example, in
valence-bond calculations or in the generalized Sturmian method.
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The generalized Sturmian method for solving the N-electron Schrodinger
equation [11-20] is a direct configuration interaction method, using basis functions

which are antisymmetrized isoenergetic solutions of the approximate N-electron
equation

[— LA+ B,Vo(x) — E]tp,,(x) =0 (87)

where

>

Il
M=
=

(88)

~.
I

In equation (87), V is as near as possible to the actual potential V, and the
weighting-constants 3, are chosen in such a way as to make all of the solutions
correspond to the same energy, regardless of the quantum numbers.

In atomic calculations, equation (87) can be solved exactly if V} is set equal to the
nuclear attraction potential

Nz
Vo) =—> = (89)
L p.
j=1"J
Then Slater determinants of the form
|¢V> = |Xn.l.m,m5Xn’,l’,m’,m§Xn”,l”.m”,mf{'"| (90)

will be exact solutions to equation (87) if the functions X, ; y.m » Xu' 2w m!> €IC. are
hydrogen-like spin-orbitals corresponding to a nucleus with effective charge

1/2
—2FE
g=ﬁz=(;¢?;;f) 1)

n

Each configuration |®,) is characterized by its own effective charge Q,, chosen in
such a way as to make all of the solutions to the approximate equation (87)
correspond to the actual energy E of the true solution of the Schrédinger equation.
Thus radial orthonormality between the one-electron orbitals of different
configurations cannot be assumed, although orthogonality with respect to the
quantum numbers /, m, and m; is retained. Since complete orthogonality of the one-
electron orbitals cannot be assumed, it is necessary to use the generalized Slater—
Condon rules [20-23] when constructing off-diagonal matrix elements of the
configuration-based matrix representation of the Hamiltonian. Let &, and @, be
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two Slater determinants, defined by:

A LA - (D)

Q) AQ) e ()
W, =F= . 92)

AWN) L) - fy(N)

and
gai(l) g - gy()
812 &2y - gy®@
VNI, =G=| , ' (93)
giN) g((N) .-+ gy(N)

and let S be the matrix of overlap integrals between the one-electron orbitals of the
two:

<f1|81> <f1‘82> <f1|gN>

<f2|81> <f2‘82> <f2|8N>
SE . . . (94)

<fN|31> <fN|82> <fN|gN>

Then (as is shown in Ref. [20]) the first generalized Slater—Condon rule can be
expressed in the form:

(®,|D,) = ISl (95)

The matrix elements of the core Hamiltonian
l N
H =——A+V,= > h( 96
54+ Vo le G (96)

and the interelectron repulsion term H’' can be found using the second and third
generalized Slater—Condon rules in the form developed in Ref. [20].

N N
(DJH D) =D > (=D (flncIg)ls;l 97)

i=1 j=1
while

N N N N

@D,y =S > N ()T I8, (98)

i=1 j=i+1 k=1 I=k+1
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where

Cur = Jdﬂ Jd’rzf,- O @ [aDa® - gOa@]  ©9)

In equation (95), IS| is the determinant of the overlap matrix. In (97), ISl is the
determinant of the matrix formed from S by deleting the ith row and jth column. In
(98), IS4 is the determinant of the matrix formed from S by deleting the ith and jth
rows and the kth and /th columns.

Although the radial orthogonality of the one-electron spin-orbitals in different
configurations is lost when the generalized Sturmian method is applied to atoms, the
angular orthogonality and spin orthogonality remain, and in many important cases
the overlap matrix can be brought into the form:

00 0 0O
00 0 0O
0 0 x x «x
§= 0 0 x x x (100)
00 x x x

where the first two rows and the first two columns consist entirely of zeros, but
where the remaining elements may be nonzero. Whenever this is possible, the four-
fold sum in equation (98) disappears, and we have only a single contribution to the
interelectron repulsion matrix element.

(DH'®,)) = Cp.151812.15] (101)

In many cases, equation (101) can be used to simplify matrix elements of the type
shown in equation (59), even in the generalized Sturmian method, where radial
orthonormality is lost for configurations corresponding to different values of the
effective charge Q,. Suppose, for example, that the state BL|A) is a sum of Slater
determinants, all of which are characterized by the same value of Q,. Suppose also
that a different value of effective charge, Q,, characterizes all of the Slater
determinants which add together to form the conjugate state (A|B,;;,. We use a tilde
above the letters A and B to remind ourselves that the hydrogen-like one-electron
spin-orbitals from which the conjugate state is constructed correspond to this
different effective nuclear charge. We further suppose that / # I, and that neither
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I nor I appears in |A). Then equation (101) can be used to obtain the simple result.
k1l
0 0 0

0 ) = © )~ ré
1, dririRyp (r)Ry(ry) . dry Van’l'(rz)an(Vz)W
>

if ' #1 (102)

1+ 2

(AlB,yH'B] |A) = I + D@L+ DIS1p0] D>

k=I1-1

Furthermore, using equations (97) and (100) we obtain:
(AIB, H°B! |Ay=0  if I #1 (103)

We can next ask whether any simplifications of the four-fold sum in equation (98)
are possible when the overlap matrix § has the form:

x 00 00
0 x 00O
0 0 x x «x
5= 0 0 x x x (104)
0 0 x x «x

In that case equation (98) reduces to

(@,H'|D,) = Cp:12]S12:12]

+Z Z( D™ (CriaaeISiiiel + Cina i)
i= =

N N

N N
+Z SN EDTC IS (105)

i=3 j=i+1 k=3 I=k+1

We now let
fl = )Zn’.,l.m' f2 = X~n’ R
” (106)
81 = Xngm 82 = Xnl—m
Then
lg,) = (fyl :am’mj drriR R, 1(r)R,(r
(filg1) =<(flg) , dnn 1(FDRy(ry) (107)

(filg2) = (flgy =0
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Combining equations (105), (106), and (107), and making use of the sum rule for

spherical harmonics, we obtain:

2
<A|Bn!lHlB;l|A> == <A|H/|A> + (2l + 1)'512;12'

Jo dry iRy i(r)R,y (1))
2 2

|

© k

~ .
X | drRBRy ()R () + A
0 r=

X JO dr 2R u(r R ()

where

I

A= i i( )t |2511,+1k1| m; (Cliak + Ciaa)
with the definitions
fow = [ 0 Jdefz/zm(l)ﬁ*(Z)i(l P X (DE(2)
and
Chie = | dn [ dnatiy 117 @ i (1 = Py (D8

Making use of the sum rule for spherical harmonics

2l+ 1
Z Yin(01s 1)Yi(B, b2) = ——Pi(R1 %)
m=-1
which in the case 0, = 6,, ¢; = ¢, reduces to
2l+ 1 2141
Z Ylm(el?d)l)ylm(ahd)l)_ Pl(l)_ ?

m=-1

we obtain

A= & 5 _1i+k|S1i;lk| FE & 1
—ZH; g (1) A i,

X [2R 1 (r)R(r )} (X2)81(X2)
Ry(r)R(r)fi (%2)g1(x) PR Xa) ]

In the case where n = n’, equation (108) reduces to (73).

(108)

(109)

(110)

(111)

(112)

(113)

(114)

The examples discussed here show that even in the case where the generalized
Sturmian method is applied to atoms, a case in which radial orthonormality between
different configurations is sometimes lost, simplified formulas for the matrix
elements can often be derived. However, even when this is not possible, the
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symmetry-preserving pair creation operators offer advantages in configuration
interaction calculations because they allow appropriate basis sets to be chosen
automatically, and because use of these operators greatly reduces the order of the
secular equations. Implementation of the method is in progress, and numerical
results will be discussed in a future publication.
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Abstract
The generalized Sturmian method is a direct configuration interaction method for solving the
Schrodinger equation of a many-electron system. The configurations in the basis set are
solutions to an approximate Schrodinger equation with a weighted potential 3,V(x), the
weighting factors 3, being chosen in such a way as to make the set of solutions isoenergetic.
The method is illustrated by calculation of atomic excited states and used to generate natural
orbitals.
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1. INTRODUCTION

The generalized Sturmian method [1-22] for solving the Schrodinger equation of an
N-particle system is a direct configuration interaction method, in which the
configurations are chosen to be isoenergetic solutions to the approximate many-
particle Schrodinger equation

[~ 1a+B8,vo0 — E|d,x) =0 (M
Here
X:{X17X27"'7XN} (2)
X; = {xj’ypzj} j=12,...,.N (3)
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and

A v; 4)

Il
M=

j=1

In equation (1), the approximate potential Vj, is chosen so that (1) is soluble, and it
should resemble the actual potential as closely as possible. The weighting constants
B, are especially chosen in such a way that all the solutions to equation (1)
correspond to the same energy, E, regardless of their quantum numbers ». Thus we
have what might be called a ‘conjugate eigenvalue problem’, in which the weighting
constants 3, play the role of eigenvalues. Sets of isoenergetic solutions to equation
(1) are analogous to the one-particle Sturmian basis functions introduced by Shull
and Lowdin, [2—4] but they are more general.

2. ATOMIC CALCULATIONS USING GENERALIZED STURMIANS

In the case of N-electron atoms, equation (1) can be solved exactly [1] by setting V,,
equal to the nuclear attraction potential of the atom

Nz
Vo =—-> = ®)
=17
and letting
‘q)v> = |Xn,l,m,mxXn’,l’,m’,m’an”J”,m”,mﬂ' - (©6)

be a Slater determinant built up of hydrogen-like spin—orbitals with the effective
charge

1/2
—2E
0 =BZ=|7T—7T— )

To see that equation (6) is an exact solution to equation (1), we note that each of the
hydrogen-like spin—orbitals obeys the one-electron Schrodinger equation

[_1 2 Q%_QV

vl “y V=0 o
2/ + 2n2 T ]Xn,l,m,mj(xj) ( )

and therefore

2
[—lA](Dv(x)=|:—%(i2+ }2+"'>+&+%+"'](pv(x)
2 n n r

2 r

= [E = BVo(X)]P,(x) C))
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It can be shown that a set of isoenergetic configurations of the form shown in
equation (6) obeys the potential-weighted orthonormality relation

2E

j &5 PV 00D = By (10)

when the constituent hydrogen-like spin—orbitals are normalized in the usual way. It
is convenient to introduce the quantities p, and R, defined by

Po =~V—2E an

and

(12)
Then in terms of these quantities we can rewrite equation (7) in the form:
Po
QV = BVZ = (13)
R,
Also, from equation (11) it follows that:
2
E=-& (14)

We are now in a position to try to build up solutions to the actual Schrodinger
equation

[—%A+V(x)—E]1If(x)=0 (15)
where

N N 1
V(x) = Vo(x) + V(x) = +> > — (16)

i>i i= y

M=
3 | N

now includes a term representing interelectron repulsion. If we let
1 3
7% =—— J dx @, (x) V() D,(x) (17)
’ Do

then from the potential-weighted orthonormality relation (10) and from equation
(13) it follows that:

T, =8,,ZR, (18)
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Notice that this diagonal matrix is independent of p; and hence also independent of
E. Similarly, it can be shown that with the definition

1 [ D (x)V' (x) D, (x) (19)

T,
v,y
Po

the matrix 7", , is also independent of p, and E. Substituting the expansion

Wx) =D P,(X)B, (20)

into the Schrodinger equation (15), we obtain
Z[—%A+V(x) - E]@D,,(X)Byz 0 1)

If we now remember that the configurations @, satisfy equation (1), we can rewrite
equation (21) in the form:

> V) - BVo®)]®,(x)B, =0 22)

14

Multiplying equation (22) on the left by a conjugate basis function, &, and
integrating over all coordinates, we have:

> jdx @, X)[Vx) — B,VoX)]P,X)B, =0 (23)

Finally, dividing by p,, and making use of equations (16)—(19), we can write the
generalized Sturmian secular equation for our N-electron atom in the form:

> [800ZR0+ Ty, = podu,|B, = 0 (24)

The Sturmian secular equation shown in equation (24) differs in several ways from
the conventional secular equations which are obtained when one diagonalizes the
Hamiltonian of a system. The kinetic energy term has vanished, and the matrix
representing the nuclear attraction potential is diagonal. Furthermore the
eigenvalues are not energy eigenvalues. One obtains instead a spectrum of values
of the scaling parameter p,, which is related to the binding energy through equations
(11) and (14). The largest value of p, corresponds to the ground state of the system,
and for this value the functions in the generalized Sturmian basis set correspond to
large values of the effective charge Q, = p,/ R, (equation (13)). Smaller values of
Po correspond to excited states, and for these states the functions in the generalized
Sturmian basis set correspond to smaller values of effective charge, and hence they
are more diffuse. Thus in the generalized Sturmian method, one obtains at one stroke
not only a spectrum of energies, but also an appropriate basis set, scaled [23] in such
a way as to be diffuse for highly excited states, and contracted for states of lower
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Table 1. 'S excited state energies (in Hartrees) for the two-electron isoelectronic series

He Lit Be2t B3 s N+
1s2s 'S —2.1429 —5.0329 —9.1730 —14.564 —21.206 —29.098
Expt. —2.1458 —5.0410 —9.1860 —14.582 —21.230 —29.131
1s3s 'S —2.0603 —4.7297 —8.5099 —13.402 —19.406 —26.521
Expt. —2.0611 —4.7339 —8.5183 —13.415 —19.425 —26.548
Isds 'S —2.0332 —4.6276 —8.2837 —13.003 —18.785 —25.629
Expt. —2.0334 —4.6299 —8.2891 —25.654
1s5s 'S —2.0210 —4.5811 —8.1806 —12.820 —18.500 —25.220
Expt. —2.0210 —4.5825 —25.241
1s6s 'S —2.0144 —4.5562 —8.1250 —12.721 —18.346 —24.998
Expt. —2.0144 —4.5571
1s7s 'S —2.0105 —4.5412 —8.0917 —12.662 —18.253 —24.865
Expt. —2.0104 —4.5418
1s8s 'S —2.0080 —4.5315 —8.0701 —12.624 —18.194 —24.779
Expt. —2.0079
1s9s 'S —2.0063 —4.5248 —8.0554 —12.598 —18.153 —24.720
Expt. —2.0062
1s10s 'S —2.0051 —4.5201 —8.0449 —12.579 —18.124 —24.678
Expt. —2.0050
Islls 'S —2.0042 —4.5166 —8.0371 —12.566 —18.102 —24.647
Expt. —2.0041
1s12s 'S —2.0034 —4.5140 —8.0312 —12.555 —18.086 —24.624
Expt. —2.0034

In making this table, the basis set used consisted of 63 generalized Sturmians. Singlet and
triplet states were calculated simultaneously, 0.5 s of 499 MHz Intel Pentium III time being
required for the calculation of 154 states. Experimental values are taken from the NIST tables
(http://physics.nist.gov/asd). Discrepancies between calculated and experimental energies for
the ions may be due to experimental inaccuracies, since, for an isoelectronic series, the
accuracy of the generalized Sturmian method increases with increasing atomic number.

energy. Some singlet excited states of the two-electron isoelectronic series of atoms
and ions, calculated by diagonalizing equation (24), are shown in Table 1.

3. CALCULATION OF THE FIRST-ORDER DENSITY MATRIX;
NONORTHOGONALITY

The first-order density operator [24—39] for an N-electron system in the state ¥ is
defined by the relation:

pl(X,x/) = NJdTZJdTT . "[dTNW(x,Xz,X:;, "'7xN)q,*(xl>x27x37 "'7-xN) (25)

where x denotes both the spin and space coordinates of an electron, and where [ dr
represents integration over both space and spin. When the wave function is
represented by a superposition of configurations, ¥'= >, ® B, the first-order


http://physics.nist.gov/asd

212 Avery et al.

density operator can be represented as a sum of cross-terms between the
configurations, v and v’

pi(x, )= B,p"" (x,X)B}, (26)

A%

where
puV/(xa x/) = NJ'dTZ J d73' o J dTN(pV(xax27x37 ...,XN)®t/(XI,X2,X3, "'7-xN) (27)

In the generalized Sturmian method, the calculation of p” v (x,x") is complicated by
the fact that orthonormality between the spin—orbitals of two different configur-
ations cannot be assumed, since each configuration is characterized by its own
effective charge Q,. Orthogonality between orbitals differing in spin or angular
momentum quantum numbers remains, but orthogonality between different radial
functions no longer holds. Thus we must use a method reminiscent of the
generalized Slater—Condon rules discussed in Refs. [12,13]. Each configuration is a
Slater determinant, which can be expanded in terms of its minors:

XP@ @ W
| X ) e W)
(p,,(X,XQ,...,XN) = W
X0 X ) e XY )
= DTN @D, (x, ..., xy) (28)

In equation (28), @, ;(xy,...,xy) is the minor obtained from D, (x,x,,...,xy) by
deleting the first row and the ith column. Similarly,

B x5,y xy) = D (DTN DB (0, 1) (29)
J

where @), ; 1s the minor formed from @, by deleting the first row and the jth
column. From the first of the generalized Slater Condon rules in the form discussed
in Refs. [12,13], it follows that:

NJde J drye - J A7y D, (2, oo, X)) Dy (0, oy i) = 18571 (30)
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where |S§ZFV’>| is the minor formed from the overlap determinant
Oy GG A
P LR AR b 067
s = _ , (31)
oI G R

by deleting the ith column and the jth row. Inserting equations (28) and (29) into
equation (27) and making use of equation (30), we obtain an expression for the
partial density operator:

N
P )= D X DS () (32)
ij=1

A matrix representation of this operator can be obtained, based on any convenient
orthonormal set of one-electron spin—orbitals ¢,(x) by means of the relationship

7%
Pab

J dTJ d7 @ (x)p"" (x, X))

N . . ! !
= ..Zl (@ X111 1) (33)
i,j=

Finally, performing a double sum over configurations, we obtain the first-order
density matrix:

pa,b = Z va((zybv )BT/ (34)

4. NATURAL ORBITALS

Natural orbitals [28—39] are defined to be a basis set in terms of which the first-order
density matrix is diagonal. Thus if C,; is a unitary transformation matrix which
brings p,;, into a diagonal form, i.e. if Cp; is a solution to the secular equation

> [Pap = midas]Cri =0 (35)
b

then the natural orbitals are defined by

a;(x) =D @,(x)Cp; (36)
b

Expressed in terms of the natural orbitals, the first-order density operator becomes

P10 X) = D ai(omai (x) (37)
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The eigenvalues n; of the first-order density matrix can be shown to obey
the relations

O=nm=1 >m=N (38)

which is consistent with their physical interpretation as occupation numbers.
Natural orbitals for the two lowest triplet states of helium, calculated using the
generalized Sturmian method, are shown in Figs 1 and 2. These figures show
the radial distribution functions, |a,-|2r2 as functions of the radius for the natural
orbitals with largest occupation numbers. In fact, the calculated occupation
0.5 {
04
0.3

0.2

0.1

0 2 4 6 8 10 12
[——

Fig. 1. Radial distribution functions |ozl~|2r2 for the two natural orbitals with largest
occupation numbers in the lowest triplet state of helium, the 1s2s S state. Values of the radius
are measured in atomic units.

05
04
0.3
0.2

01

Fig. 2. This figure shows the radial distribution functions of the two most highly occupied
natural orbitals in the the 1s3s S state of helium.
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numbers fall off very rapidly in value, those corresponding to Fig. 1 being given by
n; = 0.99999, 0.99910, 0.00014,.... This rapid decrease in the values of the
occupation numbers corresponds to another one of their properties, since it can be
shown that the most compact multiconfigurational representation of the wave
function ¥ results when it was expressed in terms of natural orbitals.

5. DISCUSSION

The generalized Sturmian method offers a rapid and convenient method for
generating natural orbitals of both atoms and molecules. The method is especially
well suited for the study of large numbers of excited states of few-electron systems
and for studies of the effects of strong external fields. Natural orbitals are interesting
in themselves, but having generated good approximate natural orbitals by means of a
generalized Sturmian calculation, one might think of using them as a basis for a
more refined multiconfigurational calculation. In this way the generalized Sturmian
method might be extended to large values of N.
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Comment from Experimental Results on
“Was H, Observed in Solid H,? A Theoretical
Answer” (H. U. Suter, B. Engels and S. Lunell,

Adv. Quantum Chem. 40 (2001) 133)

T. Miyazaki

Department of Applied Chemistry, School of Engineering, Nagoya University, Furo-cho,
Chikusa-ku, Nagoya 464-8603, Japan

We observed ESR spectra of new reactive species produced by y-rays irradiation of
solid para-hydrogen at 4 K [1]. The species was assigned as H, anions by
experimental results [2—4]. Quantum tunneling diffusion of the H, anions was
reported [5]. The stabilization of H, anions was discussed theoretically by the
vacancy-assisted model in the hydrogen crystal [6,7]. The recent paper of Suter et al.
[8] does not explain the important experimental results that H, anions change into
electron bubbles.

Figure 1 shows the yields of H, anions and electron bubbles against
concentration of D, in y-rays irradiated solid para-hydrogen at 4 K [4]. The results
indicate that H, anions diffuse by tunneling through solid hydrogen [5] and change
into electron bubbles at the D, sites, which exist in solid para-hydrogen. The
theoretical possibility of this reaction was discussed by Ichikawa et al. [7].

H, +D;— H; + D) + epuppie (D

The results cannot be explained by the model of HJ cluster proposed by Suter
et al. [8] and Symons et al. [9].

Recently Symons et al. have argued that the previously reported g-value (2.0033)
of ESR spectrum is larger than the value (2.0023) expected for H, anions [9].
The correct g-value has been reported later as 2.0023 [6], which coincides with the
g-value for H, anions.

The yields of H, anions in y-rays irradiated solid H, are roughly 1/30000
of those of H atoms, which are produced uniformly in hydrogen crystal. The very
small yields of H, anions suggest that the anions are produced only in some special
sites such as vacancies or impurity defects. Ichikawa et al. discussed theoretically the
stabilization of H, anions at vacancies [6,7]. Sullivan ef al. measured the vacancy
formation energy in solid hydrogen as 91 K [10]. The concentration of vacancies
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Fig. 1. Initial yields of H, anions and electron bubbles in y-rays irradiated solid p-H, —D,
mixtures at 4 K. The initial yields of H, anions in pure p-H, and electron bubbles in p-H, -D,
(11 mol%) are normalized to 100.

at 4.2 K can be estimated from the vacancy formation energy, estimated to be 4 X
107! mole fraction, which is larger than the concentration (2 X 10~ ! mole fraction)
of H, anions. Thus, mobile electrons produced initially by y-rays irradiation migrate
through solid hydrogen to be trapped as H, anions at vacancies or impurity defects.

Therefore, the formation of H, anions in hydrogen crystal should be discussed by
taking into consideration the special properties of the crystal, such as the rigidity of
lattice, vacancies, and defects. The cluster model by Suter et al. does not include the
characteristic properties of hydrogen crystal.
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